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PerenzenTsr:
kadespa «IIpukiajnas maremarukay
Qe 1epaibHOTO TOCY/IAPCTBEHHOTO 00Pa30BATEILHOTO YUPEKIACHUST BHICIIErO
npodeccnoHaIbHOTO 00pa30BaAHN
«IlTomurexunaecknit uactTuryT. Cudbupckuii ¢perepaabHbIil YHUBEPCUTET ;
JIOKTOp (pU3UKO-MAaTEMATHIECKUX HAYK,
upodeccop, 3aBeayomuit Kadeapoit «Maremaruka u uHkeHepHas rpaduxay
roCy/IapCTBEHHOI0 00Pa30BATEILHOIO YUPEXK/ICHHUS BbICIIEro mpodecCHOHaIbHOIO
obpa3oBaHwMsI
«llensencknii apTULIepUiCKUii NHZKeHEPHBI HWHCTATYT»
0. A. TI'onrosanos

Boiikos, 1. B.
b 77 YVeToitanBoCTh pelenuii gud hepeHnnaabHbIX ypaBHEeHMIA:
monorpadust/ 1. B. Boitkos.— Ilensa : 3a-8o [lens. roc. yn-ra, 2008. — 244 c.

Mouorpacdus nocssiieHa u3J/10zKeHUIO0 OJIHOIO JOCTATOYHO ODIIEr0 METO/IA UCC/IeI0BA-
HUsl YyCTOWYMBOCTU PEIIeHuil cucTteM OOBIKHOBEHHBIX Ju(depeHinajbHbIX YpaBHeHU 1
yPaBHEHN B YaCTHBIX MPOW3BOAHBIX. [locTpoeHHbIE HA OCHOBAHUH ITOTO METO/Ia KpHUTe-
PUH YCTOMYIUBOCTH OJHOBPEMEHHO MPUMEHNMBI KaK B PeryaspHOM, TaK U BO BCEBO3MOZK-
HBIX KPUTHIECKHAX CITyIasdX.

B knure mojiyuenbl Kpurepuu ycToiduBocTH penienuit juddepennuaibubiX ypaBHe-
HUiT B OaHAXOBBIX MMPOCTPAHCTBAX, CUCTEM OOBIKHOBEHHBIX AnddepeHnnaj bHbIX ypaBHe-
HUIi, YpaBHEHUil ¢ mocjeeiicTBueM, pa3HOCTHBIX ypaBHenwuii. VccieioBana yecToiamBOCTD
nepuoudeckux pemtenuii. O1ae/bHas IJ1aBa MOCBSIIEHa YCTORYMBOCTU pelIeHni mapado-
JAYECKUX YPaBHEHUI.

[Tosryyennbie B MoHOrpauu Kpurepuu yCTORUYMBOCTU HPUMEHEHbI K HCCJIeJ0BAHUIO
CIIOCOOOB CTAOMIN3ANNN IMHAMUYICCKUAX CHCTEM.

B kadecTBe mpusiozKeHus MOJIYIeHHBIX B paO0Te KPUTEPHUEB HCCJIEI0BAHA YCTONINBOCTH
HeHpOHHBIX ceTell XoIduijia ¢ HeIPEePHIBHBIMUA U Pa3pPbIBHBIMUA (DYHKIUAMEI aKTUBAIHH
U YCTOWIHBOCTD 9KOJOTHIECKHUX, SKOHOMUIECKHUX U JeMOIPadUIecKUX IPOIECCOB.

Kunra ajgpecoBana MmaTeMaTuKaM, MeXaHUKaM U (pU3HKAM, KOTOPbIE B CBOUX IIPeIMeT-
HBIX 00JIACTIX CTAJKUBAIOTCS C MCCJIeJOBAHUEM yCTOMYUBOCTH JUHAMUYECKUX CHUCTEM, a
TaKyKe aclupaHTaM U CTyJeHTaMm crenuaibHocTeil «Maremarukay, «[Ipuknagnas mare-
MaTHKay, « MexaHuKa.
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Boiikos . B., 2008
Nznarennerio [lenzenckoro rocy1apcTBEHHOTO
yauBepcuteta, 2008
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ITPE/INICJIOBUAE

Kuura mnocsiieHa M3JI0)KEHUIO OJJHOIO JIOCTATOYHO OOIIEro MeToja MC-
CJAeOBAaHNUS YCTOMUMBOCTH PeIIeHi crucTeM OOBIKHOBEHHBIX IudepeHIiu-
aJIbHBIX yPaBHEHUI M ypaBHEHHIl B YaCTHBLIX IPOM3BOJIHBIX. IlocTpoenHbie
Ha OCHOBAHWHW 3TOTO METOJIa KPUTEPUN YCTOHIMBOCTH OJIHOBPEMEHHO TTPHUMe-
HUMBbI KaK B PEryJsipHOM, TaK U BO BCEBOBMOXKHBIX KPUTUIECKUX CJIyTasIX.

Tak KaK KHHUTa MOCBAINIEHA KOHKPETHOMY METOJy, TO B Heil He MPUBOISIT-
Csl MHOTHE PE3YJIbTaThl TEOPUH YCTOWIMBOCTHU, Te€M DoJiee, 9TO UMeeTCsi 00JIb-
IT10€ YMCJI0 TPEBOCXOHBIX KHUT, TTOCBSIIEHHBIX PA3IUIHBIM Pa3/ieaM TeOPun
ycroitauoctu. Meros dyuknumii JIsimynosa pazsut B monorpaduu A. M. JIs-
nyHoBa “O0Ias 3aja4ua 0 TEOPUM YCTONIMBOCTH JBUXKEHUS , BBIIIC/IIICH 13
neuatn B 1892 r. Jlaanreitee passurue Mmetosr (pyHkiuit JIsiyHoBa, mosyam
B kuurax M. A. Aiisepmana u @. P. Tanrmaxepa [3], E. A. Bapbamuna [9],
P. Benmmana [11], B. Tama [120], B. I1. Iemunosuua [50], B. 1. Sy6osa [55],
H. H. Kpacosckoro [68], 2K. Jla-Casns, C. Jledmena [70], A. U. Jlypoe [74],
. T. Masikuna [76], A. A. Maprsiaioka, B. Jlakmvukanrama, C. Jlusa [78],
B. M. Marpocosa [80], B. B. Pymsinuesa u A. C. Ozupanepa [94], H. I".Ye-
Taesa |109)].

UccnepoBanuio ycToiauBoOCTH perieHnii inddepeHimaibHbIX ypaBHEHU
B DaHaXOBBIX IpOCTpaHcTBax nocesimernbl Mmonorpadun FO. JI. Haerkoro u

M. I'. Kpeiina [47], M. A. Kpacrocennckoro [63], 2K. Maccepa u 2K. [led-
depa [79].

YeTORIMBOCTH aJalTUBHBIX CUCTEM HocBsiinena knura bB. Anjepcona,

P. Burmujya, K. Ixouncona, M. II. Kokorosuua, P. Komyra, V. Mapus.ia,
JI. Ilpasu, P. Puma [4].

YCTORIUBOCTHU JIBUXKEHUSI B CHCTEMAX C MOCJECTBHEM IIOCBSIIEHBI MOHO-
rpacun P. Besuivmana, K. JI. Kyka [12], H. H. Kpacosckoro [68], B. Pessana
[93].

YCTORIUBOCTD HEPUOUICCKIX JIBHXKEHUH MCCIeI0BAIACH B KHUTAX
B. . Apnosbpa [5], [6], B. A. fky6osuua, B. M. Crapxunckoro [113].

0O630p pabor 1o Teopun ycroitunpocru ObLI npoBeien B Kaure JI. Yesapu
[108].

[Ipu uccneoBanny yCTORIMBOCTH JIBUMKEHUS IIEPBLIM ¥ BTOPLIM METOJIa-
My JIAyHOBA NPUXOAUTCS PA3JINYaTh PEIYIAPHBIA U KPUTHUECKUE CJIydau.
JLiist uecsieioBaius Kazk 0o KpUTUIeCKOro Cydas CIPOUTCs Clelua/ibHast
dbynkiua JIamyrnosa.



[Tocrpoenue srux PyHKIMUE BO MHOI'MX CJIydasiX sBJISIETCS 4pPE3BblYaiiHO
CJIOXKHBIM U TPYyJI0eMKUM. JIJ1s psijia KpUTUIECKUX ciaydaeB pyHKIun JIamy-
HOBa nocTpoenbl B Monorpadusx M. T Masakuna [76], H. T. Yeraesa [109] u
B MHOI'OYMCJIEHHBIX 1yOJIMKAIMAX B EPUOJIMUYECKON JiuTepaType.

B paborax P. 9. Bunorpasna |34] ( B aymeprnom caytuae) u H. H. Kpacos-
ckoro |67] (B obmiem ciydae) MPOBEEHO MCCIE0BAHNE YCTONIUBOCTH PeIIie-
HUsI CUCTEMbI HEJIMHEHHBIX JiuddepeHnnalbHbIX YPAaBHEHUH B UCKJIIOUUTE) b
HOM CJIy4dae OJIHOI'O HYJIEBOI'O KOpHsi. B OCHOBY MeTO0/1a 110JI0YKEHO UCCJIE/I0Ba-
HUE CIIeKTpa JINHEeapU30BAHHOTO yPaBHEHUS B OKPECTHOCTH CTAIMOHAPHOTO
pereHus.

B nareit KHure mpejiioKeH MeTojl UCCJIe/IOBaHNs YCTONINBOCTH PEIICHU
HEJTMHEHHBIX OOBIKHOBEHHBIX U (hepeHITMaJbHbIX YPABHEHUN U ypaBHEHUIT
B YaCTHBIX MPOU3BOIHBIX, KOTOPBIN OJITHOBPEMEHHO OXBATHIBAET KaK PETyJsp-
HBIil, TAK 1 BCEBO3MOXKHbIE KpuTHUieckue ciaydan. Meroj; ocHoBaH Ha ucce-
JIOBAHUU CIIEKTPOB U JIOrapu(PMUUECKUX HOPM CeMeHCTB ClieliuaJjibHbIM 00pa-
30M TOCTPOEHHBIX JIMHEHHBIX OMepaToOpoOB. DTOT METO] TaK:Ke NMpPUMEHEH K
PEIIeHHIO 332491 CTabuIn3alyuy cucreM JuddepeHnnaibHbIX 1 Pa3HOCTHBIX
YPaBHEHUIA.

KpaTko ocTaHOBUMCS Ha, COJIEPYKAHUN KHUTH.

Kunura cocTonuT m3 cemu rias.

[TepBasi ryiaBa HOCUT BBOJIHBINI XapakTep. B Heit sy yjno0cTBa durTareseit
[IPUBEJIEHbI CBeJIeHUsT U3 (PYHKIIMOHAJIBHOI'O aHaJIU3a, JIaHbl JJOKa3aTe/bCTBA
HEpaBeHCTB, UCIOJb3YeMbIX B paboTe, TPUBEJIEHBI KIACCHIECKIE TEOPEMbBI O
CYIIECTBOBAHUY pelieHuil guddepeHnuaabublX ypaBHeHWH.

Bropas ryiaBa siBjisiercss ocHOBHO#. B Hell m3jioxken oOIuit MeTos uccie-
JIOBAHWUSA YCTOWIMBOCTH PEIIeHUsT JIMHEHHBIX W HEJUHEHHBbIX auddepeHim-
aJIbHBIX YpaBHEHUI B HaHAXOBBIX MPOCTPAHCTBAX W JIAHBI €r0 TPUJIOKEHUS K
UCCJICJIOBAHUIO YCTONYIMBOCTH cucTeM audhepeHinaabHbiX yPaBHEHU C 110~
CJIEJICTBUEM, K HCCJIEJIOBAHUIO cucTeM judhepeHiinaibHbiX ypaBHEHUH BTO-
pPOTO TOPSAJIKA, K UCCTETOBAHNIO YCTONINBOCTH TEPUOINIECCKIX JBUKEHNN 1
K MCCJIEIOBAHUIO YCTOWYNBOCTU PEIIeHUl PA3HOCTHLIX YPaBHEHUIA.

B rtperbeil ryiaBe MeTo/1, U3JI0’KEHHBII B I1PEJIbIIYIIEH IJIaBe, TPUMEHsIeTCst
K UCCJIEJIOBAHUIO YCTORUUBOCTHU peliienuit JinddepeniinajibHbIX ypaBHEHU B
JaCTHBIX TTPOU3BOJIHBIX.



Herepras ryiaBa 10CBsilleHa pellieHuto 11podJieMbl Bpokerra crabujinza-
ITUY JBUKEHUS, OMUCHIBAEMOT0 JTndhepeHnalIbHbIMI 1 PA3HOCTHBIME YPaB-
HEHWSTM.

B usiToit ryiaBe ucciiejyercs yecroiuuBOCTh HEHpOHHBIX cereit Xorduiiia
C HENMPEepPBIBHBIMU W Pa3pbIBHBIMU (DYHKIUAMEU akTuBaruu. C 3Toi 1ebio
B ITOI TJlaBe PAcCMOTPEHBI BOMPOCHI YCTOWIMBOCTH UMD epeHna bHbIX
BKJIIOYCHWA.

[Ilecrast riiaBa MOCBSIIIIEHA UCCIIEJIOBAHUIO YCTORYUBOCTH Psijla, MaTEMATH-
YecKnx MoJiesieit sxkosorun. B qacTHOCTH, BccieoBaHa yCTOWIUBOCTD MOJICITH
Xoremmnara — Ckesama u psijia ee 0000IEeHNI.

B cenpMoii ritaBe paccMOTPEHBI BOITPOCHI YCTOWIMBOCTH MaTEMaTHICCKUX
Mojiesieii JeMorpadun.



CIIMCOK OBO3HAYEHU

R, C'— MHOXecTBa BEIECTBEHHBIX U KOMIIJIEKCHBIX THCElI.

signx— 3HaK uducia ¢ € R.

Rez, Imz— BemecrBennas u MEAMast JacTH KOMILTIEKCHOTO ducia 2 € C.

2*— romruiekcHoe conpsixkenne z € C.

argz— apryMeHT KoMIuiekcHoro uucia z € C.

R,,, C,— mpOCTPaHCTBA N-MEPHBIX BEKTOPOB X C BEIECTBEHHBIME W KOM-
MJIEKCHBIMA KOOpAMHATAMI: T = (71, ..., 2,)7.

||| — HOpMa koHewHOMepHOrO BeKTOpa * € R, nin x € C,,.

l,— HOpMa, (ijl |2;|P)/P, 1 < p < 00; B TOM UHCIIE:

pu p = 2— eBKJINJI0Ba HopMa: ||x||s = (éﬁl |2z [2)1/2;

npu p = 00; [fle = max |zil;

wpn p = 1 [lalls = 3 |ail.

E,— eBKJINJI0BO IPOCTPAHCTBO.

(a,b)— ckassiproe npoussejienne BekTopos us R, wiu C,.

I — ejuHnuaHast MaTpUILA.

AT — rpancnonnposanue Marpuisl A = ((a;5)) : AT = ((aj)).

A*— KOMILIEKCHOE COIPSXKEHUEe U TPAHCIOHUPOBAHUE 1 X 11 MATPULLL A,
T.e. ecin A = ((ai;)), 1o A" = ((a};))-

rankA— panr marpuipl A.

A;— 1-e cobcrBenHoe 3Havenne Marpunsl A, 1 =1,...,n.

det A— onpenennrens marpuibl A.

p(A)— cuekrpabHbIil pajuyc 7 X n MaTpulbl A, T.e. MaKCUMyM MO/LyJist
ee coOCTBEHHBIX 3HAUeHMit: p(A) = max |\

si(A)— i-e cunrynsiproe uucyio n X m marpunbt A 1 s;(A) = )\}/Q(A*A),
1=1,...,m.

|A||— nopma oneparopa A B HOPMUPOBAHHOM HPOCTPAHCTBE;

A(A)— norapudmuieckast Hopma onepatopa A ( crp. 19).

Ap = ReA = L(A + A*)— geficrBurenbnas 1acthb oneparopa A
(crp. 12).

Ay =ImA = (A — A*)— muumas gacts oneparopa A (crp. 12).

Ry = (A — X\I)~!'— pesonbsenra oneparopa A ( crp. 13).

o(A)— cuekrp oneparopa A.



S(a,T)— MHOXKECTBO 3JIEMEHTOB £ HOPMUPOBAHHOIO IPOCTPaHcTBa X, Olpe-
JIeJIsieMbIX paBeHCTBOM ||x — al| = 7.

R(a,r)— MHOXECTBO 3JIEMEHTOB T HOPMUPOBAHHOIO TPOCTPAHCTBA X,
onpejie/isieMbiX HepaseHeTBoM ||@ — af| < 7.
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F''masal

BBE/IEHUE

1. Onpenesienus. BcnomorareabHbIE TPEII0XKEHUS
1.1. HopMmupoBaHHbIE ITPOCTPAHCTBA

PaccMOTpuM HEKOTOPOE MHOXKECTBO F, B KOTOPOM BBEJEHBI JIBE OIepa-
UK CJIOXKEHHE JIEMEHTOB U YMHOXKEHUE Ha YKCJI0, YIOBJIETBOPAIONIHE CJIe-
JYIOIIMM YCJIOBHSTM:

1) x4+ y =y + = (KOMMYyTATUBHOCTH CJOXKEHUS);

2) (x+y)+2z=2a+ (y+ 2) (acCOMUATUBHOCTD CJIOKEHUS);

3) Mz +y) = Ax + \y;

4) (A + p)x = A\x + px (querpuby TUBHOCTD yMHOXKEHUST OTHOCHTEIHHO
CJTOYKEHUS )

5) Mpz) = (Ap)x (acconuaTuBHOCTH YMHOXKEHUS );

6) B E cymiectByer HyJsieBoit siement 6, rakoit, uro 0 -z = 0 s Vo € F;

N1z =2z nus Vo € E.

MuoxkecTso F, yI0BICTBOPAIONIEE IEPEINCICHHLIM CBOACTBAM, HA3LIBACT-
Csl JIMHEHHBIM [POCTPAHCTBOM (BEIECTBEHHBIM, €CJIH YUCIa A— BEIeCTBeH-
HbIE, W KOMIUJIEKCHBIM, €CJIM A— KOMIIJIEKCHBIE).

[Tpeanonokum, 94To KaxkJaoMy & € E moctaBieHo B COOTBETCTBHE HEOTPH-
naresibHOe Yucio ||| (Hopma ), yIoBIETBOPSIIOIIEe YCIOBHUSIM:

a)||z|| = 0 Torma u Tosbko TOrA, KOTIA T = 6]

0) ||Ax|| = |All|z]| (omHOpOIHOCTL HOPMBI);

B) ||z + vl <|lz|| + ||ly|| (HepaBercTBO TPEyroMBHEKA).

Jluneiinoe npocTpancTBO, B KOTOPOM BBEJECHO HOHATHE HOPMbI, HA3bIBACT-
CsT JIMHEHHBIM HOPMHUPOBAHHBIM TPOCTPAHCTBOM.

JIuneitHoe HOpMUPOBAHHOE 1IPOCTPAHCTBO K HasbiBaeTCs 1OJIHBIM Uik Oa-
HAXOBBIM [IPOCTPAHCTBOM, €CJIU U3 TOrO, UTo || &, — Ty, ||[p— 0
PU 1, M — 00 CJIEJIYET CXOJMMOCTh TI0C/IEI0BATEIbHOCTH {T)} K HEKOTOPO-
My ssieMenty T € E 1o nopme npocrpancrsa F, T. e. kh_)nolo | z — z ||[g= 0.
BanaxoBbl mpocrpancTBa Oyjnem 0b603HauaTh OYKBOi 3.

[Tostnoe JiMHeiiHOE HOPMUPOBAHHOE TPOCTPAHCTBO HAZBIBACTCS IMJILOEPTO-
BBIM 11POCTPaHCTBOM (H — MpOoCTPaHCTBOM), €C/ B HEM BBEJIEHO CKAJISIPHOE
npousBejieHue (-, +), obyaaolee CBORCTBAMM:
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z,y) = (7, ) (B gacrHoCTH (T, 2)— BEHIECTBEHHOE YUCIIO);

) (
) (1 +22,9) = (21,9) + (22, 9);
B) ( ) = A&, y) st 1106010 KOMIJIEKCHOTO YHCIa A;
r) (x,z) > 0, npuuem (z,x) = 0 Torma u ToJIBKO TOrJA, KOra T = 6.
[Tpu 3TOM CKAJIAPHOE TIPOU3BEICHUE CBA3AHO ¢ HOPMOM paBeHCTBOM (X, T) =

== |*.
1.2. JIuaeitHBIE OTIEPATOPHI

Ilycrs By u By — 6anaxoBnl mpoctpancTsa. Orobpaxkenne A uz By B By
Ha3bIBAETCA JIMHEHHbIM oneparopoM, ecin A(ax + fy) = aAzx + BAy nia
JIOOBIX urces ., 3 1 JI00bIX 3JIEMEHTOB X,y € Bj.

OrnepaTop Ha3bIBAETCs HEIPEPbIBHBIM, €CJIH OH KaxK/IyT0 CXoJsiyocst (1o
HOpMe B Bj) m0C/IeI0BATEILHOCTD 3JIEMEHTOB { X, } IepeBOIUT B CXOJISIILYIOCST
(o HOpMe B Bs) mocsie/[oBaTeIbHOCTD dieMeHToB { Az, }.

Omneparop A Ha3BIBAECTCA ONPAHMYEHHDBIM, €CJIM CYHMECTBYET TAKOE I10JIO-

wkuresbroe unciao K, aro juis Vo € B || Az ||< K || = || . Haumenn-
mee u3 3HadeHnit K, MU KOTOPDHIX BBIMOIHSICTCS MPEbIIYINee HEPABEHCTBO,
HaszbIBaeTCst HOpMOil omneparopa A u obosnavaercs | A || . Ormernm, dro
| All= sup || Az | .

l[|=1

JIuneitHpiit orpanndeHubiii oneparop A, jeficTByromumii u3 6aHaXx0Ba PO~
cTpaHcTBa B B 6aHAaX0BO NPOCTpaHCTBO Bs OyjeM 0003HAUATH KaK
A€ [Bl, BQ]

3aMKHYTOE JTUMHEHHOE MTOJIMHOXKECTBO ODaHAX0BA TPOCTPAHCTBA HA3BIBACTCS
€ro MoAIPOCTPAHCTBOM. ['0BOPSAT, UTO MPOCTPaHCTBO [ pacrajiaeTcs B Ipsi-
MYIO CYMMY HOAIpocTpancTB By u Be, B = B @ By, eciin KaxKJIblil 3J1eMEHT
r € B jonyckaer eJIMHCTBEHHOE NPEJCTABICHUE B BUJIE T = X1 B Xo, IJie
r1 € B 19 € Bs. Kaxkjioe us nojipocrpancts By, By Ha3bIBaeTCs IPSIMbIM
JIONIOJTHEHUEM JIPYT JIPYTa.

Ormernm, 9TO B TPOCTPAHCTBE B MOXXHO BBECTH HOPMY CJIEIYIONINM 00-
pasom: || x ||=|| z1 || + || z2 ||, tie x = &1 + 295 21 € By; 29 € By, B =
= B; & By. Benennag TakuM 00pa3oM HOpMa Ha3bIBAETCS MaKCUMAJILHOM.

[Ipu uccnenoBanuy JIMHEHHBIX OIIEPATOPOB B I'MJIbOEPTOBBIX IIPOCTPAH-
CTBaX 9acTo HAPsIAY ¢ onepaTopoM A paccMaTpuBaioT ero IefcTBUTEILHYIO
u Muumble yactu Ap = Re A= (A+A")/2u Ay =Im A= (A— A")/(2i).

31ecn uepes A* obosuaden omeparop, conpsizkenubiii ¢ A. B ciyuae eciim A—
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marpuna, 1o A*— marpuna, KomiuiekcHo coupsikennast ¢ A. Oneparop A
Ha3LIBAETCsI CAMOCOIIPSIXKEHHBIM, ecin A = A*.

[Tyctsr B— komriekcHoe baHaxoBO TTPOCTPAHCTBO. ToUKa A KOMTIJIEKCHO
IJIOCKOCTH Ha3bIBAETCsl PETyJISIPHOI TOUKOi oneparopa A, ecin cymecrsyer
onepaTop (HaszbIBaeMbIil pe3osbBenToil onepartopa A) Ry = (A — X)L, I—
ToxecTBennbit oneparop. (A — AI)~1— omeparop, obparuniii k (A — AI).
Omnpenenenne 06paTHOrO oneparopa IpuBegeHo B pasgene 1.4. MuoxecTso
p(A) Beex peryssipHbix TOUYEK OTKPLITO. Ero jionosHenue J10 1mi0CKoCTH KOM-
IJIEKCHOM TI€PEMEeHHOi HA3BIBACTCS CIIEKTPOM omneparopa A m obosnagaercs
cumposiom o(A). Criekrp o(A) Beerja 3aMKHYT, HENYCT W JIEXKUT B KpyTre
o(A) < A

Komiiekcaoe 4mucio A Ha3blBaeTCsl COOCTBEHHBIM 3HAYEHHEM OIepaTo-
pa A B KOMILIEKCHOM 0aHAaXOBOM IPOCTPAHCTBE B, e CyIIecTByeT Takoii
x € B(]]| z ||#0), uro Ax = Az. DiemenT x, yJ0BACTBOPSIONII 9TOMY Pa-
BEHCTBY, Ha3bIBACTCsl COOCTBEHHBIM 3JIEMEHTOM oneparopa A, orsedaronyum
COOCTBEHHOMY 3HAUEHUIO .

Ilycte A = {a;;}, i, =1,2,...,n— MaTpuIa ¢ BEIIECTBEHHBIMA dJIe-
menramu, [ — ejunudnas marpuia. Y pasuenue det(A — ) = 0 nazbiBaercs
BEKOBLIM MJIM XapaKTepUCTUIecKUM. KopHn A1, ..., A, BEKOBOro ypaBHEHUS
HA3LIBAIOTCS XapaKTEPUCTUISCKUMU YUCIAME KM COOCTBEHHBIMU 3HAUCHMSI-
MU MaTpHIbl A.

Ypasuenue det(A—AI) = 0 umeer Buj ag+ai A+ - -+a,\" = 0. [losunom
f(A) =ag+a A+ - -+ a, \" Ha3BIBAETCS XAPAKTEPUCTUICCKUM MOJTMHOMOM.

B paszene 8 riaBbl 2 HaM IIOHAJI00ATCS CJIeIyOIIKe OIIPeIeIeHus].

[Tosmnom f(2) = ag+ajz+---+a,2" ¢ JelcTBUTEIbHBIMY UJIK KOMILJIEKC-
HBIME KO3 DUIMEHTAMI HA3LIBACTCS MOJUHOMOM ['ypBHIlA, €CJIM €ro KOpHH
21, ..., 2y UMEIOT OTPHIATEIbHBIE BelllecTBeHnble yacTu: Rez; < 0, i =
=1,2,...,n.

[Tosmnom f(2) = ag + a1z + - - - + a,2" ¢ geiicrBuresbabiMu KO3MQUIK-
eHTaMu, y KoToporo ag > 0, a, # 0, Ha3bIBaeTCs CTAHJAPTHBIM TOJXHOMOM
crermenu n,n > 1.

Paccmorpum crangaprabiii nojmuom f(z2) = ag + a1z + -+ + a,2", vje
ag>0,a, #0, n>1.

3 ko3apdurentos crapgapraoro nojuaoMa f(z) cocrapisgercs n X n
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MaTpuUIla

aq ap 0 0 0 0

as a9 aq ap 0 0

Hy =
aop—1 A2p—2 QAop—3 QA2p—4 A2p—5 0Ap

KOTOpasl Ha3bIBaeTCss Marpuieit ['ypsua.

Teopema I'ypBunia [50]. [jst Toro, 4To6bl CTAHIAPTHbIA TTOJHHOM SIB-
Jisiiicst mojimaoMoM ['ypBuiia, He0OXOIMMO U JIOCTATOYHO, YTOOBI OBLIU II0JIO-
JKATEJIBLHBI BCE TVIABHBIE JMArOHAJbHBIE MUHOPBI

Al =a; > 0,
a; a

1 0 >07
as as

An = anAn,l >0

ero Marpuupl I'ypsuna Hy.

3BecTHBI pasinyHbie CII0COObI ONpeIeIeHs OIIEpATOPOB B HOPMUPOBAH-
HBIX TIPOCTPAHCTBAX.

B reopun ycTOMUMBOCTH HMIMPOKO UCHIOJIL3YETCs ONEPAIMOHHOE MCUUCIC-
nue Pucca, cpsasbiBaolee anajnTudeckKue GyHKIU KOMILIEKCHO epeMeH-
HOIi ¢ OolepaTOpHLIMU (DYHKITUSIMI.

[Tycrs A € [B, B]. O6osnaunm uepes K4 kiace dbyHkiuii ¢ () KoMmiiekc-
HOM IlepeMEeHHOl, KyCcOuHO-aHaJMTHIecKux Ha ciekrpe o(A) oneparopa A.

Oyukiuu u3 Kiacca Ky obiagaoT ciaeayomume ceoiictBamu [47]:

1) obnacts onpegenenus D(p) dbyukinuu ¢ € K4 cocTOUT U3 KOHEUHO-
IO YMCJIa OTKPBITBIX CBA3HBIX KOMIIOHEHT, OOLEJMHEHNE KOTOPHIX COJACPIKUT
criektp o(A);

2) dyuknus p(A) anagurnueckasi B Kaxkjoit komnonenre obsactu D(p);

3) cymecrByer ruajkuii KOHTYp I'(A), oxBarbiBatoluii Bech CIIEKTp oOrie-
paropa A. Ecam sror xonTyp pacnajaercs Ha KOHEYHOE YUCJIO OTJIEJIbHDBIX
KOHTYPOB, TO KaXXJIbIil U3 HUX OOXOJIUTCSA TAKUM 0OPa30M, UYTOOBI OTKPBITOE
MHOKECTBO, BXOJSAINEe B PE30JIbBEHTHOE MHOXKECTBO onepaTopa A, ocraBa-
JIOCh CJIeBA.

Ha muoxecrse K 4 MOXKHO €CTecTBEHHBbIM 00Pa30M BBECTH CJIOXKEHUE, YMHO-
YKEHME U YMHOXKEHUE Ha, CKAJIsp.
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Oneparopnoe ncuncienune P. Pucca onpejensier ajaredbpandeckuit nu30Mop-
dbusm Mex 1y anredbpoit K4 1 KOMMyTaTUBHO ajaredpoit onepaTropoB, Olpe-
JleJisieMbiit (hopMyJIoit

P(A) = —5— [ eV RadA, (1.1)

rie Ry = (A —X\I)~1.

13 reopembt Komu ciiestyer HezapucuMocTh naTerpasa B (1.1) o KoHKper-
HOIO BBIGOpa KOHTYpa Hnpu ycjaosur, 910 KoHTYp I'(A) oxBaThiBaeT Crekrp
oneparopa A.

Jluneitnocrs coorBercrsus (1.1) oveBuina.

Ero MyJabTHILIMKATUBHOCTD ClejiyeT u3 pOPMYJIbI

1 1
—_ Fi(MRydA p X { —— RyFy(N)dAp =
27”1“(4) 27”1“(4)
1
= —— Fi(AN)R)\Fy(N)dA,
277%([4)

CIIpaBeJIIMBOCTL KOTOPOIt jlokazana B [47, ctp. 30 — 31].
1.3. IIpuHIUI HEMOABU>KHOI TOYKH

B MaremaTuke u ee MHOTOYUCIEHHBIX MPUJIOKEHUAX BUTHOE MECTO 3aHMU-
MaeT CJIeJyIonnii (pyHiaMeHTaabHbI (akT, KOTOPbI Ha3bIBAETCs TPUHITU-
IIOM HEIOJBUXKHON TOYKMU.

PaccMmorpum B 6GaHaxoBOM IIpocTpaHcTBe B ypaBHEHHE

rie A(z)— He 0bst3aTebHO JTMHEHHBIH oneparop, orobpaskaomuit B B cebsl.
meer mecTo

Teopema Banaxa o menoaBuxkuoit Touke [75]. [Iycrs B GanaxoBom
npocrpancTee B jan onepatop A, NepeBojAIInil 3J1eMeHThI IPOCTpancTsa B
CHOBA, B 9JIEMEHTLI TOro mpocrpancrsa. Ilyers, Kpome Toro, s Beex T 1 Y
w3 B || Az — Ay ||[< q || x —y ||, tie ¢ < 1 n ne 3aBucut or x u y. Torna
CYILIECTBYET OJIHA U TOJILKO OJJHA TOYKa Xg, Takas, 4ro A(xg) = xg. Touka
2( Ha3bIBAETCs HEIOJBUKHOM TOUKOI omepatopa A.
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[IpuBesem enie ojHy TEOPEMY O HELOJIBUXKHOM TOUKE.

O6061ieHHasi TeopeMa O HenmoABUKHOI Touke [47|. [Iycrs mpn Heko-
TOpPOM HaTypaJsibHoMm v > 1 oneparop AY yjossersopsier yciaosuio || AYr—
—Ay I q]|lx—vy ] (¢ <1). Torma B B cymecrByer ojiHa U TOJHKO OJHA
HEIOJBUKHAS TOUKA, Ty omeparopa A. DTa TOUYKa MOXKET OLIThH MMOJIydYeHa U3
J1000i1 TOuKK Ty € B Kak npejes mocjie10BaTe/ IbHOCTH

T, = lim A"x.

n—oo

1.4. O6paTHbIe OIEPATOPHI

JInHeHbII HenpepbIBHBIH oreparop B Ha3bIBaeTCs JIEBBIM 00PATHBIM JIJIs
nunHeitnoro oneparopa A, ecim BA = I, riae I— ToxiecTBeHHBIH onepaTop.
JIeBblit obparHblii onepaTop JJst JuHeiiHoro omneparopa A obosnavaercss Kak
Al

l

JIuneiinoiit HenpepoiBHBIA omepaTop (' HA3LIBAETCS MPABBIM OOPATHBLIM
JUIsT JIMHEHHOro HenpepbiBHOro oneparopa A, ecim AC = I. Tlpasbiit onepa-
TOp JyIst JMHeinoro oneparopa A obosnadaercs kak AL,

sBectno, uro ecan oneparop A mMeer Kak JIeBbIii, TaK W IpaBbIil 0OpaT-
HBIil OIIEpaTOPhI, TO OHM PABHbBI MEXK 1y COOOI U OIIPEJIE/IAI0TCA KaK JIMHEHHbIIH
obparubrit omeparop A7l Ayt = ATl = A7L

C nonsiTeM 0OpaTHOIO OIEPaATOPa CBA3AHBLI BOIPOCHI CYIECTBOBAHUS U
eJINHCTBEHHOCTH pEIIeHUi OMepaTOPHLIX YPaBHEHMII.

Paccmorpum ypaBHeHue

Az = f, (1.2)

rjie JiHelinblii oneparop A orobparkaer HOpMUPOBAHHOE IPOCTPAHCTBO X B
HOPMUPOBAHHOE TIPOCTPAHCTBO Y'; f— M3BECTHBIN 3JIEMEHT IIPOCTPAHCTBA Y ;
x € X — Hem3BEeCTHBII 3JIeMeNT.

[Ipeamonoxkum, aro onepatop A nMeer paBblil JIMHERHBIT 0OpaTHBI Ore-
patop A 1. Tlonoxum x = A1 f u nojeraBuM 910 3HaUeHNE B JIEBYIO 9acTh
ypasuenus (1.2). [Tonygaem Toxecrso A(A1f) = f.

Takum obpasom, ecan orneparop A mMmeer mpaBblii 0OpaTHBII omepaTop
A1 o ypasuenne (1.2) Beerja paspenmmo.

[Ipemosno:kumM Terepb, 4To oneparop A umeer JieBblii 0OpaTHBI onepaTop
A7l u ypasuenue (1.2) umeer pemenue ¥ : Az* = f. Bosjeiictsys na ofe
qACTH PEJIBIIYIIEro pasencTsa oneparopom A; ', umeem A; ' (Ax*) = A7l f,
1. e. ¥ = Al f. Orciona cienyer, uro eciu ypasuenue (1.2) numeer perenue,
TO 3TO pelIeHUe eJIUHCTBEHHO.
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Eciu oneparop A nmeer jinHeitHbiii 00paTHbBIi, TO ypaBHEHHE (1.2) uMeer
¢/IMHCTBEHHOE PeIleHre, TaK KaK BBIIe ObII0 oTMedeno, 4yto A~! = Al_l =
= AL

[Tpusejiem reopembl Banaxa [75] 06 ycsioBusix cyiecrBoBanusi 00paTHOTO
orepaTopa.

Teopema 1.1(Banax). [Tycrs X — B-npocrpancrso u U € B[X, X]. To-
rjia, ecjm

U [<q<1,

To oneparop I — U umeeT HenmpepbIBHBIM 0OpaTHbINA, IpUIEM

1
-1 —.
-0 s 1
Teopema 1.2 (O6o6uiennast reopema Banaxa). [Iycrs Uy € B[X, Y], rue
X u Y jasa B-npocrpancrsa, n nycts cymecrsyer Uy ' € BlY, X]. Tora,
ecsin oneparop U € B[X, Y] yjoBiersopsier ycjioButo

1

U< 7=
(el

10 oneparop V = Uy + U nmeer nenpepbisublii 06parubiii V=1, npuuem

[l (X%l
T Ul = 1= 11U U

V<
I I< -

1.5. IndpdepeniimpoBaHre 1 MHTETPUPOBAHNTE
B HOPMUPOBAHHBIX MPOCTPAHCTBAX

Beegem onepanuu guddepeHnupoBaiis 1 NHTEIPUPOBAHUSA B HOPMUPO-
BaHHBLIX HpocTpancrBax. [lycrs E'— jmHelinoe HOpMUPOBAHHOE MPOCTPAH-
cTBO 1 R— MHOXKecTBO ToveK uncioBoii npsimoit. Oneparop = x(t) (He
00si3aTesIbHO JIMHEHHbII ), orobpaxkaonuit R B E, HazbiBaercs abcTpakTHOI
dbyukpeii anciaosoro aprymenta t. Oyukiys (1) Ha3bIBAETCA HENPEPbIB-
HOU B TOUKe ty oTpeska |a, b], ecim st siroboro € > 0 naiigercst § = d(to, €),
takoe, 4ro || z(t) — x(ty) ||[< e mpu t € [a,b] u |t — 1o |< 0.

Paccmorpum Ha cermente [a, b] dynknuio x(t). IIpoussonnas (o @perre)
dbyukiun x(t) B TOUKe ty onpeensercs no Gpopmye
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ox(t) — x(t
7' (tg) = lim —( ) ( 0),
t—to t— 1ty
eCJIH CyIIEeCTBYeT MPEeJe B CMbBICIE CXOMUMOCTH 10 HOPME.,

B paje ciaydaes OyJer MCHOIL30BAHO NMOHATHE Npoussoanoit Opeme or
Hejimueitnoro oneparopa A(x), 0Tobpazkalomero HeKoTopoe MHOXKeCTBO §)
npocTpancTsa B B nmpocTpancTBo B.

Onpepesienne 1.1 |75]. Ecau miis moboro siementa h € B cymiecTByer
npeJie

i [ Alzo + k) = Alwo) = A(zo)h [|— 0,

rine A'(xg)— muneitnslii orpanndenubiii oneparop, o A'(xg)— npoussognas
o ®@perue oneparopa A(x) B TOUKe 0.

SakaHIMBasT 3TOT pas3jies1, MPUBEJIEM BaXKHOEe MOHSATHE WHTerpaJja oT ad-
CTPAKTHON (PYyHKIMKM 4KMCJIOBOIO aprymenta. Ilycrs abcrpakrHas pyHKIMs
qUCI0BOrO apryMenta z(t) 3amana mHa cermente [a,b] (t € [a, b]). Pazobbem
cerMenT [a, b] Ipou3BOJILHO Ha 1 YacTell ToukaMmu ty @ a = tg < t1... <t, =b
M B KaXKJIOM cermente [tg, try1] BO3bMEM npousBosibHyI0 TOUKY Tk () < 7 <
< tg+1). Berawcsum snavenne dyukiuu x(t) B TOUKe T U COCTABUM WHTE-
IPaJIbHYIO0 CyMMY BH/IA

n—1
Sn = Z ZL‘(Tk)(t]H_l - tk>.
k=0

[TepeiijieM B m0C/I€I0BATEILHOCTH HHTErPATIbHBIX CyMM Sy(n = 1,2,...) k
HpeJiely Ipu 1 — 00, 1oJiarast, 4To npu 3roM supy, | tpy1 — ty |[— 0. Ecan
STOT Npejesl CYyNeCTBYeT W He 3aBUCUT HU OT CIOCODa JeJIeHUs CerMeHTa
[a, b] Ha yacTHUHbIE OTPE3KH, HU OT CIOCOOA BLIOOPA TOUYEK Ty HA JaCTUUHBIX
orpeskax, To ropopsit [75], uro unrerpas or dpyuxiuu x(t) 10 orpesKy |a, b]

b
cylecTByer, u 0603HAUAIOT ero cuMBoJioM [ x(t)dt.
a

Boisee obmum siBJisieTcs cienyiolee onpejesenre nurTerpaja Pumana or
byHkMit co 3HaveHusiMU B DaHaXOBOM TPOCTPAHCTBE.
Omnpenenenne 1.2 [8]. Otobpakenune

(t1,...,tn) = f(t1,...,t,) € B;
t={(t1,...,ty) €EQCE,

Ha3bIBaeTCs (PyHKIMENR O 3HAUYEHUsIMKU B DaHAXOBOM IIpocTpaHcTBe B, onpe-
JlesieHHo# Ha MHOXKecTBe () C F,.
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Onpegnenenne 1.3 [8]. Unrerpasom (Pumana)

[ult)dt

Q

or ¢pyakmun v : ) — B Ha3bpIBaeTCs Takoii sjaemMedT b € B, 1ro
Y(b) = [w(ult))dt
Q

JUUIST BCeX 1) U3 CONpsIKEeHHoro K B npocrpancrsa B*.
Ha unrerpas or abecrpakthoii dbyukimu (1) pacnpocTpaHsitoTcsa MHOTHE
cBO#CTBa OOBIYHBIX UHTErpaJoB Pumana. B yacTHOCTH, OTMETUM OJIHO U3 HUX

b

[t < [ 1) | dt,

a

KOTOPBIM OyJIeM 9aCTO MOJIH30BATHCA. DTO HEPABEHCTBO JJOKA3BIBAETCS TOUHO
TaK »Ke, KaK B TeOpuu MHTerpaJia PuMaHa JioKka3biBaeTCsi HEPABEHCTBO

b b

[ rwd < [1f@) | dt.

a a

1.6. JlorapudmMnyeckas HOpMa

B reopun guddepenimaibHbIX ypaBHEHU I 9acTO UCITOJIb3YETCs ONEePaTOp-

byukims €4, KOTopyio IpOIIe BCEro BBECTH € IMOMOIIBIO OJHOTO H3 J[BYX

PaBHOIIEHHDbIX COOTHOIIIEHU:

1
At T At o -1 .
M=o [ (A=), (1.3)
|
00 kik
Al = AT : (1.4)
=g

rjie [ — TOXKJIeCTBEHHbI OIIepaTop.

3 mysnbrunmkaTuBHocTH cooTBercTBEsE 0(A) > ©(A) Mex/1y aHaIuTH-
qecKUMK (DYHKIMAMU KOMILJIEKCHO 1IepeMeHHoil u oneparopubiMu (PyHKIU-
SMH CJICJIyeT, YT OIepaTophbl €4 06pazyioT 0JHONAPAMETPHYECKYIO IPYIIIY:

eAteA™ = A7) (_oo <t 7 < 00),
€At|t:0 =1.
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Bamerum uto, B 00meM ciydae eAtP £ edeB . Pasencrso smech mmeer
MmecTo, Korya AB = BA.

Huddepenrupyst coorrorerue (1.3) mo ¢ moj 3HAKOM HHTErpajia, Mbl
nosrydaemM (popmyJy:

deAt
—— = A,
a
HeiicTBUTENHHO,
de! 1
Zt =~ [ AM(A= A1) NdA = A,

Ucnonbayst psaj (1.4), HETPYHO MOy YUTH OIEHKY:

AF||tF
AT _

le] < Z (t=0). (1.5)
Obo3naunm depe3 Re 2z feficTBUTENBHYIO YaCTh KOMIIJIEKCHOTO YHCJIa 2 U
TPUBEJIEM CJIEIYIONLYIO TEOPEMY.
Teopema 1.3 [47] . st T0ro 4robbl BEIECTBEHHOMY YUCILY P OTBEYAJIO
noJioxkuTesnbuoe N, Takoe, 4To

et ]|< Npe?' (2 0), (1.6)

reobxoumo yeore Re A < p npu Beex A € o(A) u JocTaTouHo BHITOJHEHTE
HepaseHcTBa Re A < p npu Beex A € o(A).

[Tpu ncciieioBanum ycroiauBocTr perenunii judepeninaibHbIX ypaBHe-
HUil IIPOKO UCHo/B3yercs onerka ||e||, Boipazkennas depes cuexrp onepa-
Topa A.

[Ipexjie ueM mepexo/iuTh K JI0Ka3aTeJbCTBY TeopeMbl 1.3, HAOMHUM
HECKOJIHKO TIOJIE3HBIX YTBEPIKICHUIA.

[Tlycrs A— nuHednbIi OrpaHnvIeHHbIi omepaTop, AeiCTBYIONMi n3 bamna-
X0Ba npocrpancTsa B B 6anaxoBo npocrpancrBo B. Hepes K4 obosnaunm
KJIace Beex (yHKIMH KOMIIJIEKCHON TlepeMeHHON ¢(A) KYCOUHO aHAJIUTHIe-
ckux Ha crekrpe oneparopa A (A € g(A)).

Teopema 1.4 ( Teopema landopma) [48|. Ilycrs A € [B, B|, dyukius
p(A) € Ka. Torna o(p(A)) = ¢(a(A)).

3 reopembr Handopia ciaepyer

Jemma 1.1 [47]. Ecau |le?]| = q(< q), 10 cuekrp o(A) oneparopa A
JIEKUT B (BHYTPH) 3aMKHYTO# mosymiockoctu ReAd < Ingq.
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Joka3zareabcTBO. 13 Teopembl landopa ciejyer, 4ro
o(e?) = "™, (1.7)

IsBecrho, 4ro cuekTp oneparopa A Bcerja HEIyCT, 3aMKHYT U JICXKUT B
kpyre |A| < ||A||. Uz pasencrsa (1.7) curexyer, uro |e”| < ¢. Orciona
o(A)] <Ing.

[Tpuejiem jlokazaresbCTBO TeopemMbl 1.3.

[Tycts Boimosaena onenka (1.6). Torma cormacuo Teopeme landopaa u
memme 1.1 cniekrp 0(At) = (to(A)) nexknr B mosymnockoctn Red < In N+
+pt (t > 0).

Orcroga upu Jirobom t > 0 cuekrp o(A) JseKuT B 10JLYIIIOCKOCTH

InN,

Re) < + p.

Beuy mpousBosibnocTu t > 0 ciemyer nmepsasi 9acThb yTBEPHKIEHUS.

Jlis1 OKa3aTeabCTBA BTOPOil 1acTh 3ammiieM e B Buje

1
R p— / eMRy\dN,
211
s

npe/jirnoJiarasi, UTo KOHTYp ' 4 eJIMKOM JIEXKUT BHYTPH 1OJIYIJIOCKOCTH Re)\ <
< p. Torja
1
A A
[l < o [ Xl RAlldA] < Npe,
s

€
21

[Tycts A m B— camocomnpsi>KeHHbIe OnepaTophbl B THJILOEPTOBOM MPOCTPAH-

e N, = max | Ra||; I— suinna kourypa I'y. Teopema jiokazana.

crBe H. MI3BecTHO, 4TO CHEKTP CaMOCOIPsI)KEHHOIro oneparopa A serecrsen-
HBII U IPUHAJJIEIXKUT UHTEPBAJTY

|=]=1 |z =1

An(A) = inf (Az,z) < o(A) < sup (Azx,x) = Ay (A).

B monorpaduu [47] npuseena onenka

eAm(A) SH €A+iB HS e)\M(A) :H eA H?

KOTOPO# Oy/1IeM JacTO MOJb30BATHC.
Jlajium ele oJIHO Olpe/jie/IeHK e,
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Onpepesienne 1.4 [47]. Jlorapudmuieckoit Hopmoit onieparopa A Hasbl-
BAETCsI [IpeJIet

. [T+ hA] -1
A(A) =1
W=
rie cumBost h | 0 odHadaer, 910 h CTpEeMUTCsT K HYJIO, yObIBasI.

Y

B monorpaduu [47] nokazano, 1ro A(A) Beerpa cyuecrByer (HO MOXKer
IPUHUMATH OTPUTIATEIbHBIE 3HAUeHNsT ). TaM ke MpUBeIeHbI CJIE Y IOTIIe CBOM-
crBa JlorapuGMUIECKOH HOPMBbI:

AaA) =alA(A) a=0, [AA)[<] Al

AA+ B) < AMA) + A(B); | A(A) = AB) |<]| A= B ;
AA) +A(—A) >0, e 2 el ||< et

I/I3 InmocjaeJgHero HepaBeHCTBa BbhITEKaeT OIEHKa
—A(—A) < Re\ < A(A)

auist Beex A € o(A). [pegpiymiee oupeaenenue jonyckaer obodienue.
Omnpenenenune 1.5. Ilycrs A u B— juneiinbie orpaHndeHHbIe OIepaTo-
pblI, JeiicTByroliue u3 B-npoctpancrBa X B B-npocrpancrso Y. Jlorapudmu-
4ecKoit HopMoii onieparopa B ornocuTebHo oneparopa A nasbiBaercs npe-
Jen
|A+ hB|| — || A]
; :

B ciyuae, korjga A— marpuna pasmepa n X n, A(A) jerko sbraucisiercs

A(A, B) = }Lin% |

110 HOPMaM HEKOTOPBIX IPOCTPAHCTB.

B wacrnocru, sorapundMuaeckne HOpMbI KBaJIPATHLIX MATPHIL U3BECTHDI B
npocrpatcrsax Iy u ¢ (em., nHanpumep, [47]). Eciu norapudmudeckasi Hopma
BBIUMCJISIETCST B IPOCTPAHCTBE [ BCEX aDCOIOTHO CYMMUPYEMBIX TIOCJIEI0BA~

TeJbHOCTEH ¢ HOpMOi ||z|| = %1 €], To
]:

A(A) = sup (Re aj;+ Y. \%j’) ,
J k=1,k#j

B TO BpeMms Kak || Al = sup %1 |ak|-
koJ=
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Eciin jiorapudMudeckasi HOpMa, BbIYUCJISIETCS B IPOCTPAHCTBE € BCEX CXO-

JSIIIIXCS TTOCTEI0BATEbHOCTEN ¢ HOpMOit ||z]| = sup [&;|, To
j=1

(0. ¢]
A(A) =sup |Re aj; + > lajpl],
j k=1k#j

o0
B TO BpeMms Kak ||A|| =sup ¥ |ajxl.
j k=1
Samevarnue. OTMETHM, UTO OTPHUIATE]bHOE 3HAUEHHUE JIOrapudMUIECKO

HOPMBI MaTpuinpl A B mpocTpancTBax [ M ¢ 9KBUBAJEHTHO TOMY, YTO CIIEKTD
MaTpuibl A pacrnosorken B JICBOI OJIYIIOCKOCTH IJIOCKOCTH KOMILICKCHOI
epeMeHHoO.

DTo caepyer u3 Kpurepus [epmropuna JOKaJIu3aul COOCTBEHHBIX 3Ha-
YeHUIT MaTpPHIIL.

Hanomuum sror kpurepwuit. Ilycrs A = {a;;}, 4,7 =1,2,..., n— Marpuna
C KOMILICKCHBIMY 3JICMEHTAMHU.

Teopema 1.5 (Tepmiropuna) [39]. Kaxgoe coberBertoe sHauenne A mar-
punbl A HaXOIUTCS B OJJHOM M3 KPYIOB

n
|aii—)\\§ Z |aij|, i:1,2,...,n.
j=Lj#i

Takum obpasom, eciiu a; OTpulaTe/bHbl 1pu Beex ¢ = 1,2,...,n, u
n
laii| > X Jaij|, To coberBennble 3Hadenns MaTpuil A Jexar B J€BOit

J=Lj#i
IMOJIYIIJIOCKOCTH IIJIOCKOCTH KOMIIJIEKCHOW TePEeMEeHHOM.

B pabote MUPOKO KCIIOJIb3YIOTCS HEpaBEHCTBA
e—A(—A)t S HeAtH S eA(A)t) (18)

At ¢ orapudMUIECKOH HOp-

CBSI3BIBAIOIINE HOPMY OlIEPATOPHON QYHKIMU €
MOJ.
I[IpuBesieM oKazaTesbeTBO 9THX HepaBeHcTB. [IpaBoe HepaBeHcTBO BBITE-
Kaer U3 clIeyonux paccyxiaennii. OU9eBuiHo, 410
ey = exp{l_l_h;l_]t}x.

Crenaem 3aMeny nepeMmennoil ¢, mojoxkus 7 = t/h. Ilocnennsas 3amena
3akoHHa, Tak Kak h | 0. Torma

I'+hA -1

7 tte = exp{({ +hA—I)t}x = exp{({ + hA)T}exp{—IT}x.

exp{
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[Tepexojist K HOpMaM, nMeeM:
el < [l e || <

< elithalr, ITHRAI=D R || = A2

Tl = e

AnasornanbiM 06pa3oM JIOKA3BIBACTCS JieBasi 4acTh HepaBeHcTBa (1.8).
1.7. HepaBeHcTBa

[IpuBejieM HECKOJILKO HEPABEHCTB, UCIIOJIb3YyEeMbIX B pabore.
Jlemma 1.2 [9]. [lycrs u(t)— HenpepbiBHAST DYHKIHS, YIOBIETBOPSIONIAST
npu t > ty HEpaBEHCTBY

t
0 <u(t) <8+ [(n+ Lu(t))dt, (1.9)

to
d,n, L— mocrosinnnie, 0 > 0,n > 0, L > 0. Torma cupape imBo HEpaBEeHCTBO
ut) < Z(ewto) — 1) + dekltto), (1.10)

JlokazaTreiabCcTBO. /lokaszaTeqbhbcTBO JEeMMBI MPOBEJEM OT TPOTUBHOTO.
[Tycrs t = 7— Onmekaiiimuit MOMEHT BpEeMEHM, HPU KOTOPOM HEPABEHCTBO
(1.10) mapymmres, T. €. TPEBPATUTCS B PABEHCTBO.

Paccmarpusas nepasenctso (1.9) mpu ¢ = 7 1 OMH, 9TO HA TOJYUHTEP-
BaJie tg < t < 7 HepapenctBo (1.10) erie He HAPYIIEHO, MOJIYYUM:

) dt

[Tpose,isi nHTErpUpPOBAHUE U TTOJICTABUB IIPEJIE/ibl, OyjIeM UMETH HEPaBEHCTBO:

u(T) <+ / (77 + L [Z (eL(t—to) _ 1) + §elli=to)
to

n LT—ﬁO LT—tO
u(7’)<L(e( )—1)—1—5e< ),

poTuBopedarliee Boibopy 7. JleMMma jokasana.
JokarkeMm CJ1e/1yIoIyio JeMMY, SIBJISIOILYI0CsT 0000IIEeHUEeM TIPe b1y IIei.
Jlemma 1.3 (I'ponyosna — Bemnmana) [50]. ycrs u(t) > 0w f(t) >
> 0 upu t > to,u(t), f(t) nenpepblBHBI B uHTEpBaJE [tg, 00) u npu t > t
BBLITOJHEHO HEPABEHCTBO

U(t) <C+ /tf(tl)u(tl)dtl, (111)

to
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rje C'— nosioxkuresibHast mocrosiiias. B rakom ciydae upu t > ty umeem
t
u(t) < Cexp{ [ f(t1)dt}. (1.12)
to

JoxkazaresnbcTBo. 13 Hepasencrsa (1.11) nosywaem

t u(t) <1
C +tf f(t)u(ts)dt

u, caegosaresbho, (f(t) > 0)

JOult) (1.13)
C +tf f(tl)u(tl)dtl

Nurerpupys (1.13) B mpemenax ot ty 0 t u 3aMedasi, 910
t
e [ ptyumyan | = el
7 / 1)u(t1)at ;
ITOJTy JaeM:
t t
In (C+/f(t1)u(t1)dt1> ~InC < [ f(t)dh.
to tO

[Torennupysi, umeem:

C+ [ f(t)u(tr)dty < exp (/f(tl)dtl) .

Orcrofia, ucnonb3ys nepasencrso (1.11), maxoum:

u(t) < C+ [ f(t)u(t)dty < exp ( / f(tl)dtl).

to to

JlemMa jokasana.
O6ob61enrem jiemmbl I'ponyoJsuta — Bejimana siBiisiercs: cieyolee yrBep-
JKJICHHE,
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Jlemma 1.4. Ilycrs u(t)— nenpepbiBHas (HyHKIUsA, yA0BJETBOPSIONIAA
npu t > ty HEpaBEHCTBY

0 <u(t) <5+ [v(s)g(uls))ds, (1.14)

rje 0 = const > 0, v(s), g(s)— neorpunaresbubie QyHKIMU, npudeM g(s)
obparuma u ¢ (s) > s mpu s > 1, glas) < f(a)g(s), a = const, f(s)—
Heorpunaresbiasa pyuknus. Torga nMeer MECTO HEPABEHCTBO

u(t) < dg~* (eXp (@/v(s)ds)) : (1.15)

oka3zareabcTBO. JlokazarejbCTBO POBEJIEM OT TPOTUBHOTO. B MOMEHT
Bpemenu ty HepaseHnctBo (1.15) cnpasemuBo. OG03HAYUM Yepe3 T MOMEHT
BpeMeHH, Korja HepaBeHcTBO (1.15) Hapymiaercs, T. e. IpeBpaIaeTcs B pa-
BeHcTBO. Tak Kak Ha wHTepBaJe [ty, 7) Hepasencrso (1.15) cnpaseinBo, TO
3 (1.14) nmeewm

u(r) < 8 +/ (5g (exp (f(;)/sv(t)dt»)ds <
<5+ / o(s) £ (8)exp (JEE;S) / v(t)dt) ds —
(exp (40 ) 1) -
o)

u(T) < dexp (fgs)]v(s)ds) :

to

Orcrosia caejyer, 9To

T. e. HepaBeHCTBO (1.15) B TOUKe T He HapyIIAeTCs.
[IpuBesieM ere oHO JOKA3ATEILCTBO TOM JIEMMBL.
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HokazarenabcTBo. U3 yesosus g(as) < f(a)g(s) caenyer, uro g(u(s)) =
= g(60 u(s)) < f(6)g(6 tu(s)). Torna nepasencrso (1.14) MOKHO YCHITUTD:

0<u(t)<é —I—tfz v(s)g(u(s))ds <6 —|—th v(s)f(8)g(d  u(s))ds.

Pazjieium 06e 4acTu npejiblyInero HepaBeHcTBa Ha 0

0< u(;) < 1+Zv(s)f?)g(5lu(s))ds

1 BOCTIONIB3YeMcsl TeM, 9To n3 obparnmoctn dbynxunn g(t) u yenosust gL (t) >
>tuput>1 (1 e ycnosus g(t) <t uput > 1) cuenyer, aro

g (“E;)) <1 +Zv(s)f(56)g (“(;)) ds.

Tenepb, mpuMeHsss HepaBeHCTBO I'poHyosia — Bemnmmana M BOCIOJIb30BaB-

HKCH 00paTuMOoCThio dyHKIMK ¢(t), 3aBepiuaeM JI0OKa3aTeJbCTBO JIEMMDL.
JIlemma 1.5. I[lycrs u(k) yiposnersopsier npu k > ng nepasencrsy 0 <

< ulk) < 6+ 5 v(i)g(u()), ulng) < 6 e & = const > 0, v(s)—

HeybbiBarommast GyHkIwst, a ¢(s) yIoBIETBOPSAET YCJOBUsIM JeMMbl 1.4 mpu-
geMm f(s)/s > 1 npu s > 0. Torja umeer MecTo HEPaBEHCTBO

exp (fgs)/v(s)ds)] : (1.16)

no

u(k) < 6g7"

Hoxka3zaresnbcrBo. Hepasencrso (1.16) cupasejinpo npu k = ng. [lycrs
n* mepBoe 3HaUEHUE MepeMeHHoll k, mpu KoTopoMm HepaseHcTBO(1.16) HApY-
maercst. Torma

O
g)lv(s)ds] -0 =

HOM
g)/v(s)dsl) :

no

<0+ 7v(s)f(5)exp (fgs)/sv(s)ds) ds = 6 + dexp

no

= Jexp {f(;) 7 v(s)ds

o

< 6g ! (exp

T. €. Ipu N*— HEPaBEHCTBO He Hapyiiaercs. JlemMa joKa3aHa.
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[Tpu wucciieioBannmn pa3HOCTHBIX YpaBHEHU B 1JiaBe 2 HaM I11OHA/00MT-
cs clefiytoliee YTBepK/ieHne, aBJIsAioleecs paclipocTpaHeHueM yTBepK JIeH U
JieMMbl 1.2 Ha pa3HOCTHBIE ypaBHEHUSI.

Jlemma 1.6. Ilycrb 1nipu n > ng cripaBejijinBO HEPABEHCTBO

0<un+1)<d+ 3 (n+ Lu(k)),

k:no
rie 0,7, L— nocrogunbe, 6 > 0, n > 0, L > 0. Torna cupasemmmBo Hepa-
BEHCTBO

" ¢ Lin-n L(n—n
u(n)<L(e( U)—1)+5e( 2

HokazaresibcTBO JieMMbl 1.6 1000HO JlIOKa3aTeIbCTBY JieMMbl 1.2 1 11o-
9TOMY OIyCKAeTCs.

2. OnpeaeneHnd yCTOMYMBOCTU penieHuii JuddepeHnmaabHbIX
ypaBHEHU

B srom pasjiesie npusejiem, cieys [47], [50], onpejenenust yeroituusocru
perenuit quddepeHnnaabHbIX YpaBHEHUI],

[Ipexxie Bcero mpuBejieM OIpejiesieHre YCTONIMBOCTH peIeHnii 0OOBIKHO-
BEeHHBIX JiudpepeHnnalbHbiX ypaBHeHuii. Paccmorpum B OaHaxoBOM IpO-
crpaHcTBe B Hejiuneitnoe jiuddepennpaibHoe ypaBHeHue

dx

— = A(t, x(t 2.1

= Al () (2.)
C Ha4YaJIbHbBIM 3Ha4Y€HUEM

Byneum cuurars, aro 3agada Kommm (2.1) — (2.2) umeer pernenne mpu ty <
<t < o0.

Brienum Hekoropoe perenne x(t) = @(t) ypasuenns (2.1) u HazoBem
ero HeBO3MYIIEHHDBIM J[BHYKEHUEM (HEBO3MYIIEHHBIM DEIICHUEM ).

Omnpenenenne 2.1. Pemenne ¢(t) ypasuenus (2.1) wHaswiBaercst ycroii-
4UBbIM B cMbicsie JIsiyHoBa, ecm jist Ji000ro Kak yrojo majoro €(e > 0)
Haiigercst Takoe d(g) > 0, uro u3 Hepasencrsa || x(ty) — ¢(to) ||< & caemayer
| z(t) —@(t) || < € mpu t > ty. (3nech yepes z(t) obosuaueno joboe pereHue
ypaBrenusi (2.1), onpejiesienHoe HadaIbHBIM yeaoBueM Z(y)).
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Onpenenenne 2.2. Pemenne o(t) ypashenust (2.1) HasbiBaercsi acumil-
TOTUYECKH YCTOHUUBLIM B CMbIcJie JIsmyHOBa, eCiii OHO YCTOHUNBO B CMBIC/IE
Jlanynosa u, kpome Toro, lim | z(t) — (t) ||= 0.

Omnpenenenne 2.3. Penienune p(t) ypasuenus (2.1) HasbiBaeTCsi 9KCIO-
HEHIMAJbLHO YCTOHUUBLIM, €CJIM OHO aCMMITOTHYECKH YCTOMYMBO B CMBIC/IE
JIsnynosa u, kpome toro, || z(t) — (t) ||< Ae™, re A u a— nonoxkuTess-
HbIE KOHCTAHTBI, HE 3aBUCAIIME OT t.

Onpenesierne 2.4. Pemenne ¢(t) ypasuenust (2.1) HasbIBaeTCst yCTOI-
YUBLIM B II€JIOM, €CJIM OHO aCHMITOTHYECKH YCTORYMBO HpH JIIOOOM T € B.

Paccmorpum 3agaay Komm (2.1), (2.2) B npejnonoxkenuu, 9ro oneparop
A(t, z) onpepenen npu t € [0,00) u z € B.

Ob6osuaaum 1epes x(t;ty, o) pemienne ypasaenus (2.1) mpu HadaTbHOM
sHadeHnu (2.2).

Omnpenenenne 2.5. Ypasuenue (2.1) ycroitunso no Jlarpamxy, eciu:

1) xaxoe pemenue x(t;ty, o), rae ty € [0,00), HEOrPaAHUUEHHO MTPOJIOJI-
»KAeMo BIIPaBo, T. €. ¥MeeT cMbIca npu t € [0, 00);

2) nopma ||z(t; to, xo)|| orpannuena na (ty, 00).

Onpenenenne 2.6. Pemienne x = () ypasuenns (2.1) (a < t < 00)
Ha3LIBAETCS HEYCTOMUUBLIM 110 JISIIIYHOBY, eciiu Ipu HEKOTOPLIX € > 0, ty €
€ (a,00) u 0bbix 6 > 0 cyrmecTByer XoTst Obl OJIHO pererue Ts(t) u MOMEeHT
Bpemenn t1 = t1(9) > to rakue, aro ||x5(to) —@(to)| < 9, ||xs(t1)—e(tr)| > €.

[IpuBesem, ciemnys [1], onpesenenue TeXHUIECKOI YCTORIUBOCTH.

Texunyeckas: yCTORIMBOCTL XapaAKTEPUIYETCsI CJIEIYIONUME OrPAHIICH -
SIMM 110 CPABHEHUIO ¢ ODIIEil TOCTAHOBKOM 3a/1a9i YCTONIMBOCTHU JIBUKEHUSI:
1) nana obsactb €y HadaJbHBIX yeJaoBHil juddepeHnaibHbIX ypaBHeHHI,
YCTORUIMBOCTH KOTOPBIX UCCIIELYyETCS;

2) maH poMexyToK BpeMenu t, tg < t < T’ B TedeHne KOTOPOil HCCIeyeTcs
TPOLECC;

3) JlaHa obsiacTh (), U3 KOTOPOil He JIOJXKHbBI BbIXOAUTH TPACKTOPUHU PeIleHu it
b depeHnanbHbIX ypaBHeHuii B TeYeHne BCero BpeMEeHHOr0 HHTepBaJa T,
to<t<T.

Omnpepeserne 2.7. Tpusuaibnoe permenne ypasnenns % = A(t, z(t))
Ha3LIBAETCS TEXHUYECKH YCTONYMBBIM OTHOCUTEIHHO 3aJaHHbIX IapaMeTpOB
Qo,to, T,€2, B TOM U TOJBLKO B TOM CJlydae, eCH BCSIKOE BO3MYIIEHHOE pe-
menue ¢ x(ty) € o B Tevenne npomexxyrka Bpemenn t (tg < t < T) ne
nokugaer obsacru ).
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B psiie ciyuaes 6oJiee HpejiiodTHIbHO HCCIeloBaTh YCTOMYNBOCTh TPUBY-
aJILHOrO PEIeHns, BLIIEJUB B IpaBoii yacTy ypasHenus ciaaraemoe f(t, x(t)),
OIPEJCISIONIEe BOZMYIIAIONIAE CHIIbL:

U At a(0) + (12 (0) (2.3)

B srom cityuae BBosuTCst orpanudenue: Bosmymatoniue Gyukiun f(t, x(t)),
t € [to, T], x(t) € Q npunagnexar obaacru 1.

Omnpenenenne 2.8. Tpusuasbhoe perienue ypapaenus (2.3) TeXHUIECKH
ycroituuBo, ecau ipu t € [tg, T], x(to) € Qo, f(t,x(t)) € 11, ono He BbIXOTUT
u3 obsractu €.

YcroitunBocTh o TropuHTry. [lpu ucciejsoBann MHOMMX JUHAMUYE-
CKUX POIECCOB MOXKHO CUUTATH, YTO UX PA3BUTHE OJHOPOJHO B IIPOCTPAH-
CTBE ¥ 3aBHCHUT TOJLKO OT BpeMeHH. Takue MpoIecchl ya00HO ONHUCHIBATD
cucTeMaMy OOBIKHOBEHHBIX JiudpepeHnuaibHbIX ypaBHEHUIA.

st ipocToThl 0603HAYEHNIT OIPAHUYNMCS CUCTEMOM, COCTOSIIEH U3 JIByX
YpaBHEHHU ¢ IBYMsI HEM3BECTHLIMHU:

duq (t

C;t() - gl(t7 Uy, u2)7

duo (t

gt() = go(t, w1, us), (2.4)

rje g;(t, uy, ug)— HesimHelinbie HenpepbiBHble QyHKIwY, i = 1, 2.

[Ipy Mcmonb30BaHUU STOH MOJEH JIJIs OIMKMCAHUS [IPOIECCOB, Pa3BUBAIO-
IMUXCA B TPOCTPAHCTBE U BO BPEMEHN, TIPEANIONATACTCS, YTO PACCMATPUBAC-
MBI€ IIPOIECCHI OJHOPOHBI 10 IIPOCTPAHCTBEHHOM 11epeMennoii. PopMaibHo
5TO MOXKHO 3AIMCATL B BUJIE CHCTEMbI yPABHEHMIT

Oouq(t

ul(gt’x) = g1(t, w1, u2);

Ous(t

“26(1;“") — golt, ur, up) (2.5)
HpI/I HaYaJIbHBIX 3HaAYEHUAX

ui(to,fl?) = Uy, 1= 1, 2, (26)

HE€ 3aBUCAIINX OT IIPOCTPaHCTBEHHLIX KOOPpAWHAT.
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Tropunr nokaszad [126], [7], 4ro B psijie ciyuaes jjobaBjIeHUE JUCCUTTATHB-
HBIX CJIATAEMbIX BBI3BIBAET [EPEXOJ[ CUCTEMbI K HOBOMY COCTOSIHHIO PABHOBE-
cusl.

D10 o3HAUaer, 4ro K cucreme (2.5) 100aBISIOTCS JIMCCUITATUBHBIE CJlara-
eMble

Ouy (t, ) O*uy(t, x) O*us(t, x)
ot g1(t, u1, ug) + anT + auw;
Juy(t, ) O*uy(t, x) O*us(t, x)
T = QQ(t,UbUz) +CL21T +CL22T (2.7)
W HAPsIJLY ¢ HAYAJIbHBIMU BBOJSITCST 'DAHUYHbIE YCJIOBHSI
wi(t,a) = ud;  w(t,b) = u;; (2.8)
Oui(t,a)  Oui(t,b) 0
or  ox

1=1,2,a <x <.

IIpu psne 3navennit napamMeTpos a;;, 4, J = 1, 2, IPOUCXOANT 11epPexo/l K HO-
BOMY COCTOSIHUIO PABHOBECHA. DTOT IMPOIECC HAZBIBACTCS HEYCTONUNBOCTLIO
no Tropunry.

Hannm dpopmabHOE OIpe/ie/IeHre.

Onpenenenne 2.9. Cranuonapnoe pemenue u)(t, z), i = 1,2, cucremsl
ypaBuenuit (2.5), onpenenennoe B obnmacru Q : {((¢t,z) : (tp,00) X [a,b]),
Ha3bIBAETCS YCTOMIMBLIM 110 TrOpuHIY, ecau jiid Joboro (e > 0) naiijger-
cst takoe 0(d(g€)), uro npw BhIOJNIHEHUN HepaBeHcTBa |a;;| < 6, 4,j = 1,2,

CIIPABEJINBO HEPABEHCTBO sup lu;(t, z) —ud(t, z)| < e.
to<t<oo,x€la,b|
B nporuBHOM ciiyuae cucremMa ypaBHeHU i (2.5) Ha3bIBACTCsI HEYCTOUIUBOM

no Tropunry.
B srom paznene, caeys [82], [110], HamomuuM ompeiesierne yeroiauBocT
pemennii cucreM JndpepeHnnaibHbIX YPABHEHUH B 4ACTHLIX POU3BO/IHBIX.
I[Iycrb nana cucreMa ypaBHEHUR B 4AaCTHBIX IIPOM3BOJIHbBIX

O (z,t) _ oW (x,t) 0?V(x,t) 0" (x,t)
ot 0 T aar T gam

C 'PaHUYIHBIMHU YCJIOBUAMU

(2.9)

U(z,,t) = At); V(2" 1) = B(t);

OV (z,,1) oV (z*, 1)

Or = A (t); O

= Bi(t);
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= An—l(t); = Bn—l(t) (210)

M ¢ HAYAJTBLHBIMA YCJIOBHIMNA
U(z.tg) = c(z). (2.11)

3yech t € [tg, 00), x. < x <zt

Perrennem s1oit cucremsr sisssiercst Bekrop W(x, t) = (Y1(x,t), ..., ¥z, t)).

Hajum onpejiesierne yeroitunBoctu cucrembt (2.9) — (2.11) orHocuTesb-
HO HAYAJILHBIX yCIOBHMA. IIpu HyJIeBOM HAYAILHOM PACIIPEICJICHAN MOJTY IaeM
HeBo3MyIeHHbIi nporece V(xz,t) = 0. KaxjgoMy HauaabHOMY pacipejiese-
auto (Y1(x,ty), ..., Yi(x,ty)) coorBercrByer cBoii BekTop perenust W(x,t).

B pabore paccMaTpuBaIOTCH CUCTEMbI C PACIIPEJICJIEHHBIMY [TapaMeTPaMHu,
VMEOIIHE JIJIst JIOOBIX HaYaIbHBIX 3HAYCHUI M3 paccMaTpuBaeMoil obaacTn
pelleHnsi, OlpejlesieHHble IIPU BCex 3Hadenusx t € [ty, 0o).

Mepoit OTKJIOHEHNST BO3MYIIEHHOTO MPOIECca OT HEBO3MYIICHHOIO HA3bI-
Baercs [82] BemecrBennbiii byuknnonan p = p[V(x,t), t], onpeaeneHubii g
KazK10r0 (PUKCUPOBAHHOIO MOMEHTa BpeMenu ¢ > ty Ha MHOXKECTBE BEKTOP -
byuxiuit V(x,t) u yoBIeTBOPSIONIU YCJIOBUSIM:

D)p[¥,t] = 0;

2)0[0; t] = 0;

3) auist Jioboro pacemarpusaemoro mnporecca V(z, t) Berecrsentast GhyHK-
nust p[U(x,t),t] or aprymenra t HenpepbiBHa 11O .

Buech p|V, t] usmepsier 6,1M30CTh BO3MYIIEHHOIO COCTOSIHUSI IPOLECCa OT
HEBOBMYIIIEHHOrO B MOMeHT BpeMenu t. Ecmu p(W, t) ne 3aBucut sBHO OT ¢ 1
ero 3HavYeHue MOJHOCTHIO onpejessiercsi cocrostuuem W = W(z, 1), To Oyuem
nucarsb p[V].

[IycTh B KaxKJblii MOMEHT BPEMEHU t OIIpPeICICHBI 1B MEpPhI OTKJIOHCHMIL
pr = pu(V) u p = p[V,t], KoTOpbIE NPEJCTABIAIOT COOOI BEIECTBEHHBIE
HEOTPUIATEBHBIE YUCIIa Jist JII000T0 T 1 Jiisi jitoboro cocrosinus W(x,t) B
obsractu 3navennii x, npudem pg(0) =0 u p[0,t] = 0.

Mepa OTKJIOHEHUSI py OT BpeMEHM ¢ SBHO HE 3ABUCUT; OHA HA3BLIBACTCS
HAYAJIbHBIM IIPUOJIHKEHIEM.

Onpepesienne 2.10 [82]. Hesosmymiennniit nipornece W = 0 nazbiBaercs
YCTOMUUBBEIM IO IBYM MEpaM p U Py, €CJIU JUIs JII0O0r0 Hamepes JTaHHOTO
IOJIOXKUTETHHOrO YucIa € 1 Jijist Kaxkoro to € [0, 7] MoKHO yKazaTh Takoe
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1HOJIOKUTEIbHOE Uuci0 & = 0(€,tg), 4T0 Jiist BCEX JIOIYCTUMbIX PACIIPEJIeIe-
HUIA, YJOBJIETBOPSIOMKUX yeJaoBuio pg < 0(€,ty), B 11000ii MOMEHT BpeMeHn
t > ty UMeeT MecToO HEpaBEeHCTBO P < €.

Onpenesienne 2.11 [82]. Hesosmymiennniit nipornece W = 0 nazbiBaercs
ACHMIITOTHYECKH YCTOMYIHMBLIM 110 JIBYM MEpaM p U P, €CJIH OH yCTONYMB 1O
9TUM MepaM U cyiiectByeT takoe dg(to) > 0, 4To jiig J11060ro J0myCcTHMOro
HAYAJLHOTO PACIpENEICHus ¢ pg < 0y BCE JOIMYCTUMBIE TIPOLECCH YI0BJIE-
TBOpAIOT yejosuio p — 0 upu ¢ — oo.

Onpenesierne 2.12 [82]. Hesosmymiennsiii mporece W = () Ha3blBaeTCs
YCTONYMBBIM 110 MEpaM p, g PABHOMEPHO OTHOCHTEIHHO HAYAJILHBIX MOMEH-
toB Bpemenu ty € [0, 7], ecin juist J1I0OOrO HATIEPEJL JAHHOIO MOJIOKHUTEJIbHO-
rO YUCIA € MOXKHO YKa3aTh TAKOE TIOJOKUTETHHOE YUCI0 O(€), OHO 1 TO XKe
Jist 1obbIx ty € [0, 7], uro jJist Beex JOMyCTUMbBIX MPOLECCOB ¢ HaYa bHbIME
pacIpejleJIeHUsIME, YJIOBJIETBOPSIIONUMU yeioBuio py < 0(€) npu ty € [0, 7],
B JII00OI MOMEHT BpeMenu t > ty BbIIIOJIHIETCS HEPABEHCTBO p < €.

Onpepesierne 2.13 [82]. [Ipornecc Ha3bIBaETCS SKCIOHEHITHATBHO YCTOI-
YUBBIM 110 MEPE P, CJIN JIJIsl BCEX JIOIYCTUMbIX 1potieccoB W (x, t) npu Haua/b-
HBIX JJAHHbBIX U3 OKpecTHOCTH {p}y, < H CyIecTByOT TaKie MOJI0KUTEbHbIE
IOCTOSHHBIE (v, 3, @, b, 9TO B 1000 MOMEHT BpeMeHu t > t( BBINOJHICTCS
yeaosue {p}y,ae < p < {p}s,be .

B ciydae ycroianBoCTH 10 OJ[HON Mepe MONyUdaeM Py = Pi—t, -

3. CymecrBoBaHmMe penieHnii JudepeHnmaabHbIX ypPaBHEHM
B 0aHAXOBBIX ITPOCTPAHCTBAX

B nannom pasjesie TpUBOAATCS HEOOXOAMMbIE JJId JTaJbHEHIIero onepa-
TOpHbIE pelieHus gudhepeHInaibHbIX ypaBHeHUI B OaHAXOBBIX MPOCTPaH-
crBax. [Ipy m3moXkeHnnn 3Toro pasjesna uCroab30BaHbl PE3yIbTaThl MOHOTPa-
bun [47].

Paccmorpum B GanaxoBoMm rnpocrpaHcTee B jpud depenimaibioe ypapHe-
HUe

dx
- = Az + f(t) (3.1)

C TIOCTOSIHHBIM orieparopom A u HenpepbiHOi BekTOp-pyHnkumeii f(t).
OrMeTuM, 9TO B KAIeCTBE YACTHOTO CIydas ypasHeHue (3.1) MOXKHO pac-
CMaTpUBaTh B N-MEPHOM BEKTOPHOM IpocTpaHcTBe R,. Torma Bcrojgy HuXKe
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IO/, IPOCTPAHCTBOM B HY»KHO IIOHUMaTh IIPOCTPAHCTBO R, 10j oneparo-
poM A— Marpuily pasMepa n X n, a MOOJ dJeMeHTaMi £ U [ — n- MepHbIe
BEKTOP-CTOJIOIHI.

[Ipexxie Bcero paccMOTpUM OJIHOPOJIHOE ypaBHEHHUE

dx
—=A 2
a0 (3.2)

COOTBETCTBYIOIIEE ypaBHeHnio (3.1).
Haiiyiem perenue sajaun Komm st ypasuenus (3.2) npn HadaibHOM
yCJIOBUH
l‘(to) = Xy- (33)

deAt
[Tosb3ysch CBORCTBOM — = Aet oneparop-dyuxnnn e?, cpasy maxo-

auM, aro dyuxius eAl—to)

x( ABIAETC permenueM 3agadn (3.2), (3.3).
HerpynHo nokasarh, 9To 9TO pelleHne eJuHCTBeHHOEe B Kiacce judde-
pennupyembix dynximit. [lyers uMerorcs apa perenus To 1 10 sanaun (3.2),
(3.3). Obosnaunm ux pasnocts depes y(t). Torma y(t) yaoBreTBopsier ypas-
nennto (3.2) u yesosuio Koum y(tg) = 0. [losromy pemtenue y(t) ypaBHenust

(3.2) mpu y(tp) = 0 MOXKHO 3ammcaTh B BUJIe WHTErPAJIbLHOTO YPABHEHNUS

y(t) = /Ay(T)dT.

[Tepexojist K HOpMaM, 110JIyYaeM:

ly(e) 1=l [ Ay(r)dr ||=I A [ y(r)dr ||<

t
<Al [y | dr <[ 1Al sup || y(7) | [t — tol-
i to<r<t
Orcroa caeayer HepaBeHCTBO

sup |ly(7)|[ < [[Al[lt = o] sup [ly(7)]]
toﬁ’]’gt

to<T<t

resosMokroe mpu || A ||| t —to |< 1.

Takum 06pa3oM, €JIMHCTBEHHOCTD PEICHUs JOKA3aHA.,

Haitjiem tenepn perenue 3aja4un Korm jijist HeojiHopojiHOTO Jindpdepen-
nuasibHoro ypasaenus (3.1). luist 917010 BOCIOIb3YEMCs METOJIOM BapUaliHy.
Pemenue ypasnenns (3.1) 6ynem uckars B Buje (1) = ey (¢).
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[Topcraus o1y dyukiuuio B ypastenue (3.1), nosyunm:

eA(ttO)d‘ZEf) = f(t).

A(t—to)

Herpynao BumeTh, 9TO omeparop €~ SIBJISIETCSI OOPATHBIM K OIlepa-

Topy €A1, TTosromy

dy — o—A(t—to)

", Cjaea0oBaTeJIbHO,

OTcrona
z(t) = eAlt)e 4 eA(t_tO)/e‘A(S_tO)f(s)ds.
to
Tak kak pemenue (t) JOJKHO YIOBJIETBOPATH HAYAJHLHOMY YCJIOBUIO
(3.3), 0 ¢ = x(ty) = xp. OKOHUYATETHHO UMEEM

¢
x(t) = etz + /eA(t_s)f(s)ds. (3.4)

to

Pemenne (3.4) kpaeoit 3ajaun (3.1), (3.3) equHcrBeHHO.
[Tepeiiem Tenepb K ypaBHEHUIO ¢ IEPEMEHHBIM OIIEPATOPOM:

dx
dt
rjie J— KOHEUHBIN U OECKOHEUHBINH MPOMEXKYTOK.
YpaBrenuio (3.5) COOTBETCTBYET OJJHOPOTHOE YpaBHEHHe

dx
i A(t)x(t). (3.6)

Cuenyst [47], nokaxkem, uro ecin bynkiwn f(t) u A(t)x(t) (npu sobbIx

At)z(t) + f(t) (te ), (3.5)

x € B) HempephIBHBI Ha KOHEUHBIX HHTEPBAJAX, TPUHAICKAIINX J, TO ypaB-
nernue (3.5) MpH HATAIHHOM YCJIOBHUN

uMeeT BCioy Ha J HempepbIBHO jJud pepeHIupyeMoe pelieHue.
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Tak kak Gynkiun f(t) u A(t)x(t) nenpepbisabl, 10 3aja4a Komm (3.5),
(3.7) SKBUBAJICHTHA UHTEIPAJTHHOMY YPABHEHUIO

w(t) = 20+ [ A(T)a(r)dr + [ f(r)dr. (3.8)

O6oznauum ¢(7) = zo+ / f(7)dT u paccmorpuM MHTErpaJbHOE ypaBHEHUE
to

t) + [ A(r)a(r)dr (3.9)

¢ HenpepbiBHO# Ha J BekTop dynkiueit g(t). [Tokaxem, uro Ha j11060M KOHEU-
nom unrepnadie [to, T'] € J ypasuenue (3.9) umeer HenpepblBHOE PEIlCHHUE.

O6oznauum uepes C'(B, [a, b]) 6aHaxoBo NPOCTPAHCTBO HENPEPHIBHBIX HA
[a, b] dyukuuii, npuHuMaloNUx 3HaueHue u3 B ¢ HOpMOii

= t) | -
o]l = ma || «(t) |

Paccmorpum B 9TOM 11pOCTPaHCTBE OLEPATOD
(Sx)(t )+ / A(r

OIIpEJIesIsIeMBblil TIPaBOil YacThio ypaBHerus (3.9). DTOT omepaTop MEPEBOUT
C(B, [to,T]) B cebsi, Tak kak omneparop (Sx)(t) nenpepbiBen ua [to, 1.
Herpynao Bumers, 4To

(Sz)(t +/A

(S0 = 9(6) + [ Al + [ Ale) [ Attt =

t to

®+jAﬁ) (1)d7 + [ [ Alt2) A(tr)a(ty)dtrdt.
to

to to
[Ipomomkas 9TOoT TpoIece IO UHAYKIIAK, ITOJYIIM PaBEHCTBO:

t t2

(S"z)(t) = +/Au (t)dt + [ [ Alt) A(t)g(t)dtrdty + ..+

to to
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ttnl 2

+/ / /A n— 1 -A(tl)g(tl)dtl coodt, 1+
to o
tn to
+/t/ e '/A(tn)A(tn—l) CA(t)x(t)dty L dty,
io to to

U3 KOTOPOTO CJIeyeT, YTO

(5%x) (1) — (S™a1)(t) =

= [ [ [At)An) - Altr)(wa(tr) — 21(0)) ety - . dt.
[Tepexojist K HOpMaM, OyJleM UMETh:

I (5%xa)(t) = (S"1)(2) ||=

- t{t{...t{A(tn)A(tn_l)...A(tl)(az(tz)—x(tl))dtl...dtn <
< / / . / | AGta) |- A | 2a(tr) = 2a(tr) || dt - dt, <
< / / . / | Ata) Il Ataca) 1L - T A TAGDI ] dr - -t x
o x s || (@a(t) = a(t) |-
_'”“_“”'t@/to/ /HA VI AG) [ [ At [ dt - dty,.

B kmure [100]| goxkazamo (npu gpyrux 0003HAYEHHIX) PABEHCTBO

// /HA VI Ata ) || - || Aty || dty ... dt, =

to to

,// /HA YN Alta) |- || Altr) || iy .. dt, =

to to to

|
n

=/ I1A@) | dT] . (3.10)
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Taxum 0bpa3oM, JIOKa3aHa OLEHKA,

1
[ 87z = Sman ||| < -
n.

T n
1 AF) | dr] EZEEa
to

T

Tak kak npn KoHedHoM 1 BesimanHa / | A(7) || dm orpanndenna, To ipu
to
nocrarodro 6osbiux n(n > N)

n

<q<l1.

[ AG) | dr

1
n!
[Tosromy omeparop S" siBisiercst ckumaomuM. B pazgene 1.3 6bL10 0T-
MeUeHo, UTo ecyn S — CKUMAIOIIHNIT OnepaTop, To ypaBHenne £ = Sx uMmeer
osHo pemenue. Tak kak ypasuenue (3.9) sxsuBasentro 3ajgade Ko (3.5),
(3.7), ypasuenue (3.5) mpu HavasbHOM yeaoBuu (3.7) mMeeT Ha JTIOOOM KO-
HEeIHOM MHTEepBaJe [ty, T'| C J TOYHO OjHO HENPEPLIBHOE pEIleHue.
HenpepbiBHOe periienre HaXoJAuTcst peJie/ibHbIM TepexojioM T (t) =
= lim S"xo(t) npu moboit nenpepbisHoil GyuKiwmu, oupesesennoit na J.
[Tosromy perierne x(t) MOXKET ObITH MTPEJCTABICHO PSIIOM

w(t) = g(t) + [ Altr)g(tr)dt+

to

00 t tn t2

+}:fﬁ”/Aﬁ@m%qy”A@mMQﬁyuﬁn:ﬂﬂ+§i%@L

n=2i, {, to

rie gi(t) = /A(T)gk—l(T)dTa go(t) = g(t).

BBejiem B paccMoTpenue JTUHERHBIH omepaTop

mw:1+jAmmn+

> [ [ [AG)At) .. Alta)dty . dt,. (3.11)

38



13 onenku (3.10) nosydaem
1/n

< 00,

|V <1+ > {/ I A(r) I dr

¥, CJIeJIOBATEIBHO, PAJ, CXOINTCA.

[Ipu nomomu oneparopa U(t) pemenue 3agaun Ko jyist ypaBHeHUs
(3.6) ipu HauasbHOM yeaorun (3.7) 3anuckiBaercs B Buje x(t) = U(t)x.

Oneparopnast pynkuust U (t) obuagaer psijioMm BasKHbIX ¢BoicTB. Ha Heko-
TOPBIX N3 HUX MBI OCTAHOBUMCH.

I[Ipexxie BCero OTMETUM CIIPABEINBOCTL PABEHCTBA

dU (t)
Cdt

npuuem U (ty) = I. CupaBeyiiBOCTh 3TOI0 yTBEPIKICHUST [TPOBEPSIETCsT HETIO-

— A(U(), (3.12)

cpe/icTBeHHO 1ojcranoBroii Gynkiwn U(t) B 06e vactu ypashenust (3.12).
I[TokazxeM ciemys [47], uro cymecrsyer omeparop U~1(t), obpaTHblii K
oneparopy U(t). st 95T0ro paccMOTpUM ypaBHEHUE

dv
2 VA

KOTOPOE Ha3bIBAETCsl COIO3HBIM 110 OTHOIIEHUIO K ypasHenuto (3.12). O6o-
3HauMM 4epesd V(t) perienue 91oro ypaBHeHUst, YIOBIETBOPAIONIEE YCJIOBUIO
V(to) = I. Pacemorpum reneps dhyukuuo Wi(t) = V(t)U(t). Torma

AW (t) U dv
— V() + —U(t) = VAU — VAU = 0.
S = V() + U () = VAU VAU =0

Tak Kak pelenneM MocjeIHero ypaBHenust sipjsercst koncranra u Wi (ty) =
=V(t)U(ty) =1, o Wi(t) =1, . e. V()U(t) = I,V (t) = U7L(t).
Paccmorpum reneps yuknuio Wa(t) = U(t)V (t). Cocrasum jauddepen-
IMAJIBHOE YPABHEHUE
dWs(t)
dt

Herpynno Bugers, aro Wo(t) = I sBasiercs perennem 5Toro ypasHenust. B

=AUV — UV A =AW, — W) A.

CHJTYy €JIMHCTBEHHOCTH DPEIIeHus J000e JPyroe perieHne COBIAAeT ¢ TOXK-
necrsennbiM. Hostomy Wa(t) = UV () = T u V(t) = U(t); " (Orme-
TUM, Y4TO €JMHCTBEHHOCTH DEIICHUIT PACCMATPUBACMBIX yPAaBHEHUIT ciiejyer
13 HEMPEPBIBHOCTU UX IPABBIX IacTeil).
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Biejem oboznauenue U(ty,ty) = U(t) U (tg). Oueparop U(ty,ty) nasmi-
BAETCsI 9BOJIIOIMOHHBIM (PA3peIaloniuM) oneparopoM auddepeHIuaabHoro
ypasrenusi (3.6) wiu oneparopom Ko, Oneparop U(t, ty) nossossier 3a-

x
UCaTh pelieHne OJHOPOJHOro ypapuenuss — = A(t)x(t) npu HauajbHOM

yeaosun x(ty) B Buge x(t) = U(t, tg)x(ty), a pemenne HEOIHOPOJHOIO -
epennmraibHONO ypaBHEHUS

dx
o = ABz() + f (1) (3.13)

PU HAYAJBLHOM YCJIoBUM Z(tg) = T B BUje
¢
w(t) = Ut to)ao + [ Ut,7) f(7)dr. (3.14)
to

Cupase/iuBocthb (opmyiibl (3.14) npoBepsiercsi HENMOCPEICTBEHHOM 11071-
CTAHOBKOI ee B ypasHernue (3.13).
Paccmorpum Terneph HesmHEHOE ypaBHeHNe

dx
o = AWa(t) + B, (1) (3.15)

I[Ip1 Ha4YaJIbHOM YCJIOBUU

IL‘(tQ) = Xy- (316)

Ucnonssyst oneparop U(t, ), pemenne 3amaun Komu (3.15) — (3.16),
MOXKHO 3allMCaTh B BUJIC UHTEIPAJILHOIO yPABHEHKS

x(t) = Ut,to)zo + [ U(t,7)B(7,2(7))dr.

D10 ypaBHeHHE OyJIeT UCIOJIB30BAHO B CJIEJYIONIEH IJ1aBe IPU NCCIe10Ba-
HUU YCTOMUMBOCTHU PeIIeHi HeJmHeHHbIX 1 depeHIna bHbIX YpaBHEHHIA.

4. YucjeHHBIIA MeTOI omnmpeaesieHnss 00JacTeii pacIiIoJI0XKeHU
cOOCTBEHHBIX 3HAYEHUI

[Tpn mccnemoBanmy TUHAMUYIECKUX CHCTEM BaXKHYIO POJIb UTPAIOT aJro-
PUTMBI HAXOXKJEHUS COOCTBEHHBIX 3HAYEHUN MATPUI] WM, UYTO JOCTATOYHO
BO MHOT'MX CJIydasix, 00JjiacTeil X pacroJiOyKeHUsl.

Paccmorpum BHavaJie ciydait cucreM JIMHEHHbIX PA3HOCTHLIX ypPaBHEHUN
C IOCTOSIHHBIMU KO3 DUIeHTaMH.
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st yeroiunBOCTH TaKOW CUCTEMbI JIOCTATOYHO, YTOObI COOCTBEHHbIE 3HA~
YeHusT OB PACIOJIOYKEHbl BHYTPU €JIMHUYHON OKPY:KHOCTU C IEHTPOM B
HavaJje KOOPJAUHAT MJIOCKOCTU KOMIIJIEKCHOW TIepeMEHHOM MJii, YTO TO XKe ca-
Moe, 4TODObI KOPHU XapaKTEePUCTUIECKOI'O yPaBHEHU I

p(r) =2" +a, 12"+t az+ag

ObLIN OBl PACHOJIOKEHBI BHYTPH 3TOH OKPY?KHOCTH.

Samevarue. Mbl ocTaBIsieM B CTOPOHE CIydaii, KOrya coOCTBEHHOE 3HAUE-
HUe eJUHNYIHON KPATHOCTUA HAXOJAUTCA Ha CaMO €IMHUYHON OKPYKHOCTH.

151 MOCTPOEHUST YUCJICHHOTO AJTOPUTMA, JIOKAJIN3AIMNA KOPHeil XxapaKTe-
PUCTUYECKOIO MHOIOUJIEHA BOCIHOJIb3YEeMCsl OHsiTHeM uHjekca [40] u ojnum
13 ero CBOICTB.

[Tycrs L— ronajkuit saMkayThiit KouTyp 1 G(t)— 3ajlaHHast Ha HEM Helpe-
pbiBHas (DYHKIMS, HE ODPAIAIONIAsICS B HYJIb.

Onpepesienne 4.1 [40]. Unpexcom dyunxiun G(t) 1o kourypy L nasbl-
BAETCsl JIEJICHHOE Ha 27T IIpUpaIleHne ee apryMeHTa, Ipy obxoje Kourypa L B
TOJIO’KUTEJILHOM HAIIPABJICHNN,

Jlemma 4.1 [40]. Eciu G(t) ectb kpaesoe 3naueHue GyHKIUM aHAJIUTH-
9eCKOWl BHYTPU KOHTYDa, TO ee WHJEKC paBeH YUCIy HyJeil (¢ yIeTom ux
KPATHOCTH) BHYTPU KOHTYDA.

Jlemma 4.2 [40]. Ecin G(t) ananuruueckas BHYTPU KOHTYpa BCIOJLY 3a
MCKJIIOUEHUEM KOHEYHOIO 4KCJIa TOYEK, B KOTOPLIX OH& MMEET IMOJIOCHI, TO
ee WHJIEKC PABEH PA3HOCTH YUCJa HyJIell W Iucsia MOJoCoB (C yueToM ux
KpaTHOCTEIH ).

Nssecrro [40], uro ungexc dbyuxnuu G(t) onpejensiercs dhopmylioit

/dlnG (4.1)

27rz

=5i) ¢

PaccmoTpum mHTErpa
1 rd@®)
= — [ —=dt 4.2

rjie Y— eJUHUYHASA OKPY’KHOCTH € I[EHTPOM B HAauaJje KOOPJIUHAT IJIOCKOCTH
KOMILJIEKCHO# nepementoit z; q(z) = 1/p(z), p(x)— xapakrepucrunieckuii
TOJTMHOM.

3 semm 4.1 u 4.2 ciepyer, uro unjeke Gynxnuu () pasen B3aTOMy ¢
MPOTUBOIOJIOXKHBIM 3HAKOM uuciy Hyseit nojuaoma p(x). Takum obpasom,
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eCJIM BCe KOPHU 110JIMHOMa () PacloIOKeHbl BHYTPU €JMHUIHONR OKPY2KHO-
CTH C IEHTPOM B HadaJje KOOpPAUHAT, TO X = —1.

Orcioa BhITEKAET aJrOPUTM JOKAJM3AIUNA KOPHE# XapaKTepUCTHIeCKOro
YPABHEHHUST B CJIyUae JUCKPETHBIX CUCTEM.

Crenaem moacTanoBky 2 = €', t € [0, 27] u onenuM cHI3Y MOIYIL (DYHK-
nun p(e’) ma exuHnunON OkpyxHOCTH. Ecim mingej oq [p(€”)] > @ > 0, To
Nepexo/IMM K BbIUMCJICHUIO MHTerpasa (4.2), KOTOpbIil eCTeCTBEHHO 11peIcTa-
BUTb B BUJIE

dt. (4.3)

Tak kak dyukiwmst p'(t)/p(t) sBisieTcs aHATUTHIECKOH B HEKOTOPOM KOJTb-
e p < |t| < R,p < 1, R > 1, 1o [85] kBajparypHasi (Hopmysia 1psiMo-
YIOJIbHUKOB siBjIsteTcst Hamyuieit. [Iycrs M — menoe uncio. KajgparypHast
dbopmyJia IPsAMOYTOJIBHUKOB Jjist uHTerpasia (4.3) uMeer Buj

1 M-1 p/(€i2k7r/M)

— T Jen/M Ly p D). 4.4
M l;::o p(ez%w/M) u(p) (4.4)

X =
MOKHO [OKa3aTh, YTO MOrperHocTb Ry (p) kBagparyphoii dopmyiibt (4.4)
OILICHUBACTCS HEPABEHCTBOM

[Rur(p)] < B(p" + (1/R)™M)). (4.5)

B ciyuae, eciiu orpannauthes yeaosuem, uro gynknus p'(t)/p(t) nveer
IIPOMUBBOAHDIC JI0 7'-TO MOPSJIKA, NPUIEM T-s1 IPOU3BOJHASA OIPAHMYCHA KOH-
crantoit K, 1o 85

[Ra(p)] = O(M™). (4.6)

Tak Kak MHJIEKC Y — [eJI0€ YHUCII0, TO JOCTATOUHO, HCHOJIb3Yst OreHKr (4.5),
(4.6), BbiOpars M rakum, urobbl |Ry(p) < 1/2.

Ecin x = —n+ Ry (p), tne |Ry(p) < 1/2, 10 Bee KOpHE XapaKTepruCThHye-
CKOT'O TOJIMHOMA, PACTIOJIOXKEHBI BHYTPH €AMHUYIHON OKPY’KHOCTH C LHEHTPOM
B HAaYaJIe KOOP/IMHAT.

YMeHbIasi pajinyc okpyRuHoctu vy B dopmyse (4.2), MoxHO Gosee TOU-
HO JIOKAJIN30BAaTh KOPHU XapaKTEPHCTUIECKOIO YpPaBHEHHS W OIEHUTDH '3a-
nac' ycToiamBOCTH COOTBETCTBYIONMIErO PA3HOCTHOTO yPaBHEHWS.

Samevanue 4.1. AHAJIOTMIHBIE PACCYXKJICHUST CIPABEJJINBLI U JIJIsI JIOKa-
JIU3AIAN KOpHE# KBA3UIIOJMHOMOB.
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[Ipu uccaeoBanun yeTORIMBOCTH PELICHNN CUCTeM OObIKHOBEHHbBIX JUd-
bepeHnmraNbHLIX YpPaBHEHUH 7T-TO TOPsiJIKA C IOCTOSHHBIMEA KO3 DHUIUEH-
TAMW TaK>Ke BO3HWKAET 3a/a4a JIOKAJU3AIMN KOPHEl XapaKTeprCTHIeCKOTO
MHOTOYJICHA,

p(z) = 2" + ap_12" '+ -+ a1z + ag.

B sTOM cirydae i yCTORUMBOCTH PEINEHUsT CUCTEMbI JIMHEHHBIX Aud de-
PEHIIMAILHBIX yPABHEHUI HEOOXOIMMO U JIOCTATOYHO, YTOOLI KOPHU XapaK-
TEPUCTUIECKOIO MHOTOUJICHa ObLIM PACIOJIOXKEHBI B JIEBOH OJIYILIOCKOCTH
IJIOCKOCTH KOMILJIEKCHOM MepeMeHHOi (MHUMAsT OCh HCKJIFOUAETCsl).

I3BecTHo, 4TO JUCKPETHBI ClIeKTp oneparopa A pacrojioxken BHYTpH U
Ha OKPYKHOCTU C [IEHTPOM B HadaJje KoopjuHar u ¢ pajuycom R = ||A||.

O603HAYNM Yepe3 Y KOHTYD, COCTOAIMI 13 cermenTa |— R, R] na MEUMOI
ocu, cermenta [— R, R| na npsamoii x = — R, nosyokpy»kuoctu pajuyca R/2 ¢
neHTpom B Touke (— R /2, R) v BbIyKJIOH BBEPX U TOJYOKPYKHOCTH PaJIUyca
R/2 ¢ uenrpom B Touke (—R/2, R) u BblllyKJIOil BHUS.

[Ipeanonokum, 94To cOOCTBEHHDBIC 3HAYCHUS MATPHILI HE JIEXKAT Ha KOH-
Type .

Samevanue 4.2. B ciaydae, ecim coOCTBEHHbIE 3HAUEHUST JIEXKAT Ha IaCTH
KOHTYpa 7, He IepeceKaloneiicss ¢ MHIMOM OChbI0, MOXKHO TIOJIOXKUTH R =
= ||A|| + &, tie e— Kak yrojHO MaJioe MOJIOKUTETHHOE TUCIIO.

O6osznauum vepes B(vy)— obsiacth orpanudennyo kKoHtTypom 7. Torua
YUCI0 KOPHEH XapaKTEePUCTUIECKOrO0 MHOTOUJICHA, PACIIOJIOKEHHBIX B 00J1a-
cru B(7y), onpenensiercss hopMmyIioii

B = s [ (4.7

K unrerpasy (4.7) npumMenuM KpaJparypHyo GOpMyIly 1PsMOYIOJIbHM-
KOB 110 PABHOOTCTOSIIUM y3JjaM. Ee eMHCTBeHHBIM OTJIMYUEM OT CTaHIapT-
HOI (DOPMYJIBI TIPSIMOYTOJLHUKOB 110 PABHOOTCTOSIIIAM y3JIaM SIBJISAETCS TO,
4TO B UMCJIO Y3JI0B BXOJSAT KOHIIbI CEIMEHTOB.

OnuireM y3J1bl KBa,D;paTypHOI/I bopmyast. Vanwt vp = (0, —Ri+2kRi/M),
k=0,1,...,M,vi =(—R,—Ri+2kRi/M), k = 0,1, ..., M, pacnonokennt
Ha OOKOBBIX cTOpoHax obsactu B(7).

Y3iibl Ha BEPXHEH 10JIyOKPY?KHOCTH OLUCHIBAIOTCS HA ILJIOCKOCTH KOM-
MJIeKCHOil epeMentoit Toukamu zp = (—R/2, Ri) + (R/2)e™¥*, o = kn /M,
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k=0,1,..., M. Ha nuxKueif 10jyoKpy>KHocty — Toukamu 23 = (—R/2, —Ri)—
—(R/2)e"* op =7+ kn/M, k=0,1,..., M.
B pesyabrare mnojydaeMm KBajpaTypHYIO (hopMyity
1 {QRZ' M1/ (vf)
M = p(vi)
TRi M=/ (2))e® ™M QR M1y (v2)  wRi M=y () et /M

- -2y >
2M = p(zl%) M ;= p(“l%) 2M 5 p(Z%)

n(B() =~ -

+ R (p)-
(4.8)

[Torpetnocts 91o0it GopmyJibl 3aBucuT 0T paccrosiius d(7y) KopHel xa-
PAKTEPUCTUUIECKOrO MHOIOYJIEHA OT KOHTYpa 7y ¥ OIEHMBAETCS BEJIMUUHOlM
Kg*™ rne g < 1, 4M — 4ucyo y3:10B KBajparypHoit ¢dopmyisl; K — mocro-
SIHHOE YKCJI0 He 3aBucsinee or M, a 3aBucsiiiee Tosibko ot d(7y).

Orcroa ciieyer, 4To mpy JOCTaTOYHO 00JbmnX 3HadeHussx M, mnorperi-
HOCTb KBaJIpaTypHOil (hOPMYJIbI CTAHOBUTCS MeHbIe 1/2 u KBaJpaTypHas
(bopmyna omnpeenasieT 9uco KOpHEH XapaKTEepUCTUYeCKOr0 MHOTOYIeHa, B
obstacrtu B(7).

3amevanue 4.3. Casuras BJIEBO MpaByio cTopoHy objactu B(7), MOXKHO
OIpeIeIuTh '3amac yCTORNINBOCTH XapaKTePUCTHIECKOrO MHOTOU/ICHA.,
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F'masa?2

VCTOMYMBOCTD PEIIEHNY OBBIKHOBEHHDBIX
INP®PEPEHIINAJBHBIX YPABHEHUN

B paszenax 1, 2 jaHHO rJ1aBbl IPUBEJIEHBI KJIACCUYECKNE DPE3YJIbTaThl
0 ycToitunBocT perrenuii qudQepennuanbibX 1 pa3sHOCTHLIX YPABHEHUIA.
[Ipu m3soxkennu 3Toro MaTepuaa Mol ciaegyem monorpadusm [9], [11], [47],
[50], [68].

B ocrajbHbIX pas/ie1ax HOCTPOeHbl KPUTEPUU YCTORYMBOCTH PELICHUI CH-
CTeM pas3udHOro Buja JudepenmaabHbIX YpaBHeHIil, OXBATHIBAIOIIIE O1-
HOBPEMEHHO PEryJsSpHbIi U BCEBO3MOXKHBIC KPUTUUYCCKUE CJIYUYaM.

1. YcToitanBOCTh penieHnii JIMHEIHBIX
anddepeHmaJIbHBIX YPaBHEHTIA

Paccmorpum B OGanaxoBoMm mpocTpaHcTBe B nud depeninuaibioe ypapHe-
HUE

dx
E:A:IﬁLf(t) (1.1)

C MOCTOSIHHBIM OriepaTopoM A 1 HenpepbiBHOW BekTOp-dyHKIMeh f(t).
Ormerum, uro ypashenue (1.1) MOXKHO paccMarpuBaTh B N-MEPHOM BEK-
TOpHOM HpocTpaHcTBe R,. Torma Bciojly HUXKe 101 IPOCTPAHCTBOM B HYKHO
HOHUMATH IPOCTPAHCTBO R, oz oneparopoM A— MaTpuily pasmepa n X n,
a TIOJ] dJIEeMEeHTaMu & ¥ f — N-MepPHbIE BEKTOP-CTOJIOIIbI.
Bynem uccnenoBars perenne 3agadu Kormm st ypasuenwsi (1.1) mpu
HaYaJIbHOM yCJIOBUU

I(t()) = Xy. (12)
[TpuBejiem KJiaccuyeckuit Kpurepuit yCroiunBOCTU pelieHus 3ajiaun Ko-

m (1.1), (1.2). Ilycrs o*— pemrenne s7oii 3amaan. CrenaeM 3aMeHy mepe-
mennubix (1) = v(t) + x*(t). B pesysnbrare 3amennl mosydum

Cj;; = Av, (1.3)
v(ty) = 0. (1.4)
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OueBu/IHO, HEBO3MYIIIEHHBIM PEIIeHUEeM 3TOM 3a1a49u Koty siBjisteTcst TOXK-
JecTBeHHbINA Hysib. Jamum v(ty) HeKoTOpoe Ipupalienue, MoJoK1uB

’U(t()) = o, (15)

1 MCCTIeyeM OTKIOHeHue perenns 3agaqu Komn (1.3), (1.5) or Tox gecTBen-
Horo HyJisi. Perenuem nocieneit 3ajgaan sipasiercsa Gynkipyst v(t) =
Alt—to)

=e vg. [Toaromy

Fo@) 1< e oo | -

B cuny teopemsr 1.3 u3 npeapyrymeii rassr || eAtt) || < NeAlt—to)

, TJIe
A = max(Re o(A)). [Tosromy eciu crekrp omneparopa A pacrioioKeH B
JIEBOH TOJIYTIIOCKOCTH TIJIOCKOCTH KOMIIJIEKCHOI 1tepemennoit z u A < 0, To
| v(t) |< Nert=) || vy ||— 0 upu t — co. Beibupas || vy || mocrarouno
MaJioit, 6e3 Tpya yoexaemcst, ato || v(t) ||< € mpu t > ty. Takum obpazom
JIOKA3aHO CJIeJIYIONIee YTBEPK IEHHE,

Teopema 1.1 [47]. Eciu ciiekrp oneparopa A pacroJioxkeH B JIEBOH 10~
JIYIJIOCKOCTH TLJIOCKOCTH KOMILJIEKCHOIH 1HepeMEeHHOM, TO HEeBO3MYLIEHHOE Pe-
menve 3aja4un Kormm (1.1), (1.2) acuMnrorudeckn yeToiauBo.

Bameuanue. Moxno nokazars, 1ro 3ajada Komm (1.1), (1.2) veycroiitan-
Ba, ecJii XOTst Obl OJIHO COOCTBEHHOE 3HAYEHKE onepaTopa A JIEXKUT B 1IPaBOif
TIOJIY ILJIOCKOCTH.

ccneoBanue yCTORIMBOCTU PELICHU YpaBHEHUI ¢ IIepeMEHHBIME KOd(]-
durmenTaM 3HAYUTEHLHO CJ0XKHEe U eMy OyJIyT IOCBSIEHbl pa3/jie/ibl 4—6
JaHHOM ryiaBbl. OJIHAKO B Psijie YACTHBIX CJIyYaeB BO3MOXKHO HMOJIY YU Th JIEIKO-
0603puMble yTBep:KAenns. OHUM U3 HUX sIBISETCS CJIydaii, Korjaa onepaTop

t

A(t) xommyTupyer ¢ oneparopom B(t) = /A(T)dT. Hanomuunm, 4ro jisa ore-
to

paropa A(t) u B(t) nasbiBatorca kommyrupytommmu, ecau A(t)B(t) =

= B(t)A(t).

t
Teopema 1.2 [50]. ITycrs oneparoper A(t) u B(t) = /A(T)dT KOMMY T¥-

to
t

pyior. Eciu cymecrsyer onepatop B = tlim i A(7)dT u cekTp omneparopa
— 00
to

B pacnoJioxKeH B JIeBOil MOJIYIIJIOCKOCTH IIJIOCKOCTU KOMILJIEKCHO# ITepeMeH-
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HOW Z, TO HEBO3MYIICHHOE PeIIeHUe YPaBHEHUS]

dx

= AW () + S0 (16)

ACUMIITOTUIECKH YCTONIUBO.
JokazaTeabCcTBO. Brhiie ObIJI0 1MOKa3aHO, YTO YCTONUMBOCTH PEITICHUS
ypastenusi (1.6) ciejyer u3 ycroiuuBOCTH peIllieHusi ypaBHEHUs]

dx
pri A(t)x(t). (1.7)

[Tosromy mccseyeM yeToi9rBOCTh HEBO3MYIIEHHOIO PEIIEHIs Y PaBHEHUSI
(1.7). Tax kak omeparopbl A(t) u B(t) kommyTupytor, 1o juddepeniypo-
BAHMEM HETPY/IHO IIPOBEPUThL, UTO pemenue 3ajadu Komm Jyist ypasHeHust
(1.7) npu HauasbHOM ycoBuu x(ty) = To UMeeT BUJ

x(t) = (eXp (/A(T)dT)) x.

O6osunaunm A = max Re o(B). Ilo yciosuto reopembr A < 0. Bosbmewm
npoussoJibHoe €(€ > 0), rakoe, uro A+ € < 0. VI3 Teopuu npejiesios ciejyer,
YTO JIJIsSI JJAHHOTO € Haiijerca Takoe 1, uro mpu t > T

1t

/ A(r)dr — B
t— 1o

to

< €.

t

[ToaTomy eciiu oneparopbl B u / A(T)dT KOMMYTHUPYIOT, TO pEIIeHUe PK
to
t > T' MOXKHO OLIEHUTDH CJIEJYIONINM 00Pa30M:

t

[ A(r)dr fA(T)dT
| z(t) ||= ||e" o|| < | | 2o [|=
fA t to)
= [ePUh)en | o [|<
|fA B(t—to)|
<[ Pt || e | o [|<

< NeMoleflt=to) || gy || < NP It0) || g,
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Tak kak A+ € < 0, To upu t — oo || 2(t) ||— 0. [osromy, BiOpas HOpMy
| zo || mocTarouno Masoit, MOKHO J06UTHCst, 4TobbI || (1) ||< € st Beex t.
Bhriie 6110 ¢e1aH0 TPEJIIOI0KEHNE O KOMMYTHPYEMOCTH OlepaTopos B

t
u /A(’T)dT. HokaxeMm ero.
to

U3 yciaoBust TeopeMbl CJIejyer, uTo

t t
At) [ Alr)dr = ( / A(T)df) A(t).
[Tpojudpdepernupyem 3o pasencrso 110 nepemennoit s. Torua A(t)[—A(s)] =

= [—A(s)]A(1), T e. A()A(s)] = A(s)A(2).

Uurerpupys nocsejHee paBeHCTBO 110 T 1 S, IIPUXOJAUM K CJIEJIYIOIIEMY:

/A(T)dTl/SA(a)da = i/dT/sA(T)A(O)dO' =

to to to

1 t S 1 S t
= —/dT/A(J)A(T)dU = —/A(U)dU/A(T)dT.
to to to to
[Tepexosist B IPeJIbILyIIEM PABEHCTBE K MPEJIEy IPU § — OO, HOJIY UUM:

(/t A(T)dT) B=1B (/tA(T)dT) ,

t

T. €. oueparopsl B n / A(7)dr xommyrupytor. Teopema jiokasaHa.
to

¢
Bamenanue. Kommyrarnsaocrs oneparopos A(t) u [ A(T)dT mocrarouno
to

CJIO’KHO NPOBEPUTD. V3 J0Ka3aTebCTBA TEOPEMBI CICLYET, YTO JOCTATOTHO
kommyTatuHoct A(t) u A(s) npu m06bix t u s mpu t, 7 > t.

DTa TeopeMa JIOIYCKaeT CJIeJyIoIue 0000IIeHMsI.

Teopema 1.2°. Ilycrs cymecrsyer oneparop B(t), yjosiersopstomiuii
YCIIOBUSM:

1) mpu t, s >ty oneparopsl B(t) u B(s) KOMMyTupyor;

t
2) crekTp omnepatopa B = thm ﬁ I B(7)dT pacnoyioxken B JIeBOii TIOJTy-
—00 to

IIJIOCKOCTH IIJIOCKOCTH KOMILJIEKCHOW MepEeMEeHHOI U CIpPaBeJINBbI HEPABEH-
crBa sup Reo(B) = —a, a > 0, [|eBtt)|| < Ne=(@=9%) e e(e > 0)—
KakK yrojHo maJjioe uncyo, N = const, N > 0;
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t
3) crpaBejIiIiBO HEPABEHCTBO Jim % J(s)ds < a, tie ¥(s) = ||A(s)—
—00 to

—B(s)|.-
Torma HeBo3MyIIieHHOE perienue ypaBHerus (1.6) acUMITOTUIECKH YCTONTH-
BO.

Jloka3zaTeabCcTBO. Brhiiie ObLJI0 110Ka3aHO, YTO YCTONYUBOCTH PEIICHUS
ypastetusi (1.6) ciejyer u3 ycroiuuBoCTH pelieHusi ypaBHEHUs!

dx
—=A )
= AWa()
[IpejicraBuM 310 ypaBHEHUE B BHUJIE
dx
- = BO)a(t) + (AQt) — B(t))x(1).

[Ipenwiaytee ypaBHeHEEe HMEET pelIeHne

j (T)dr ¢ 75B7' T
sy =er ato)+ [ " (Als) - B(s))als)ds

Bbiiiie y2Ke oTMedaJsioch, 4To 1pu JI0CTaTOYHO 00JIbIIUX ¢

( B(r)dr
oo ") < Weteaut)

rje €(e > 0)— kak yrojiHo MaJoe uucio, N = const.
Torna

t
lz(@)]] < Nem @m0l + N/B_(O‘_e)(t_s)l\A(S) — B(s)][[|lz(s)lds.
to

Bejiem yHKIHIIO
p(t) = [l (t)]e“".
Torna

() < No(to) + N [ (s)ib(s)ds.

[Tpumensist nepapenctTBo ['ponyosuia — Besimana, nmeem

o(t) < N(exp(N [ ¢(s)ds))p(to).

to
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Bozspaiiasicb K HOpMaM, UMEeM

l2(6)]] < Nexp(N [ d(s)ds — (o = €)(t — to))[|z(to) | =

= N||z(to)||exp (((t ivto /w(s)ds) — (o — e)> (t — t0)> .

N
t—to

t
Takum obpazom, eciiu tlim JY(s)ds < a, ro perienne ypashenust (1.6)
—00 to

ACHMIITOTHIECKH YCTONYINBO.

Teopema, j0Ka3aHa.

O6 ycroiiuuBocTu perternst ypapuenust (1.7) B ruib6epTOBOM TPOCTPAH-
ctBe H MOXHO CYJIUTh, BOCIIOJIL30BABIIUCEH CJICJYIONUM U3SITHBIM HEPaBeH-
CTBOM.

Teopema 1.3 [47]. dus sroboro perenusi z(t) ypashenust (1.7) B rusib-
O6epToBOM mpocTpancTBe H QyHKIHS

pu(t) = |£Ii(t)||exp{/)\M[AR(T>]dT}

SIBJISICTCS HEBO3pacTaloleil, a PyHKIUs

pm(t) = [Ja(t)|| exp {—/Am[AR(H]dT} -

HeyObiBatoieit. B vacruocTu, 1ipu t > § cupaBe/JinBO HEPABEHCTBO

| z(s) [ exp {/)\m[AR(T)]dT} <[l 2@) I<][ =(s) || exp {/AM[AR(T)]dT},

e Ap = (A + A*)/2; \u[AR], Am[AR]— coorBercrBenHO MuHUMAJIBHOE U
MaKCUMaJIbHOE COOCTBEHHbBIE 3HAUeHMsI onepaTopa Ag.
Hoxka3zareabcTBo. [IpoguddepennupyeM GyHKITHIO

t
(1) = (x(t), 2(t)) exp {—2 / AM[ARv)]dT} .
B pe3YHbTaTe HOJIyLII/IM BbIpazKeHune

) 101(0),(0) + (o0, )] e {2 / AM[ARm]dT} -

S
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S

—o(x(t), 2(t)) Aar[Ar(t)] exp {2 / AM[AR(T)]dT} <

< 2{(Ar()2(t), x(t)) — A [Ar(1)](2(t), (1)) } exp {_2/>\M[AR(T)]dT} :

N3 KOTOPOI'O B CHUJIYy HEPpaBEHCTBa

Am(Ar())(x(t), 2(t)) < (Ar()z (L), 2(t)) < Ar(Ar(t))(x(t), 2(1)),
CIIPABEIJINBOTO JIJIsT CAMOCOIIPSKEHHOr0 omepaTopa AR, clieayer,aTo

o3 (t)
dt = 0.

[IepBoe yTBepxKeHnE TEOPEMbI JOKA3aHO.
Bropoe noka3bBaeTCss aHAJOTUIHO.

YrBepxKjieHue TeopeMbl 1.3 Jiomyckaer o0600IeHune Ha Jioboe H6aHaXOBO
pocTpaHcTBo B.

Teopema 1.4 [47]. Hus sroboro perenusi z(t) ypashenust (1.7) B bana-
XOBOM TIPOCTpPAHCTBE B clpaBeyinBo Mpu t > S HEPABEHCTBO

t

I z(s) || exp {/A(A(T))df} <[l (@) lI<

S

t
<|| (s) || exp { / A(Am)czf} , (1.8)
S
riae A(A(7))— norapudmuueckas nopma oneparopa A(T).
Teopembr 1.3 u 1.4 jonyckaior cieayiorine 0000IeHuUs.
Teopema 1.5. [lycts K — sinHeitHbIil HelTpepbIBHO 00paTUMbIil oTlepaTop,

orpaHuYeHHbI B rujibbeprosoMm npocrpancrse H. Torja npu t > s s
pemenus (t) ypasuenusi (1.7) crnipaBe/iuBbl ONEHKY

|E 7 () llexpd [ Anl(K T A(T) K) rldr < ||la()]] <

< [[K[lle(s)llexp{ [ Al(K A7) K)]rldr}.

o1



Teopema 1.6. Ilycrs K € [B, B], K— jiuneiinblii orpaHuieHHbId Helpe-
PLIBHO ObparuMblii oneparop. Torya npu t > s s pentenust (1) ypaBHeHUs
(1.7) B 6anaxoBoM npocTpaHcTBe B ClpaBeInBbl ONEHKH:

| K () llexp{ [ —A[-K ' A(T)K]dr} < [l(1)]] <

< K| [l(s)llexp{ [ A[K A7) K]dr}. (1.9)
0

JokazaTreabcTBO. Tak Kak Teopembl 1.5 n 1.6 TOKa3bIBAIOTCS aHAJOTHY-
HO, TO OCTAHOBUMCs Ha JloKazaTebcTBe Teopembl 1.6. Ilyers x(t) = Ky(t).
Torna ypasuenue (1.7) umeer Bu

W kAW Ky (),
dt
¥ JIJIsl HEro CIpaBe/InBO yTBepKienne reopeMbl 1.4, Bosspaiasich K (pyHK-
nun z(t), nosyvdaem Hepasencrso (1.9).

Yreepxkienus TeopeM 1.4 u 1.6 103BOJISIOT MOJYUYUTH JOCTATOYHO 1PO-
CTble KPUTEPUHU YCTOHUNBOCTU ¥ ACUMIITOTHIECKONR YCTORIMBOCTH TPUBUATI -
HBIX pelleHuii cucreM judpepeHiuaabHbiX ypaBHeHuii ¢ HeIPEePbIBHLIME KO-

s durmenramu.

Pacemorpum cucremy jnddepeniuaabubiX ypaBHeHnit

. n
‘Z@ = > a(Vai(t) (1.10)

1=1,2,...,n.

3BecrHo, 4T0 B HaHAXOBBIX IIPOCTPAHCTBAX € (MIPOCTPAHCTBO BCEX CXOJIsl-
MUXCcst mocsieioparebaocreit © = (&,...,&,,...) ¢ HOpMOIl ||z|| = sup |&;])
1 B [} (IpOCTPAHCTBO Beex abCOMIOTHO CYMMUPYEMBIX TT0CJIEI0BATEIBLHOCTE
¢ nopmoit ||z| = k%'fl &k|) morapudmuueckast vopma marpunsl A = {a;;},
1,7 =1,2,...,00, pELBHa COOTBETCTBEHHO

A(A) = sup{Reaj; + >_ |aje|}, A(A) =sup{Rea;; + >_ |ax;|}.
j sy j -y

Takum 00pa3soM B METPUKAX MPOCTPAHCTB € U [| TPUBUAJILHOE DEIlCHUe
cucrembl ypasuernii (1.10) Oyaer ycTo#InBo (ACUMITOTHIECKH YCTORINBO),
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ecsim upu Beex t € [T, 00), T' = const, BbIIOJIHSETCsE yCJIOBUE

/ {sup{Rea; () + 32 fa(r) |} ydr <0 (1.11)
/ (s?p{Reajj(T) + g lag; ()} }dr < =, a>0]. (1.12)

Cy1recTByeT elre HeCKOJTbKO MEeTOJIOB UCCIeOBaHUs YCTONUNBOCTH pellle-
HUIl JINHEHHBIX ypaBHEHW ¢ mepeMenubiMu Koad durmertamu. Cpejgn HUX B
IIEPBYIO O4Yepe/ib HY?KHO OTMETUTH METO/Ibl, CBSI3aHHbIC CO CTAPIIUM U I'€He-
PaJIbHBIM IIOKA3aTEJISIMUA OJHOPOJHOIO YpaBHEHNS Ha IIOJYOCH U ¢ KOMIIAKT-
HpIMU ornepaTop-dyuakiusaMu (eM. ri. 111 monorpadun [47]).

2. YcToiumBOCTh pereHunii HeJIMHEMHBIX AnddepeHImaabHbIX
ypaBHEHU

YVeToiunBOCTb pelieHuil cucreM HeJIMHeRHbIX JinddeperinaibHbIX ypaB-
HeHui Bepsble ObLta nccaegopana A. M. JISIyHOBBIM, HCIOJB30BABIIAM JIJIsT
9TOro  crennajabibie  (DYHKINKA, KOTOPBIE TOJYUNIN Ha3BaHue (DYHKIIN
JIstnynona.

[TonpobHOE M3I0KEHNE BTOPOTO MeToja, JIssmyHoBa, OCHOBAHHOI'O HA I10-
crpoenun pyHKInii JIgmyHoBa, 1 ajabHeiie o000IeHIs 9TOr0 MeTO/1a MOXK-
no waiftu B Monorpadusx [9], [50], [55], [68], [74], [76], [80]. He ocranas-
JIMBAsICh Ha M3JIOKEHUM STOI'0 METOJIa, MCCJEYyeM YCTONYMBOCTb PEIIeHM
HeJIMHEHHBIX YpaBHEHU B OaHAXOBBIX IIPOCTPAHCTBAX.

Paccmorpum ypaBHeHue

dr _
dt

Bbiiiie ormMedasioch, 9To st CyXKJAeHus: 00 yCTORUYMBOCTH PEIeHUil ypas-

A(t)x(t) + B(t,z(t)). (2.1)

HEHWH JIOCTATOYHO U3YUUTH BOIPOC 00 YCTONIUBOCTU WX HYJIEBBIX PEIICHUIA.
[losTomy Oysiem mccae0BaTh YCTORIMBOCTD TPUBHAJHLHOIO PEINECHUS ypPaB-
nenus (2.1) B npeanosoxkennu, yro B(t,0) = 0.

Ypasuenue (2.1) uccienyeMm B mpeanosnoxenun, ato A(t)— JguHERHBII
OrpaHMYeHHbIH onepaTop, HemnpepbiBHbIi 110 ¢, a dyukius B(t, z(t)) B 06-
mactu D || z(t) [|< H,ty <t < 00 yJ0BIETBOPSIET HEPABEHCTBY

I Bt x(t) < L || «(t) || - (2.2)
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Kax un Boie, uepes U(t,ty) 0003HaUNM 9BOJIOIMOHHBIE OEPATOP ypaB-
HEHUSA

dx

— = A(t)z(t). 2.3

W Al (2.3
Bynem rosoputh [47], ato ypasuenune (2.3) win oneparop U(t,ty) ob.a-

naer coiicteom B(a, N), eciin Hajijlyrcsi TaKue BeIECTBEHHbIE YUCIa (v U

N(N > 0), uro
| U(t, o) || < Ne @t=t), (2.4)

Teopema 2.1 [47]. Ilycrts ypasuenme (2.3) ymoBIETBODSIET yCIOBHUIO
B(a, N) nipu nosioxxuresbHoM v, a hyukinus B(t, z)— ycaosuio (2.2). Torna
npu A = a — NL > 0 nysnesoe perienue ypasenust (2.1) 9KCIOHEHIIMAIBLHO
YCTOMYNUBO.

Joka3zareabcTBO. Briie B pazjesne 3 riaBbl 1, ObLIO IIOKA3aHO, YTO
ypasrenue (2.1) ¢ HauaibHbIM ycsoBueM Z(ty) = x( SKBUBAJEHTHO HHTE-
IPAJbLHOMY YPABHEHHIO

x(t) = Ut to)ao + [ U(t, s)B(s, z(s))ds,

rae U— spomonmonnstii oneparop. Ilepexoas B 3TOM ypaBHEHUN K HOPMaM
M MCIOJIb3Ys oleHku (2.2) u (2.4), umeem:

| @) <1 U to) 1 w0 || + [ | UG, s) | Bls,a(s)) || ds <

t
< Ne 0 g || + [ NLe®) | a(s) || ds. (2.5)
to

" u BBesiem dynkimio ¢(t) =

= e || x(t) || . Torja 910 HepaBeHCTBO MOXKHO lepenucaTh B BIAIE

YMHOKNM 0be uacTi HepaBeHcTBa (2.5) Ha e*

t
() < Ne*™ || g | +NL [ ¢(s)ds.
to

[Ipumenaa Tenepb nemmy I'ponyonna — Bennmana, moaydamm:

o(t) < NN || g ||
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Bamenstst bynkuuio ¢(t) ee snadennem e||z(t)||, okonuarenbno nmeem:
z(t) < e @ NLEIN || 24| .

Teopema nokazana.
Yesnosue (2.2) MOXKHO 3aMeHUTH GoJiee OOIMM WHTErPaJbHbIM HepaBeH-

CTBOM
I B(t,x) (<) |l = to, [l 2 [I< p), (2.6)
riue
1 t+T0
— [ n(r)dr<q (2.7)
70

[Ipm sToM cpaBemuBa

Teopema 2.2 [47|. Ilycrs ypasuenue (2.1) obiamaer csoiictBom B(a, N)
U MOJIOKUTETBHOM &, a byHKiws B(t, x(t) ynosaersopsier yciaosusim (2.6)—
(2.7) upu dbukcuposannom 7y. Torya eciu ¢ < /N, T0 HEBO3MYIIEHHOE De-
nerne ypasuenus (2.1) 9KCIOHEHITHAILHO YCTORTHBO.

HoxkazaresabcTso. Ilycrs pg < min(p/Ny, p), rne Ny = NeMNto,
| zo ||< po, x(t)— pemenne ypashenust (2.1) ¢ HauabHbIM 3HaYeHUEM X (1)).
Tak kak || xg ||< po, Haitgercs rakoe T, aro mpu  tog <t <tyg+ T
| =(2) [I< p.

Ypagsrenue (2.1) MOXKHO 3amucarTh B CJejyIoleil 9KBUBAJEHTHOI dhopme:

x(t) = Ut to)wo + [ U(t, s)B(s, z(s))ds. (2.8)

[To ycoBuio Teopembl 3BOMONMOHHLII onepaTop U (t, ty) yaoBieTBopsier
HEPABEHCTBY
| Ut t0) [|< Ne®U0) (1 > ).

Tak kak mpu tyg < t < tg+ T cropaseuso yciosue (2.6), mepexojs B
paBeHcTBe (2.8) K HOpMaM, HUMeeM:

t
l(t) 1< N || z(to) || e +/N€_“(t_5>77(8) | z(s) [ ds.  (2.9)
to

Bregem dyukiuo ¢(t) = e || z(t) || . Torga npepliyiiee HepaBEeHCTRO
MOXKHO IPEJICTABUTD B BUJIE

6(t) < N || x(to) || e + [ Nn(s)é(s)ds.

to
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[Tpumensist reniepb HepaencTBo ['ponyosiia — BesijiMmana u iepexojist or
¢(t) || 2(t) ||, momyamm:

la(t) |< Ny [l ag || @M (N = Net), (2.10)

U3 sroii onenku u yenosuit || x(tg) [|=|| zo [|[< po, po < min(p/Ny, p)
CJIEJLyeT, 4TO

| 2(t) |< Nypge™ @ NDEt0) o pe=la=Na)(i=to)

Buaunt || z(t) ||< p npu Beex T > 0. Tlosromy uepasencrso (2.9) crpa-
BeJIJIMBO IIPU Bcex t > g, a 3HAUUT, IIpU BcexX ¢ > ty clIpaBejJiiBa OIEHKa,
(2.10). Teopema jnokasana.

3. YcTONYNBOCTH peIlleHnil pa3HOCTHBIX yYpPaBHEHU

3.1. JIluneiinble ypaBHeHUs

PaccMorpuM B OaHaxoBOM IIPOCTPaHCTBe B JIMHEHOe pa3HOCTHOE ypPaB-
HEHUe

z(n+1) = Az(n) + f(n) (3.1)

C Ha4YaJIbHbBIM YyCJIOBUEM

x(ng) = xp. (3.2)

Ypagrennto (3.1) cooTBETCTBYET OJJHOPOJIHOE ypaBHEHWe
z(n+1) = Azx(n). (3.3)

Herpynto Bujiers, 4ro perrennem ypashenus (3.3) npu Haua bHOM 3Ha-
aernu (3.2) ABJISETCS OmepaTopHas QyHKIUs

w(n+1) = A" "og, (3.4)

Onpenesienne 3.1. Heposmyiennoe pemenue ypasaenust x(n + 1) =
= A(z(n)), rne A— uenmneiinniii oneparop, A(0) = 0, HazbBaeTCs yCTOR M-
BBIM 110 JIAMyHOBY, ecyin Jijist JII0O0ro Kak yroauo Majoro €(e > 0) maiigercs
takoe 6(0(€)), aro npu || z(ng) [|[< || z(n) ||< € mas Beex n > ny.

Onpenesienne 3.2. Hesosmyiennoe penienue ypasuenust x(n + 1) =
= A(z(n)), raie A— nesuneitnbiii oneparop, A(0) = 0, Ha3bIBaeTCs ACUMII-
TOTHYECKH YCTOHUUBBIM 110 JISIIYHOBY, €/l OHO yCTOR4uBO 10 JIAmyHOBY 1

lim ||z(n)|| = 0.

n—oo
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3 onpegesenuit 3.1, 3.2 u dbyukuuu (3.4) caejyer, 4To yCcToiuMBOCTD
pemntenuii ypasuenus (3.3) 3apucur ot || A" || . [Ipusejem HekoTopbie oleHKH
9TOIl HOPMBI.

Ounenum || A™ || B runbbeprosom npocrpancrse H. Ussecrno [44], uro B
ruaLOEPTOBOM MpOCTpaHCcTBe H JMHEHHDI, BIOJHE HelpPEepLIBHLINA OEpaTop
A moxer 6bITh npeacrasier B suge A = UT, rae T'— noaoKuTebHbIi KBa -
parubiii Kopenb u3 A*A; U— 4acTuuHo M30MeTPpUIECKUii orneparop, orodbpa-
)aroluit obsiacth 3Hadenuit omneparopa 1' na H. Torja

| Az ||= (Az, Ax)Y? = (UTz, UTz)Y? = (Tx, Tx)Y? =|| Tz ||<
< maxs; || z |,
j
r7e s; — s-4mucia oneparopa A, T. e. cobcTBeHHbIe 3HaUeHUs onepaTopa 1. 13
9Toii oreHkn ciexyer, uro | A" ||< s?, oie s, = maxs;.
j

Jlemma 3.1. B rusinbeproBom mpocTpancTBe H s JUHERHOIO, BIOJIHE
HEIpPepbIBHOTO orieparopa A cripasejina onenka || A || < s, rie s,— mak-
cUMaJIbHOE M3 § dmces orneparopa A.

PaccMoTpuM B THIb0EPTOBOM IpOCTpancTBe H TPOM3BOILHBIN JTUHEHHbII
orepatop A u mpemnooKuM, 9ro cytecTsyer orneparop In A. Ussectro [47],
qTO JIJIst 9TOTO JOCTATOYHO, 9TO0BI CIIEKTP ornepaTopa A He comeprkas Havaao
KOODJIMHAT.

Paccmorpum (hyHKIINTO

p(t) = (A", A" = (e(lnA)t7 e(hlA)t) .
[Iponuddepennupyem ¢(t) no t. Torya

d¢(t) n nA)t n n
o ((IA)IA (1A))+((1A (lnA)lA)

([111A+ (IHA) ] (In A)t : (1nA)t) _
= (InA+ (In A)*A", A" < A\y(In A + (In A*)) (1),

rie Ay — Haubodibiiiee coberBerHoe 3nadenne orneparopa (In A + (In A)*).
[IporHTErpHpPOBAB 910 HEPABEHCTBO, MOJLYYMM:

o(t) < Cexp{Ay(In A+ (In A)*)t}.
Tak kak ¢(0) = 1, oOKOHUATETIHHO MeeM
| A" ||< exp{maxo(Re(In A))n}.
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Jlemma 3.2. [lycrb Hy/ib He npuHajiexkut ciekTpy oneparopa A. Torna
B THJILOEPTOBOM TIpOCTpaHCcTBe H clipaBel/inBa OIeHKa,

| A" ||< exp{maxo(Re(ln A))n}.

B monorpadun [47] nokazano, uro || eA? || < eAMAY,

Caedcmeue. CripaBeinBa OIeHKa

H A" HS 6A(lnA)n

)

KOTOpast OyJieT MCIOJIb30BaHa HUXKE.

Pacriojiarast 9TuMu oreHKaMu, MOXKHO 3aHSATHCS UCCJIeJ0BAHUEM yCTOM-
YUBOCTU HEOJHOPOJIHBIX PA3HOCTHBLIX ypaBHeHUil. OcTaHOBUMCA BHaYaJe Ha
JIMHEMHBIX YPABHEHUAX BUJQ,

z(n+1) = Az(n) + f(n); (3.5)
z(n+1) = A(n)z(n) + f(n), (3.6)

re A u A(n)— JsuHeiiHble OrpaHIYCHHBIC OMEPATOPBI B COOTBETCBYOIINX
IPOCTPAHCTBAX.

Bamenoit z(n) = y(n) + x*(n), e £*— pemenue ypashenus (3.5) wiu
(3.6), ypasuenue (3.5) nnn (3.6) cBOAUTCSA K ypABHEHUIO

y(n+1) = Ay(n) (3.7)

y(n+1) = A(n)y(n), (3-8)

W WCCJIEJIOBAle yCTORIMBOCTH perennii ypasnenuit (3.5) u (3.6) sxBuBa-
JIEHTHO MCCJICJIOBAHUIO YCTONYMBOCTY HYJIEBBIX perieHuii ypauenuii (3.7) u
(3.8).

UccnemyeM yeroitauBoCcTh HysIeBOTO perienusi ypasuenus (3.7). st sToro
JIaJIMM HaYaIbHOMY 3HaUeHUIO Y (o) HEKOTOPOE BO3MYIIEHUE, TIOJOXKUB Y(1)
paBHbIM Yo. (B Hysesom perennn y(ng) 6b110, KOHEUHO, paBHO HYII0). Bhiie
y2Ke OTMEeUasIoCh, UTo pelleHne ypapenus (3.7) ¢ HaYaJbHbIM 3HAYCHUEM

y(no) = yo (3.9)

umeer iyt y(n) = A" "y, Caenosarenvho, ||y(n)| < [[A""||||yol|. Ecau
BOCIIOJIb30BATHCsI yTBEpK ieHuem reopeMbl 1.3 riasbt 1, 1o || y(n) ||<
< Np" ™ || yo ||, rie p = max | o(A) |; N— KoncTanTa, 3aBUCAIIAS JIUIIb
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or p, T. e. or oneparopa A. Ecim p < 1, 1o p" ™™ — 0 upu n — nyg — o0
1 BBIOOPOM ¥y MOXKHO Beerga Jo6uThes Toro, utobnr N || 4o ||< €. Orcroma
caegyer, uro || y(n) ||< € npu Becex n > ngy. Tak kak p" ™ — Qupu p < 1 u
n—mny — 00, | y(n) ||— 0 upu n — oco. Takum obpaszom, joka3aHa

Teopema 3.1. Ilycrs cekTp onepartopa A pacroso:KeH BHYTPH OKDPY K-
HOCTH C PaJdyCoOM IMHUIIA ¥ IIEHTPOM B HadaJse Koopauuat. Torna pemenue
ypaBHenusi (3.7) aCUMITOTHYIECKH YCTOHIUBO.

[Tepeiijiem renepb K MCCICJOBAHUIO YCTOMUMBOCTU DPELICHUs YPABHEHUsI
(3.8) B rwmsbeproBom mpoctpancrse H. st sroro pacemorpum 3aiady Ko-
i (3.8), (3.9). HermocpeierBernoit MpoBepKoii MOXKHO MTOKA3aTh, 1TO OMEPaTOp-

dyHKIMSA

y(n) =A(n—1)A(n—2)... A(no)yo (3.10)
SIBJISIETCST perenneM 91oi 3aaqn. [lepeiinsg B (3.10) K HOpMaMm Oy UM
ly(n) [I<I Aln = 1) [ Al = 1) [| ... | A(no) ] wo Il -

B semme 3.1 mokazano, urto || A(n) [|[< p(n), rme p(n)— makcumasbroe
U3 s-uucest oneparopa A(n).
[Toaromy

ly(n) 1< T2 m(E) [ vo || -

Ecnu npu Beex n > ny H};‘;}mu(k:) < C = const, To BLIOOPOM T( MOMKHO
100uThCst Toro, UToObl || y(n) || GbuIa MeHbIIe JIOOOrO KaK yrojJHO MAJIOro
€. VI3 51010 yreepKienns caeayer yeToiuanBocTs permenns. Ecinm ke, kpome
TOrO, 1PK BCEX JOCTaT0uHO bosibiiux 1 p(n) < g < 1, To HyJesoe perienue
ypaBHenus (3.8) aCHMITOTHYIECKH YCTORTHBO.

Teopema 3.2. [lycrb npu kaxkjoMm n > ng omneparop A(n)— juneii-
HBIfl OrpaHUYEHHbIN onepaTop B rujibkbeproBom npocrpancree H. Eciau jis
Vn > ng Ij_, pu(k) < C = const, 10 nynesoe peuenue ypasuenus (3.8)
ycroitunpo. Ecym, kpome Toro, npu jocrarouno bosbmux o u(n) < g < 1,
TO HyJIEBOE pellieHne ypaBHeHust (3.8) acuMITOTHYECKH YCTORIUBO.

Teopema 3.3. Ilycrs npu kaxjom n > ng oneparop A(n)— Jjuneinblii
OrpaHMYeHHbINH onepaTop B 6Ganaxosom mpocrpancrse B. Hynesoe pemenne
ypaBrerus (3.8) Oymer ycroiauBo, eciiu

11y OeA(lnA(k)) < C = const

WJIM, YTO TO 2Ke caMoe, eCJu

Zn: A(ln A(k)) < C = const.

k:TLO
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HyJieBoe perienue ypasuenusi (3.8) Oy/ieT acuMITOTHYECKH YCTORUUBO, €C/Im
npu Beex jocraroano Goabumx n A(ln A(n)) < —a, a > 0.

Paccmorpum ypashenue (3.7). V3BectHo, 4T0 ecim xorsi ObI 0JHO €OO-
CTBEHHOE 3Hadenue aneparopa A 1o Mouyso 6oJbIne eJIuHuLbl, TO TPUBHU-
aJIbHOE pellienne ypaBHenus (3.7) HeycToiauBo.

3.2. Henunelinble ypaBHEHUS

PaccmoTpuM HesmHeliHbIe ypaBHEHUsT BUIA
z(n+1) = Az(n) + B(n,z(n)), (3.11)

riae A— sunedinbiit; B(n, z(n))— nesuneiinbiii oneparopsl. Byjgem cuurars,
aro B(n,0) = 0, 1. e. ypasrenue (3.11) umeer nysnesoe perienne. Kpome roro,
IPEJIIOIOXKHIM, 9TO CIHEKTp OIepaTopa A pacrnosoKeH BHYTPU €IUHAIHON
OKPYKHOCTH:

p=max | o(A)|=¢< 1 (3.12)
Ha omeparop B(n,z(n)) HaJIOXNUM OrpaHUTIeHEe
| B(n,z(n)) [[< L || z(n) || (3.13)

3 reopembr 1.3 rnaser 1 coenyer, aro || A" ||< Np™. O6 ycroitauBocTu
HYJIEBOTO perienus: ypasrenus (3.11) mo3Bosister cyauTh

Teopema 3.4. Ilycrs Boimosnenst yeaosust (3.12) u (3.13). Torga econ
q+ LN < 0, o pemienne ypapuenus (3.11) acuMIroTuiecku yeroiauso.

HokazarenbcTBo. Herpysno Bujerh, uro perrenne ypasHenus (3.11)
MOXKHO IIPEJICTABUTh B BUJIE

v(n) = A"2(0) + 3" A" FB(k —1,2(k — 1)).
k=1

Ilepeitem B aTOM paBeHcTBe K HOpMaM. DyneM nMmeThb
| =(n) [I<Il A" [} «(0) [ +kzl A | B(k = La(k—1)) | -
Bocnosbzyemcest Teneps yeaosusmu (3.12) u (3.13):

| z(n) [|< Ng¢" || z(0) ] +Nk§: ¢"L ) x(k—1) ]
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Beegem nosyio dynknuio p(n) = ¢ " || x(n) || . Torga upenpyiyinee
HEPABEHCTBO MOXKHO 3aIUCATh B BU/IE

o) < N [[2(0) | + 3 Nq%(k 1),

[Ipumensasa Teneps gemmy 1.6 mpejbliyineil TyIaBbl, 1 BO3Bpalllasich K HOP-
MaM, yOexJlaeMcsi B ClIpaBEJIJIMBOCTH TEOPEMbI.
PaccmoTpum cucreMmy ypaBHEHMIM

rprn+1) = Ap(n,x1(n),...,x(n)), k=1,2,...,1, (3.14)

mie Ag(n,0,...,0)=0,k=1,2,...,l,n=0,1,....

[TycTh pu HEKOTOPOM 3HAYEHWH 7. BCE KOMIIOHEHTHI BeKTOpa X (n) =

= (z1(n),...,x;(n)) ovmmanet or wyss. [pegcraBuM GyHKIHIO
Ar(n,z1(n),...,x(n)) B caeaymomem BuJe:
Ar(n,z1(n), ..., m(n))

Aclnar(n). ... afm) = X o

mea; >0,5=1,2,...,0[,% o5 =1.

Paccmorpum Terneph ity dail, Korja HeKOTOpble KOMIIOHEHTbI BeKTopa X (1)
PaBHbI HYJIIO.

B stom ciyuae dynkmmio Ag(n, z1(n),...,z;(n)) npeacraBum B Buje

Ap(n,z1(n),...,x(n)) = Z *azj

rae ag; > 0, Zl oy =1 Zé | F 03HAYaeT CyMMUPOBAaHUE TI0 j TAKUM, UTO

zj(n) # 0.
[Ipu srux npejnooxkenusix cucreMy ypasaenuii (3.14) MOXKHO npejcra-
BUTH B BU/JIC

zr(n+1) =3 "oy, zj(n). (3.15)

Cucremy ypashenuii (3.15) 6oJiee y00HO 3amucaTh CJe Iy oM 06pasom:

rp(n+1) = éBkj(n, X(n))z;(n). (3.16)
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[Tocrasum kaxgomy BekTopy I' = (71, ...,71) B COOTBETCTBUE MHOKECTBO
varpur, C'(n, ') = {c¢;;(n, 1)}, 4,5 =1,2,...,1, rie

! * *A'(n’/yl)"‘:’yl)
cij(n,T') = > "a; - ‘ :
j=1 Vi

31ech XF M Q; OTPEJINIeHbl KaK U BhITIe.

Teopema 3.5. Ilycrb BbINOJIHEHBI CJIEIYIOIIUE YCJIOBUS:

1) Ag(n,0,...,0)=0mpu k=1,2,...,1,n=0,1,...;

2) cpeu Muozkectsa marput, C(n, ') cymecrsyer marpuna C(n, I'), ompe-
JesisgeMas HabopoM KoabbuImenToB o), 4,7 = 1,2,...,1, rakas, 4ro mjs
a0boro ssementa I = (71,...,7) U3 OKPECTHOCTH Hadasa KOOpAUHAT (HO
HEe BKJIIOUYAs HAYAJIO KOODJMHAT) BBITIOJHSIETCS OJIHO U3 JIBYX HEPABEHCTB:

a)s(n) = meax sj(n) < 1(< B < 1), rae sj(n)—s-uucaa marpupt C(n, I);

6) A(InC(n,T)) <0 (< —a,a > 0).
Torma TpuBHaIbHOE pererne cucTeMbl ypaBaenuii (3.14) yeroitauso (acumr-
TOTHUYECKH YCTONIUBO).

oxka3zareabcTBO. lokazaresbeTBO OyjieM MPOBOJAUTH B ITPOCTPAHCTBAX
Ry, l-MepHBIX BEKTOPOB & = (X1, ..., ;).

[Tycrs B wavasbubiii Moment (nmpu n = 0) Bekrop X (0) umeer zHopmy
1 X (0)|]| = do. Mokaxem, aro Tpaekropuss X (1), X(2),...,X(n),..., ne
nokugiaer cdepbr R(0,dp). st 91010 JIOCTATOUHO 1PU KaxKJI0M (HDUKCHUPO-
BaHHOM 3Hadenwn n, n = 0,1, ..., mpejcraBuTh cucremy ypasaeruii (3.14)
B BuJie (3.16) u BOCHONB30BATLCA Teopemamn 3.2 win 3.3.

Teopema j0Ka3aHa.

4. YcTOYMBOCTD pelleHuil HeJIMHEMHBbIX auddepeHImaIbHbIX
ypaBHEHMIT B 0AHAXOBBIX MPOCTPAHCTBAX

PaccMmorpuM B OaHAXOBOM IIPpOCTpaHCTBe B HeJIMHEeiiHOe ollepaTOpHOe ypaB-
HeHune

dx
pri A(t,x(t)), A(t,0)=0. (4.1)

Uccneayem yeroianBocTh TPUBHAJILHOTO perienust ypashenus (4.1). 3a-
JIAJIMM HAYAJIbHOE BO3MYIICHUE

z(0) = x9, x9€ B, (4.2)
1 pacemorpuM 3ajady Komn (4.1), (4.2).
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Teopema 4.1. IIpeguonoxkum, uro B nekoropom mape R(0,) B upo-
CTPAHCTBa BBINOJHEHO yesosue: st jodboro (T > 0) u moboro z € R(0,6)
Haitjiercst rakoit smneitubiii oneparop L(T), z)x, uaro:

1) sorapudmuueckast nopma orneparopa A(L(T, 2)) < 0 (AL(T, z) <
< —a,a > 0);

2) Jyist J10b0ro Kak yrojguo Majoro €(e > 0) cyiiecrByer Takasi OKpect-
Hoctb 01(€) n rakoe 3Hadenre AT(€) (jiuist KaxKJ0#H TOUYKU 2z CBOE), UTO MPH
|z(T) —z|| <0 ute|T, T+ AT] cupasejyiuBo HEPABEHCTBO

|A(t, z(t)) — L(T, z)x(t)]| <e.

Torma TpuBmagbHOE perierne ypapuerns (4.1) ycToianBo (aCHMITOTHICCKH
YCTOUIHBO).
oka3zareabcTBO. /lokazare/bcTBO MMpoOBejieM OT MpOoTUBHOTO. [IycTh B
momenT Bpemenn T rpaekropusi x(t) 3ajgaun Komu (4.1), (4.2) nokujaer
cdepy S(0,9) (||xo|| < §), mpoxoms uepes Touky z € B. Ilo ycioBusim Teo-
peMmbl Haiiyiercs oneparop L(Th, z), yaosierBopstonuii yejaosusim 1), 2).
[Ipejcrasum ypasuenue (4.1) B Bujie

d
dg; = L(Ty, z)x + F(x), (4.3)
rie F(x) = A(t,z(t)) — L(To, 2)x(t).

Tak xkax z # 0, TO U3 yca0BUsT 2) TEOpeMbl CJIeJIyeT, YTO HaiIeTCa TaKOi
unrepsas spemenu AT uro upu t € [Ty, T, Th = Ty + AT

[F ()| < ellz@)]]- (4.4)

Pemienne ypasuenust (4.3) upu t > T MOXKHO IPEJCTABUTD B BUJIE

t
2(t) = AT (Ty) 4 [ M0 F(r)dr. (4.5)
Ty

[Tepexojisi B (4.5) K HOpMaM ¥ yunThIBast HepaBeHCTBO (4.4), B TpOMEKyTKe
spemenu [Ty, T1| npuxojum K HEPaBEHCTBY

t
lz(t)]| < MR (T) | + 6/GA(L(TO’Z))(H)HfE(T)HdT <
To

t
< Wa(@y)] + € [ e a(r)]dr. (16)
Ty
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VMHOKas obe dacTy IpeJiblylero HepaBeHersa Ha e ') npuxojiuM K

HEPaBEHCTBY:

0 < (1) < e||a(To)l| + e [w(7)dr, (4.7)

rae ¥ (t) = e[l (t)]].
[Tpumensist k (4.7) wepasencrBo 'poryosia — Besvana, nveem B mpo-
mexytke Bpemenn [T, 1] :

lz(t)]| < e~z (Ty)). (4.8)

CureoBaresibio, Tpaekropus x(t) ne nokuaer cepot S(0,0) u ycroiiuu-
BOCTD JIOKa3aHa.

JlokazkeM Terepb aCUMIITOTUYECKYIO YCTOHUNBOCTD. 3a(dUKCUPYEM IPOU3-
BosibHOe €(€ > 0, ¢ < a/2). [lo anajoruu ¢ NPOBEJIEHHBIME BBIIIE PACCY K6
HUSIMU TIOCTPOUM II0C/Ie/I0BaTe/bHOCTD ToYeK 1o, 11, ..., Ty, - -+ Takyo, 410

lz(@)|| < eIz (T),  t € [Th, Tia). (4.9)

3/eCch UMEIOTCS JIBE BO3MOXKHOCTU:
1) lim 7,, = T%;
n.—)OO
2) lim 7, = 0.
n—aoo
Paccmorpum niepsyio BoamoxkuocTh. Ouesnjno, npu t € [Ty, T*] crpa-
BeinBo HepaseHcTBo (4.9). Ecau npu srom ||x(T7)|| = 0, o Teopema jio-
kazana. [Ipeanosoxkum nporusuoe. [lycrs ||z(T%)| # 0. Bass x(T™) 3a na-
JaJbHOe Tpub/IKenne, yoesk 1aeMcst, 4T0 CyIeCTBYeT IPOMEXKYTOK BPEMEHN
[T, T* + AT*], B TedeHure KOTOPOIrO BbIOJIHSAETCSI HEPABEHCTBO

lz(t)]| < emt@m

(T

Torjia 9T0 HEPABEHCTBO WJIM BBINOJIHSETCsE IpH Beex t € [T 00), uin cy-
1iecTByeT MOMEHT BpemeHu 17", B KOTOPbI 9TO HEPABEHCTBO HapYIIAETCs,
4TO HEBO3MOXKHO, TaK KaK BbIIIE OLLIO MOKA3AHO, UTO CYIIECTBYET IIPOMEXKY-
Tok Bpemenu [T T* + AT*], B Teuenure KOTOPOro CpaBe/jinBO HEPABEH-
crvo [[2(t)]) < e T o(T)].

Ecnu wepasencrso (4.9) Boinonnsiercs npu Beex t > 1% 1o win ||z(t)|| —

— 0 mpu t — 00, WM CYNECTBYeT MOMEHT BpeMmeHu 1}, MpU KOTOPOM
|z(T:)|| = 0. B oboux ciyuasix umMeeT MECTO aCUMITOTHYECKAs YCTOUIH-
BOCTb.
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Bo Bropom ciyuae crpemisenne x(t) kK 0 upu ¢t — 00 04eBUJIHO.

Teopema nokazana.

Samevanus. 1. B caydae ecnm uccieoBanme ycToOWImBOCTH TTPOBOIUTCS B
rUIILOEPTOBOM TPOCTPAHCTBE, TO YCI0BUE 1) HYXKHO 3aMEHUTD Ha CJIeJyIolIee:

1. Re(L(T,z)) <0 (Re(L(T, 2)) < —a,a > 0), rme Re(L(T), 2)) =
= (L(T,z) + L(T, 2)")/2.

2. AHaJIOTUIHOTO THUIA YTBEPXKJIEHWS CIPABEJJIUBBI U JIJIsT PA3HOCTHBIX
YPaBHEHUIA.

[IpuBejiem errie oJiuH KpUTEpUii YyCTORINBOCTH pelienuit quddepennnab-
HBbIX ypaBHEHWI B DaAHAXOBOM IpOCTpaHCTBE 3.

Uccneyem yeroiianBoCcTh TPUBHAIBHOIO periennst ypasHenust (4.1).

[Iycrs K € [B, B]— nuHeiinblii orpaHudeHnblii olepaTop, UMeOIInii Jii-
HeHHbI 0OpaTHLIH oneparop K 1.

Bgesiem noByto Henssecrryio dyukiumio z(t) o dopmyne x(t) = Kz(t) u
npejicraBum ypastenue (4.1) B Buje

dz _1
= K A(t, Kz(t)). (4.10)

[Ipu sTom jannbie Komm nmeror Buji
Z(to) = K_lx(to). (411)

Omneparop K 1A(t, Kz(t)) MOXKHO HPeJCTABUTD CIEIYIONIM 0OPA3OM:

KA, K 2(1)) = ( /1 K Ay(t, 7K (1))dr) Kz(t) =

= K[ Ab(t, 7K 2(t))dr) K 2(8),

rie AL(t, u)— upoussojnast peiiie 110 HepeMeHHOl .

BadukcupyeM mpousBosbHOE goctarouno maoe €(e€ > 0). Ilyers v— mpo-
U3BOJIbHBIN dy1eMenT cdepbt S (0, 6).

[Ipenmnonoxknm, 4ro snorapudmutdeckas nopma oneparopa K 1A, (t, v) K
npu Beex t € [tg,00) u v € S(0,0) yIOBIETBOPSIET YCIOBUSIM:

a) A(K71A.(t,v)K) < 0;

6) A(K 1A, (t,v)K) < —a, a > 0.

t

1
Buech A, (t,v) = gA’Q( ,TKv)dr.
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Teopema 4.2. ITycrs bynknus A(t, u) nenpepoisua no t upu ty < t < oo.
Tpusnaibhoe perienne ypasaenust (4.1) yeToiunBo, €Ci BBITOJIHEHO YCJIO0-
BUE a) ¥ aCUMITOTHYIECKH YCTOWIMBO, €CIM BHIMOJHEHO yeJIoBue 0).

Hoka3zarenbcTBo. [lokaxkem, 4T0 [PU BHINOJHEHUH YCJIOBUS a) TPUBU-
asibHOe perenue ypasuenusi (4.10) ycToiiunBo, a MpH BBITOJTHEHUN
yCJI0BHsA 0) aCHMIITOTHIECKH YCTONIUBO.

BrauaJsie ucciepyem yCToidMBOCTL TPUBUAILHOIO PEHICHUST YPABHEHUsI
(4.10). JokazaresbcTBO yeroiunBoCcTH 11poBejieM oT nporusHoro. [lycrs Ha-
JqaJibHOE 3HAUeHne 2o ypasaerue (4.10) jexur sayTpu chepor S(0,0). [Toka-
xKeM, uro pererne 3agaau Ko (4.10) — (4.11) we nokupaer cdepnr S(0, ).
[Tpejnonioxkum nporusHoe. Ilycrs B MoMenT Bpemenu 1’ TpaekTopust perie-
aust 3agaan Komm (4.10) — (4.11) mokumaer cdepy S(0, ), mpoxoss depes
touky v = 2(T'). Torna npu t > T ypasuenue (4.10) MOXKHO TIPEJICTABUTD B
BUJIC

dz(t )
dt

1
KA (T, v)K=(t / (AS(t, TKz(t))—AY(T, 7Kv))dr K 2(t) =
0

= K AT, v)K2(t) + g(t,T)z(t).
Pemenue sToro ypasnenust umeer npu t > T Bug
A1) = exp{ (KT AL (T, vK)(t — T)}a(T)+
t
+/exp{(K‘1A*(T,V)K)(t —s) tg(s, T)z(s)ds. (4.12)
T
I3 nenpepbiBHocTu oneparopa A(t) ciejyer, 4To jist JIHOOOrO Kak yroHO
masioro € (e > 0) cymecrsyer rakoe AT, 410 B HPOMEXKYTKE BpeMeHU t

(T <t <T+ AT) cupasennuso nepasenctso ||g(t, T)|| < e.
[lepexoyist B ypaBuenuu (4.12) Kk HOpMaM, UMeeM:

Iz < llexp{ (K™ A (T, v)K)(t — T)}||[|2(T)[|+
+ / Jlexp{ (K™ AL(T, V)K)(t = 5)}ellz(s) | ds <
< exp{A(K'AL(T, v)K)(t — T)}{|2(T)|+
+ / lexp{A(K™ AL (T, v)K)(t — ) }e][z(s)]|ds. (4.13)
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VMuoxum obe uacTy npepiyiiero nepasencrsa na exp{ — (K 1A (T, v) K)t}.
B pesysibrare mpuxognM K ypaBHEHUIO

o) = o(T) + [ ep(s)ds. (4.14)

Sueen (t) = exp{AK— AT, ) K)i}|=(0)]|.
[Ipumenus k (4.14) nepasencrso ['ponyosuia — Besimana, npuxogum K

HEPaBEHCTBY:
p(t) < e Hp(T)

i, Bo3Bpamasach K ||z(t)||, umeem:
l2(®)]| < exp{AK™'AL(T, v)K) + €)(t = T)}[l2(T)] . (4.15)

Tax xak 1o yenosuio Teopembl A(K 1A, (T, v)K) < 0, To naiigerca taxkoe
e, uto A(K 1A (T,v)K)+¢ < 0upu t € [T, T + AT). CrnejoBaresbto, 1pu
JIAHHbIX 3HAYEHUSAX € TpaeKTopust pernenus ypashenusi (4.10) we BbixopuT
u3 cdepbt S(0,0), U, TeM caMbIM, JIOKA3aHA YCTOHUYUBOCTH TPUBHATBLHOIO
perenust ypasrenust (4.10).

JlokazarebeTBO aCUMIITOTUYECKON YCTORIMBOCTH IPOBOJMUTCS 110 AHAJIO-
TUH C JIOKA3aTEJILCTBOM, [TPUBEJICHHBIM B MPEJIBLIYIIEH Teopeme.

[IpuBesieM mpocToit TpUMEp MPAKTUIECKOTO TPUMEHEHUsT TeopeMbl 4.2.

IIpumep. Paccmorpum cucremy Jlopenia

dl‘l (t)
dt

= —ox1(t) + oza(t);

dxg(t) .
dt =TI (t) - IQ(t) - $1<t)$3(t),

dl‘g(t) .
dt = —b$3<t) — [Cl(t)xg(t)

Crenaem 3ameny x;(t) = o;y;(t), a; # 0, @ = 1,2, 3. B pesysnbrare umeem
a

dyi(t) .
PP —oy(t) + 0071%(75)7

dyg(t)_ 03] 103 )
= a0 = () = S ()

= —bs(t) = = (1 (h)
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st yeroituuBocTu 1ocjeiHefl CUCTEeMbl JIOCTATOYHO BbIIOJHEHUE YCJIO-

BUIi; 0‘2

< 1; ’7‘0‘1 <1l;a3=1;b>0; 0 > 0. Orcioga ciemyer, 4TO CUCTEMA,
ﬂopeHua OyJjieT yCcTolumrBa, IPU CJIEAYIONUX 3HAUCHHUSIX 1apAMETPOB:

o>0;|r]<1;b>0.

Herpyimo BI/I,[LeTb 10 yCToquBoe pelienue cucreMbl JIopenia He BbIXo-
JIUT U3 SJIJII/IHCOI/I,ILa —|— “T% + ::r;3 = (52, rae vy U (vo— TPOU3BOJILHBIE BeIlle-
CTBEHHDIC YUCJIA, y;LOBJIeTBopH}OLm/Ie HepaBeHCTBY | /as| < 1. Ilpu srowm
eCTeCTBEHHO B34Th OJIHO U3 HUX PaBHBIM €JMHHUILE.

5. YCTOMYMBOCTL PENIeHUl CUCTEM OOBIKHOBEHHBIX
anddpepeHnaJIbHbIX YPaBHEHU

B sTom pasjesie Kpurepuu yCTOWUIUMBOCTHU, TPEJJIOKEHHbIE B pasjele 4
Jutst JiudepenninalibHbIX ypaBHeHuil B B-1pocrpaHcrBax, KOHKPETU3UPY-
IOTCS JIJIsT CUCTEM HEeJIMHEHHBIX T epeHna bHbIX ypaBHEHW.

Paccmorpum 3aaay Ko s qudpdepennmaibubix ypaBHEHU

dx
= A1) (5.1)

Bnech x(t) = (x1(t), -, x,(t)), A(t,x(t)) = (A1(t, x(t)), -+, Ap(t, x(t))).
Bynem cunrarn, uro A(t,0) = 0 u uro dbyuxmuu A; (¢, ug, ..., uy,), i =
=1,2,...,n, HENPEPHIBHBI IO BCEM apTyMEHTaM.
Ucciiejopanue OyjiemM IPOBOJAUTHL B IPOCTPAHCTBE [, — N-MEPHBIX BEKTO-
poB. B KauecTBe HOPMBI B IIPOCTPAaHCTBE R, MOXKHO B34Th OJHY U3 CJEIYIO-

IUX HOPM:
1/2

Joloo = e el llll = £ Joul; lalla = | £ lowP?
Tax xKak I/ICC.He,ILOBaHI/Ie YCTONYUBOCTYU MPOBOJUTCH COBEPIIICHHO aHAJJIOTN Y-
HO B KaxKJIOM KX 3TUX IIPOCTPAHCTB, TO B JIAHHOM pasjesie He KOHKPETU3U-
pyerca Hopma.
[Mycrs v = (Y1, .- -,7) € R, ||[7]| # 0, T(tg < T < 00)— dukcuposan-
HbIII MOMEHT BPEMEHU.

Beeniem maTpuiry

B(T,’)/) — bl](TafY)azaj - 1,2,...,77,,
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9JIEMEHTDBI KOTOPOIl UMEIOT BU/I

bij (T7 7) - {

Ai(Tvvla“'f)/j*l7’)/ja7j+17"'7’7n)
Qg % y Vg # 0,

9.3
07 Vi = 07 ( )

n
rae oy > 0, npudem a;; = 0, ecam y; = 0, u _Zl a;; = 1.
=

Bamenanue. Bosmoxkubl 1 ipyrHe crnocobst onpejesenns marputist B(T, 7).
Psiyi u3 Hux GyjieT NpuBejieH B CJEJYIONMX pa3jieJaXx KHUIH. 3J1eCh ONUIIeM
eme ojun Buy Marpuil B(T, ) :

Ai(T,O,...,O,’Y‘,’Y'+17...,’7n)—Ai(T7O,...,O,'}/‘+1,...,’Yn)
_ ) = , ’ , 7 # 0,
b(T ) = Vi
ij (LY
0, ’Yj pr— (j)7
rje Ha oyj, ¢,J = 1,2,...,n najaralorcsd Te »Ke ycJoBHd, 4TO U B QopmyIe

(5.3). OTMeTnM TakzKe, 9TO MOKHO BBECTH KOIMDDUIHEHTD! (v, &, ] =
= 1,2,...,n, 3aBucamue or 1" u . OJHAKO 3TO YCIOXKHAET W3JIOXKEHUe, u
MO9TOMY Ha, TAKMX KOHCTPYKIIMSIX OCTAHABJINBATHCS HE OyIeM.

Teopema 5.1. [Tycrs 0— J0CTATOYHO MAJIOE TTOJOKHUTETHHOE THUCIIO,
Ai(t,0) = 0, 71 = 1,2,...,n, dyukuun A;(t,ug, ..., uy), ¢ = 1,2,...,n,
HEIPEPBIBHBI 10 BceMm aprymentam. Ilycrs jyist jioboro v, 0 < ||| < 6 n
jutst jiroboro 1 tg < T' < 00, BBIIOJIHEHO YCJIOBHE

A(B(T,)) <0 (A(B(T,7)) < —a,a > 0).

Torga TpuBmagbHOE perenue cucreMbl ypasuenuit (5.1) ycroitunso (acumi-
TOTHIECKH YCTONYIMBO).

HokazarenabcTBo. [lycrs ||zg]] < 0. [Mokaxkem, 4ro 1pu BbIIOJHEHUH
yCJIOBHIL TeopeMbl TpaekTopust pererust 3amaan Kommm (5.1)—(5.2) He moku-
naer mapa R(0,0) ¢ nenrpom B Touke 6 = (0, ...,0) u ¢ paguycom d. [Ipeio-
soxkum nporusHoe. [Tycrs B MomenT Bpemsi T’ TpaekToOpusi PelieHus 3a,/1a9u
Komm (5.1)—(5.2) maxomurest va cdepe S(0,9) B Touke v = (y1,...,7) 1
npu t > T nokuaer map R(0,0). IlpegcraBum cucremy ypasuenuii (5.1) B

BUJIE
d
— = B(T.y)a(t) + G(t.T,x(t), ) (5.4)
rae G(t, T, x(t),7) = (91(t, T, 2(t),7), - - gu(t, T, (1), 7))-
Herpyuo Bujierh, 4to u3 nenpepbisaoctu Gynkuuit A;(t, ug, ..., uy,) 0o

BCEM IEPEMEHHBIM CJIeJlyeT, 4To JiIs Joboro € > 0 Haiigercss Takoil mpome-
xkyrok Bpemenn AT, uro upu t € [T, T + AT

|G, T, x(t), ) < ellz()]]. (5.5)
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Takum 00pa30oM, BBIIOJIHEHbI yCaI0BUs TeopeMbl 4.1, U3 KOTOPOH cCJiejry-
er ycroitunsocts (nipu A(B(T, 7)) < 0) u acuMnrornieckasi yCTOHIMBOCTD
(mpm A(B(T,7v)) < —a,a > 0) TpuBnajgbHOro perienus 3agaqu Korn
(5.1)—(5.2).

Teopema nokazana.

B pabote [124| mpojiosibHOE IBIZKEHEE caMOJIeTa MOJICJIUPYETCsT HeJTnHe -
HOI cucTeMoii OOBIKHOBEHHbBIX JindpepeHinabHbIX ypaBHEHU

dx
dj; = —pPsTs + 0, S§= 172a374;
do 4
= > Bixi +rpeo — f(o), (5.6)
t=
e
ps>0; 1py<0; 0<of(o); f(0)=0; (5.7)

ru G;(i =1,2,3,4)— BemecTBeHHbIE TAPAMETPHI.

UccrnemyeM ycToiauBOCTS TPUBUAJBHOTO pellieHus ypaBaerus (5.6) mpu
yeaosusx (5.7).

Uccnenosanue ycroituuBocTr cucteMsl (5.6) Oy/1eM MpOBOUTD B IIPOCTPAH-

crBe Rs BekTopoB v = (vy,...,v5) ¢ HOpMOI ||[v]| = max |vi]-
A
[IpescraBum cucremy ypasrenwuit (5.6) B cueyroreM Buje:
dz
dts = —psTs+o0, s=1,234:
do & i}
— = Z BZCUZ + rpoo — f (0')0', (58)
dt 5
rjie
flo) 4 £ 0
f (O-) - { O, g =

Vcnonb3yst yrBepxKieHre TeopeMbl 5.1, TPUXOUM K CIIeIYIONeMy 3aKITo-
GEHHUIO.

Teopema 5.2. Tlycrs B cdepe B(0,6), § > 0, Bbinosnens! ycaosusi (5.7)
u, Kpome Toro, ps > 1, s =1,2,3,4,

4
rp2 = (o) + 216 < —x, x>0
i=1
Torma TpuBmagbHOE penierne cucteMpl (5.6) aCHMITOTHIECKH YCTONIUBO.
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B cucreme ypapuennii (5.6) ciesiaem 3aMeHy HEPEMEHHBIX T = YsYs, S =
=1,2,3,4, 0 = 57. B pe3ynbTare mosydaeM CUCTEMY

dys 75
“MsYs —T, = 1a 27 37 47
dt putls V3 ’
dr & B 1
- — i + rpoT — — T). 59
g =X o vt e = - f(9s7) (5.9)
[IpencraBum cucremy ypasuenwuit (5.9) B BuIC
dys
y = —PsYs + ETa S = 17 27 37 47
dt V3
dT ﬁl 1 ]' *k
= _y Syt rpar — [ (), (5.10)
t 1=1 5

e
o W , T#0
T) =
7 0s7) { O,T—O.
Teopema 5.3. Ilycts B chepe B(0,9), 6 > 0, Bomosaenst yeaosus (5.7)
1, KpOMe TOr'0, CYIEeCTBYIOT TaKue ImapaMeTpol ¥, ¢ = 1,2,..., D, Ipa KOTO-

PbIX BLIIIOJIHAIOTCA HEPABEHCTBA

|
V3

< —X;

f— )

ﬁm

V5

L) bt Y
V5 =1

< =X

x > 0.

Torga rpuBnasibHOe perienne cucreMbl (5.9) aCHMITOTHIECKH YCTORIUBO.

6. O6 ycroiiunBocTu pemteHunii quddepeHnnaaIbHbIX YyPaBHEHUI C
IocJie 1eiiCTBUEM

YceroiunBocTh perienuit judhepeHunnaibabiX ypaBHEHU ¢ 110C/1e1eiCTBY-
eM uccyeoBanach Maorumu apropamu (12|, 167, [83], [90], [93].

B paznenax 4, 5 JaHHON TJIaBbl MPEJJIOKEH METOJ] NCCIeIOBAHUS yCTOM-
YUBOCTH PEIIeHU cucTeM HeJIMHERHbIX JindepeHIinabHbIX yPaBHEHUN, OC-
HOBAHHBIN Ha BbIUYMUCJIECHUU JOrapUPMUIECKUX HOPM ClielMaIbHbIM 00pa3oM
MOCTPOEHHBIX MATPHII,
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DT Pe3yIbTATHI PACIPOCTPAHSIOTCS Ha Ciydai cucreM jiuddepeHimaib-
HBIX ypaBHEHWi ¢ mocyeneiictBueM. [IpuBojuMble KpUTEPUU YCTONIMBOCTH
CTPABEJINBhI KaK B KPUTUIECKUX CJIYUAsAX, TaK U TPU WX OTCYTCTBUU.

Paccmorpum cucremy ypaBHeHuUi

dz i
dt

= Ai(l'l(t—hil(t)),...,l'n(t— hm(t))), (61)

1=1,2,...,n.

B kaudecTBe HagaJbHOTrO 3HaUeHus BozbMeM ty = 0. Byjiem cuntarh pyHK-
nun h;;(t) venpepbiBHbIMET TIpH t > ty. Kpome Toro, Oyaem caurars, 9T0 npu
to <t < o0 < maxhij(t) < H, H > 0. HpI/I t € [to — H,t()) 3Ha4e-
Hust ;(t) onpesensiores HenpepblBHbIME GyHKIMIMA @;(t),1 = 1,2,...,n.
ObosnadnM gepes ro 9UCyIo ro = Maxi<j<n SUDefr,— f.4] |©i(t)]-

HauaJsibable JlaHHbIE 3allUIIEM B BUJIE BEKTOPA

0(tg+0) = (2,...,20). (6.2)

n

Havasbryio 3ajgaay (6.1) — (6.2) Gyuem uccsiegoBaTh B n-MEPHOM MTPO-
crpancrse R,.

Bysem canTarh BBIMOJHEHHBIMEI YCIOBUSI:

1A;(0,...,0)=0,i=1,2,....n;

2)mpu x = (21,...,2,) 7# (0,...,0) bynkiun A;(z1,...,2,),7=1,2,...,n,
HEIMPEePbIBHBI.

[Tycrs x(t)— pemenne 3amaau Kommm (6.1) — (6.2). Ob6o3naunmM depes

(s1(7), ..., 8,(r)) Touknu, nexarmue na chepe S(0,r). Sadukcupyem npous-
Bosibryio marpuny C = {¢;;},4,5 = 1,2,...,n,¢;; = const. Ilycth BekTOpHI
(Ci1y Cigy - -5 Cin), 0 = 1,2,. .., mn, cocraBjienHble U3 cTpoK MaTpuilbl C, jexkar

sryTpu 1 Ha cdepe S(0,7).
Beesiem obosnavenns B(C,r) = {b;;(C,r)},i,5 =1,2,...,n,
rje

Ai(cits - - -, Cin)
, 0:
bij(C,T) = msj(r) ’ SJ(T) 7& ’
0, Sj(’l“) = 0,
1,7 = 1,2,...,n, TJle m— YNUCJO OTJMYHBIX OT HYJS 3JEMEHTOB BEKTOPA,

(s1(r), -+, su(r)).
Teopema 6.1 [20]. ITycrs ipu sio6oit e nynesoit marpuie C' = {cij}; i—15
C 9JIEMEHTAMU Cjj, TAKMUMH, 9TO BEKTOD (Ci1, Ci2, - . ., Cin), 4 = 1,2, ..., n, upu-

naiexkut mapy R(0,r) npocrpancrsa R, ¢ pajuycoMm T > T, BLIIOJHEHO
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ycaosue A(B(Cir)) <0 (A(B(C,r)) < —a,a = const > 0). Torga 1pu-
BHAJBHOE PEIeHne CucTeMbl ypapaenuii (6.1) ycToiianBo (acHMITOTHYIECKH
YCTOHYNRBO).

HokazarenbcTBO. 3adukcupyem 1poussosibHoe 11(rg < r; < r) U 110-
KasKeM, YTO TIPU BBLIIOJHEHUH YCJIOBUI TEOPEMbI KaXKJ[0€ PEIICHUe CHCTEMbI
ypasuenuit (6.1), nmeroree Hadasibhoe suadenue x(0) = x(, pacnosoKeHHoe
B mape R(0,7r1), He nokuueT 310ro mapa. [IpejnosoKum IpOTUBHOE: TyCTh
nupu t = T rpaekropusi peiienust x(t) cucrembl yparenuit (6.1) nokujaer
map R(0,r).

Badwukcupyem suavenns a;j(1) = x;(T — h;;(T)). [Ipencrasum
Ai(aij(T), ceey CLm(T)) B BUJIE

Ai(an(T),...,a;,(T)) =
_ Aan(T), ?;;?T) . ’“Z’”(T))xl(t) -
Aol @l 1) - (1)
- el 0l 1) (). (6.3
316Gk 1T— HHEIO OTMHBIX OT Hy/3 ss1emenTos sekropa (21(T), - - 2 (T)).

Ormerum, 9To B pasiokerue (6.3) BXOJAT TOJTHKO Te CjraraeMble, y KOTOPbIX
zi(T) #0,i=1,2,---,n.

B pesynbrare srux npeobpasopanuii cucreMa ypasaennii (6.3) MoxkeT ObITh
peJICTaBIeHa B BUJIE

o = BA(T)a(t) + D(1), (6.4)

e A(T) = {aij(T)}i jor D) = (da(t), - ., dn(1)),
dz(t) = Ai(aﬂ(t), ce ,CLm(t)) — Ai(aﬂ(T), ceey am(T))—

_Ai(ail(T)aaiQ(T)a--'>am(T)) . _ _
max1(T) (@1t (1)

_ Ai(a“(T), ceey am(T))
max,(T)

(2 (t) — 2n(T)).
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3jiech u HUKe Jiist pocrorbl obosHauenuii uepes B(A(T)) obosnauena
marpuia B(A(T), ).
Pemenne ypasuenust (6.4) npu t > T MOXKHO MPEJCTaBUTH B BUJIE

t
() = eB(A(T))(t—T):U(T) +/€B(A<T)>(t—s>D(S)d3,
T

I3 crpykTypsl oneparopa D(t) ciemyer, 9ro npu Jaio60M, KaK yrojHo Ma-
aoM € (e > 0), MOxkHO BbIOparh Takoe 3Havenune At, yro upu T <t <
<T+ At ||D(t)]| < N|x(t) — x(T)|| < €l|z(t)||, rme N— koncranra. Torma
n3 HepaBeHcTBa ['ponyosta — Bennmana cienyer, aro npu 1T <t < T +
+ At ||x(t)]| < exp(A(B(A(T))+e€))(t—T)||x(T)||. Eciu sorapudpmuueckas
nopma A(B(A(T)) menbine nyssti, o B3siB € Takoe, aro A(B(A(T)))+¢e¢ <0
¥ 1noj00paB 110 HeMy COOTBeTcTByomee 3Hadenue At, ybexjaemcs, 4To B
npomexxyrke spemenn [T, T + At] Tpaekropust perenns: ypasuenus (6.1) ne
nokuyiaer cdepor S(0,71). VI3 10ydeHHOr0 MpOTUBOPEUHsl CJIEJyeT YCTOM-
4UBOCTH perieHusi ypapaenus (6.1).

[To amajorum ¢ 10Ka3aTeIbCTBOM TeOpeMbl 4.1 TOKa3LIBACTCA ACUMITOTH-
qecKkas ycroitunBoctb. Teopema mokasana.

Samevanus. 1. [lpr uccrenoBarmm ycTOWIMBOCTHA PENIeHN ypaBHEHMUsT
(6.1) B eBrJMIOBOM mpocTpancTse E, B dopmysnuposke Teopembl 6.1 ciie-
ayer jorapudmudeckyio Hopmy 3amenuTsb Ha ReB(C(T),ry).

2. VTBEpXKJICHUA TEOPEMbl PACIPOCTPAHSIOTCA Ha Juddepennuaibube
YPaBHEHMsI, ONUCHIBAIONIAE HEYCTAHOBUBIINECH JIBUYKCHUS.

3. AHaJIOrMYHBIE PE3y/IbTaThl CIPABEIIUBBI /1 PA3HOCTHLIX YPABHEHUI
C IIOCJIC/ICACTBUEM.

[IpuBeieM HECKOJIBLKO THUIOB yPABHEHWIA, K KOTOPBIM TIPUMEHUM TIPEJIO-
JKEHHDBII BBIIIE KPUTEPUN yCTONINBOCTH.

Brauaje paccMOTpUM ypaBHEHHE

dr _
dt
re a(t), b(t, 7), h(t)— nenpepwiBabie Gyukimu, b(t,0) = 0, npuuem dyHK-

a(t)x(t) + b(t,x(t — h(t))), (6.5)

st b(t, T) uMeeT HEMPEPBIBHYIO TPOU3BOJHYIO 10 T, a h(t)— HeybObiBaoIas
byHKIHA.

O6o3znaaum yepes by(t, 7) npoussojnyto dbyukiuu b(t, ) mo Bropomy ap-
Iy MEHTY.
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Teopema 6.2 [20]. [Iycrb § (0 > 0)— 1pou3BOJILHOE JIOCTATOUHO MAJIOE
ancyio. [Tyers npu mobpix t (0 <t < 00), A\ (0 < A < 1), A (=1 < X <1)
bynkims A(t, A1, A2) = a(t)+ by (t, A1d) < 0. Torma TpuBmaibHOE perere
ypastenus (6.5) ycroitauso.

HokazarenbcTBOo. JlokaxkeMm ycTOWIMBOCTE perennst ypaBHenus (6.5).
I[Tycrs h(0) = By (B > 0), max, |z(t)| = 9, e 6— mocrarouno maJioe To-

0

JIOXKUTEJTbHOE TUCTIO. HOKa}KeM 9TO TPAEKTOPHs perenus ypapuenus (6.5),
HAYaBIIAsiCsd B cerMentTe [—d, d] He TOKMHET 9TOr0 CerMEeHTa.

[Ipennonoxxkum nporuBHoe. IlycTh B MOMEHT BpeMeHu 1’ TpaeKTOpHsS pe-
menust ypasaenus (6.5) nokugaer cerment [—d,0]. IlpencraBum ypasuenue
(6.5) B BHIE

i = a0 + b Nt — o) I a0 4 g0
e
o(0) = (a(t) — a(T))2(1)) + ({0, At — (0)a(t — A1)~
(T AT (T~ h(T)))a(T — h(T))-
AT = W)™ () - a(1),
0 < M(T), \(t) < 1. U3 ycsiosuli Teopenbl cieiyer, wro
V(T) = A |a(T) + Vy(T, \(T)a(T — h(T)))x(Tx_(;)(T)) <0

1 9T Jig Jiioboro € (e > 0) cymiecTByer Takoii unrepsas spemenn 1 <
<t < T+ AT, B reuenune xkoroporo |g(t)| < €|z(t)|. Boibpas Takoe €, uro
Y(T) + € < 0, yoex gaemest, uro npu T’ < t < T + AT |z(t)| < 4.

Teopema nokazana.

AnajloruaHeIM 00pa30M UCCIEAYeTCsl yCTORINBOCTD pelnenns auddepen-
[UAJILHOTO YPABHEHMUsI

dTL
dt”

I[Ip1 Ha4aJIbHBIX YCJIOBHAX

# 5 ault) + et~ h(t)

t®0) =ap,k=1,2,...,n—1.
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7. O6 ycTOoYMBOCTU ABU2KEHUS B OJHOI cuUcCTEMe
C IOCJIedeiiCTBUEM

B nanHOM pasjiesie paccMaTpuBaeTCs CHCTEMa ¢ MOCTIeeHCTBIEM, COCTO-
sHUE KOTOPOM B KaKOW-JInDO MOMEHT BpeMeHu t 3aBUCUT HE TOJIbKO OT ee
(baz0BBIX KOODJIMHAT B MOMEHT ¢, HO ¥ OT (DA30BBIX KOOPJMHAT B ITPEIIIECTBY-
forue MoMeHThl Bpemenu [v;(t),t], tae vi(t) < t,i =1,2,...,n, (B yacTHOM
ciayuae Y;(t) = toupu i = 1,2, ..., n).

Byjiem uccsenoBarh yeroiiunBoCTh JIBUKEHUs, OTBEYAIOIIECIO HYJIEBOMY
PEIEHUO yPABHEHHS:

d t
d”;" — A(t)x + / K(t, s, z(s))ds + F(z,u,t), ué€ R", (7.1)
I(t)

rie vi(t) < t,7(0) = Bo; marpuna A(t) = {a;;(t)} n BekTOp-dyHKIHNK
L(t) = (9(t), ..., (b)), K(t,s,x(s)) = (K1(t,s,2(5)), ..., K,(t,s,x(s))),
F(z,u,t) = (Fi(x,u,t),..., Fy(z,u,t)) nenpepbisabl B obsactu 2 X g X
X [0,00); & = (21,...,2p), u= (u,...,u,); F(0,u,t) =0.

3yech (21— HEeKoTOpask OKpecTHOCTL TOUKN T = (; lo— obsacTh onpeje-
nerust Bekropa u(t) = (ui(t), ..., u,(t)); uHJEKCDI ¢, j IPUHUMAIOT 3HAUCHHUSI
1,2,....n

Ormerum, aro cayuaii [92], korjga BekTop ynpasienus u(t) 3amaercs aHa-
JUTUICCKUME (DYHKIMOHAJIAME, [PEJICTABUMBIME aOCOJIOTHO CXOJSIIIUMUICS
psiaamu Bosbreppa — @perrre

t

o n t
w=> 3 / /K (t, 81, sp)xj(s1) - (sk)dsa, . .o, dg,
0

k=1 ]1~-~]k: 0

rie Kg(k)(t, S1y...,Sk)— HeUpPEpbIBHbIE (DYHKIMU, 33/ IaHHBIE HA MHOXKECTBE
Jp = A{(t,s1,...,8k) € Rpy1,0 < 5, <t < oo, 7 = 1,2,...,k}, rakxke
YKJIIbIBACTCS B OIIMCAHHYIO Bollle bOpMyIly 3a/aHus BEKTOPa YIIPABJICHHUSI.

Ypaprenus: Bujia (7.1) HaXoAAT NPUMEHEHHE B 3a/la9aX B3KOYIPYTOCTH
[57], aspoympyrocru [13], a Tak:Ke IpU UCCIETOBAHIN SKOHOMUIECKUX MOJIe-
et [42].

[Ipu 7;(t) = to, anamurnaeckoit Bekrop—byHkiwn F(x,u,t) u auHeiinoMm
MHTErpajbHOM olleparope ycroitunBoctTh ypasuenust (7.1) Oblia nccseoBana
|97] mepBpiM MeTomOM JlAmyHOBA.
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Ypasuenue (7.1) Oyjem uccsegoBarh B n-MepHOM mpocrpancrse R,. B
Ka4eCTBe HOPMBL B R, MOXKHO B34Tb OJHY U3 CJIEIYIONINX:

N

n
I floo=max | xi sl x a= 2 Tl fla= L2 ]

2]1/2.

[Tycrs 7 > 0. O6o3nauum depes ¢(t) HpousBoJILHYIO HelpepbiBHO- b de-
pernupyemyio Kpubyio ¢(t) = (¢p1(t), ..., ¢n(t)), TpuHAIIEKAIYIO APy
R(0,r). BadukcupyeM npousBoOJIbHLIH MOMeHT Bpemenu 1.

Brejem sekrop C' = col(cy, ..., ,cy), tie ¢; = ¢;(T). Brejgem obosnaue-

must B(C,T) = {b;(C,T)}, H(C,T) = {h;;(C,T)},

bij(C,T) = { Xi(T)é,(ij)’ Z i 8

(T = };) Ky(T, 7, 6(7))dr

2

hii(C,T) =

[E(O,...,O,Cj,6j+1,.. ,CnyU (T),T)

=< —F;(0,...,0,0,¢j41,...,cn,u(T), T)]/cj, CJ%O
0, =0

TJIe M— YUCJI0 HEeHYJEBLIX KoopanHat Bekropa C.

Teopema 7.1 [19]. [Iycts npu s060M (HDUKCHPOBAHHOM 3HAYECHWH t,

0 <t < oo, npu jobom uenysesom sekrope C' € R(0,7), tae r > 0, npu
J1060it HenpepbiBHO- M depennupyemoit kpusoit ¢(t) = (p1(t), ..., dn(t)),
npunaexkaniei mapy R(0,r), n Takoil, 9o ¢;(t) = ¢;, BBIOJHEHO YCJIOBHE
AAG)+B(C,t)+ H(C,T)) <0 (A(A(t)+ B(C,t) + H(C,T)) < —a,x =
= const > 0).

Torja TpuBuasibhoe perienune ypastaenus (7.1) ycroitauso (acumnrorude-
CKH YCTOWHYUBO).

Jloka3zaTeabCTBO. 3a(hUKCUPyEeM IMPOU3BOJILHOE 71 < T ¥ MOKaXKeM, 9TO
P BBINOJHEHNY YCJIOBMI TeOpeMbl Kakjoe perienue ypashenust (7.1), y
koToporo suadenust Gyukimn x(t) npu Gy < t < 0 pacrnosoKeHbl B IIape
R(0, 1), He mokuner 3roro mapa. IIpejiosioKum IpOTUBHOE: IIyCTh B MOMEHT
spemenn t = T Tpaekropust x(t) permiennsi ypasuenus (7.1) mokugaer map

R(O, 7’1).
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Bhejtem oosnatenis
di = au(T) + xi(T)/(mai(T)) + [FA0, ..., 0,2(T), .., 2n(T), u(T), T)—
—Fi(0,...,0,0, 21 (T), ..., 2o(T),w(T), )] /2s(T),

1. 2(0) = 1<aﬂ<t>—ad< antt) = 32 () O = D)
—(xi(t) — Xz'(T))—
—é:’{Fi(O,---,O,scj(T),...,xn(T),u(T),T)—
— (0,0, 2500(T), ..., 2n(T), w(T), T) } (w;(t) — (7)) /25 (T)—

_ é’{m(o, 0 0,25(T), -, an(T), u(T), T)—

M:

l

= Fi(0,...,0,0,2541(T), - - -, & (T), w(T), T) } (25(t) — 25(T))+
+E($(t), u(t)a t) - E(x(T)7 U(T)7 T)?
rjie Mm— 9uCsIo OTIHIHbIX o1 Hysist wuces cpeau £1(T), ..., x,(T), X' o3na-
qaer cymmupoBanue 1o j takum, aro z;(1) # 0, ¥ osmagaer cymmmpo-
Banue 110 j takum, 4ro z;(1) = 0.
Ormernm, uro ecan nipu Hekotopom [(1 <1 < n) x;(T) = 0, o B 0603Ha-

qeHusxX d; caraeMble, y KOTOpbIX 3HameHare b pased x(1), omycKarorcs.
Torga nipu t > T cucremy ypashenuii (7.1) MOXKHO TIpeJICTaBUTh B BU/IE

dx
= Dr+G(tx(t), (7.2)

D = {dij}’ G(ta x(t)) - COl(gl(ta .CC(t)), ce agn(ta {E(t)))

Permenne ypasuenus (7.2) npu t > T nmeer Buj
t
w(t) = ePCNa(T) + [ PG5, 2(s))ds. (7.3)
T

I3 crpykrypsl oneparopa G(t, x(t)) cieyer, aro npu J06O0M Kak yroHO
maJiom € (€ > 0) moxkHO BbiOpaTh Takoe 3navenue At, uro npu T <t <

<T+At |G, a(t) [[< el ()|
[Tepexojs B ypasuenun (7.3) k Hopmam, umeem npu T <t < T + At :

t
| 2(t) < P EDa(T) + e [ AP a(s) || ds. (7.4)
T
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Baegem nosyio nepemennyio ¥(t) = e AP || 2(¢) || . Torma nepasencrso
(7.4) mpuHEMaeT Buj

V(t) S U(T) + e [ P(s)ds. (7.5)

[Ipumensis k (7.5) nepasencrso ['poryosia — BemiMana u Bo3Bparmiasich
Kk Hopme || x(t) ||, ybexkmaemest, uro mpu T < t < T + At crnpaBejiiba
onena || 2(1) 1< exp(AD) + )t — T)) | #(T) |

Tak Kak 1O yCJIOBUSM TEOPEMBI JorapudgMuIecKas HopMa MeHbme (), To
B3s1B € TaknuM, 910 A(D) + € < 0, u mojobpaB Mo HEMY COOTBETCTBYIOIIEE
snauenne At*) ybexxjaemcst B ToM, 910 B ipomexkyrke spemenu [T, T + At*]
TpaekTopust perenust ypasuenust (7.1) He nokugaer cdepnr S(0,71). U3 no-
JIyYEHHOTO TIPOTUBOPEYUHUST CJIEJIyeT YyCTORIUBOCTD perenus ypasHenust (7.1).

AnajiornuapiM 00pa3oM JOKA3bIBACTCS ACUMITOTHIECKAS YCTONIUBOCTD.

Teopema, jj0Ka3aHa.

Bamewanue. Ecan cucrema ypasuenuii (7.1) uccienyercss B €BKJIUIOBOM
npocrpancTse F,, To B (pOpMyIUPOBKE TEOPEMbI YCIOBHE

A(A(t) + B(C,t) + H(C,T)) < 0 (A(A(t) + B(C,t) + H(C,T)) < —«)
MOXKHO 3aMEHUTDH Ha, CJIC/LyIOIIee:

Re(A(t)+ B(C,t)+ H(C,t)) <0 (Re(A(t) + B(C,t) + H(C,1)) < —a).

PaccMoTpuM HECKOJILKO KJIACCOB 3aaH, JIJIS KOTOPDIX JIETKO POBEPSIOTCS
yCaoBUs TeopeMbl 7.1.

B kadecTBe 0JIHOIO U3 TAKUX KJIACCOB PACCMOTDPUM ypaBHeHust Buja (7.1),
Y KOTOPBIX

sup max |t—(t) |< H. (7.6)

to<t<oo 1=1,....n

[Tycrs r > 0. Badukcupyem npoussosibhoe 3nadenue 1. Iycrs ((T) =
= (G(T),. - (T, G(T) € (W(T),T). Thyern 7 = (11, 1)~ mpous-
BOJIbHAs TOUKA, pacroyoxkentas BuyTpu chepol S(0,7), a s(r) = (s1(r), ...,
$p(r))— 1pousBosbHAs TOUKA, pacnosioxkennas Ha chepe S(0, 7).

Bsenem obosnauenns
DT = {d}, df) = du(T, Gi(T),m, s(r)) = aa(T) + Ki(T, G:(T),n)(T —
— (7)) /(msi(r)) + [F;(0,...,0,8/(r),...,8,(r),u(T), T) —
—F;(0,...,0,0,5041(7), ..., Sn(r),w(T), T)]/s1(r),
JIe M— YKUCJI0 HEHYJIEeBbIX KoopauHaT BekTopa $(r) = (s1(r), ..., su(r)).

Teopema 7.2 [19]. Ilycrs Bbiosienst yesaosust (7.6). Eciu npu jgocra-
Touno Masbix 0 < r < 7 npoussosbabix 1" (ty < T < 00), ((T),n €
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€ R(0,7), s(r) € S(0,r), norapudpmudeckas nopma marpuip DT orpu-
naresibHa (Menbiie —a, > (), To pemenne ypasaerus (7.1) ycroitauBo
(acMMIITOTHYECKH YCTONYNBO).

Joka3zarenbcTBO. 3aduKcupyeM NpOU3BOJILHOE JOCTATOYHO MAJIOE 3Ha-
gerne (0 < r < r*) ¥ MOKaXkeM, UTO IPU BLINOJHEHUH YCJIOBUI Teope-
MbI KaxKJioe perenne ypasuenus (7.1), y koroporo 3nadenusi Gyuximu x(t)
npu By < t < 0 pacnosoxkennt B mape R(0,7), He TOKUHET TOrO I1Iapa.
[TpeiiiosioxKum HpoTUBHOE: 11yCTh B MOMEHT Bpemenu t = T' rpaekropust (1)
ypasuenwus (7.1) nokugaer map R(0, 7). Ob03HaIMM TOUKY EepecedeHust Tpa-
exropun x(t) co cdepoit S(0,7) vepes s(r) = (s1(r), ..., su(r)).

BocrnosibzoBasiiics Teopemoii o cpejtem, umeem x; (1) = K;(T, G;(T), n)(T—
=% (1))

Torga i-e ypasaenue cucrembl ypasaenuii (7.1) MOXKHO TpeJCTABUTDL B
BUJIC

dl‘i
dt 2

=1

gi(t, x(t)) = >_(au(t) — aa(T))a:(t)—

=1

S

i) + gilt, (2)),

n

=2 KT, G(T), n)(T = (1)) (aa(t) — su(r))/ (msi(r))+

=1
+0a(T) = KT, G(T), m)(T — 7(T))) -

—[Fi(s1(r), ..., sn(r),w(T),T) — F;(0,82(7), ..., sn(r),uw(T), T)]x

X (x1(t) — s1(r))/s1(r) — ... = [F;(0,...,0,8,(r),u(T), T)—

—F;(0,...,0,0,u(T), T)]|(xn(t) — s0(1))/sn(r)+
+[Fi(x(t), u(t),t) — Fi(s(r), u(T),T).

[Ipu t > T cucremy ypasuenuii (7.1) MOXKHO peJICTABUTH B BUJIE
dx
dt

[ToBTOpSIST paccy»kjeHusi, IPOBEJEHHbIE ITPHU J0Ka3aTE/ILCTBE TEOPEeMbI 7.1,

= DDz 4 G(t,2(t)), G(t,x(t)) = col(gi(t, z(8)), ..., gult, 2(1))).

3aBepIIaeM JI0Ka3aTeJIbCTBO TEOpeMbI 1.2.
PaccmoTpum cieyiommuit MOIETbHBIH TPUMeD:

d;z:_

= —x(t) + _/H o' (1)sgn(z(7))dr, €> 0. (7.7)

t
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Herpyuno sugers, uro d(T') MoxKeT HPpUHAMATL OJHO U3 CJIELYIOINX 3Ha-
wennit: —1 + T Hr™!, —1 — ! Hr~1. B oboux crygasx A(d(T)) < —1+
+ | !t Hr=! | . Tax xax 1o nocrpoenuto n < r, ro A(d(T)) < =1+ | n°H |
1 ocraercst Menbiie —a (o = const > 0) npu s0boM Koneunom H u jio-
cTATOUHO MaJibiX 3Haudenusix r. CregoBaresibio, pemienue ypasuenus (7.7)
ACHMIITOTUIECKH YCTOHIUBO.

B kauecrse jipyroro Kijacca paccCMOTPUM yDAaBHEHHUsT BU/IA

t
W a(t)a(t) + Fla(r), [ st (7.8)
rie F'(z,y)— nenpepbiBHas HYyHKIHsL 10 0OEUM [epEMEHHbBIM.

st pocrorhl 0bo3Havennii ypasrenne (7.8) Hpejnosaraercesi CKassip-
HbIM. VI3 JasibHeH X BBIKIAI0K JIEMKO BUJETh, YTO HPUBOAUMbIE HUKE YCJI0-
BUsI YCTOHUUBOCTY peliierust ypaBHenust (7.8) pacnpocTpaHsioTcs Ha Moj100-
HBIE CUCTEMBI HHTErpo — Au(PepeHnuaabHbIX yPaBHCHUI.

Hasioxum va dyuknuio F(x,y) caepyroiue yejaosusi:
1)F(—l‘,y) - —F(J?,y);
2)F(0,y) = 0.

[TycTh r— JlocTaTodHo MaJioe moJIoKuTeIbHoe Yncio. Yepes s1(r) 0603Ha-
anm ToukH, Jexaiiue va cepe S(0,7) B upocrpancrse Ry, . e. s1(r) = £
Kazk oMy 3HaUEHUIO ¢ IOCTABUM B COOTBETCTBHE HEKOTOpoe uco (i(t) €
€ (0,t). Ilycthb 11, mo— NPOMBBOJIBHDIE YUC/IA, PACHOIOKEHHBIE B HHTEPBAJIE
(—r,7), npudem 11, m9 > 0 niput s1(r) =7 1 Ny, m2 < 0 ipw $1(r) = —7.

Bsejiem oboznauenue

d(T) = a(T) + F(ni, TK(T, C,m))/m, | me |<Im |, m#0,
CL(T), m = 0.

Teopema 7.3 [19]. [IycTs r— mpou3BOMBHOE TOTOKUTETHHOE TOCTATOTHO
masioe anco. Eciu npu mobom T'(0 < T < 00), npoussosbhbix (1) €
€ (0,7),m,m2 € S0,7) (1 -m2 > 0, n2 |<| m |) BeIMONHSIETCS yCM0BUE
d(T) < 0 (d(T) < —a, > 0), 1o pemenne ypashenust (7.8) ycroitunso
(ACUMIITOTUYIECKH YCTOWTHBO).

HokazareabcTBo. [Ipenonoxum st onpejenennoctu, uro z(0) = zg >
> 0. [Tycrs B MomenT Bpemenn 1 TpaekTopust perienus ypasaenus (7.8) mo-
kugaer chepy S(0,7), T. e. mpoxoauT uepes Touky r Ha ocu OX. Hepes Touky
—7 TPAEKTOPUs MPOUTH HE MOXKET, Tak Kak o > (0, a 1o ycaoBuio 2), Haja-
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raemomy Ha Gynkuuio F(x,y), rpaekropus, nauasiasics B cermenre [0, 7],
He MOXKeT nepeiitu B unrepsay [—r,0).
[Ipencrasum nipu t > T ypasuenue (7.8) B Bujie

Ccl;; = d(T)x(t)+(a(t)—a(T))z(t)+ F(r,(T)) = F(r, TK (T, (1, m))x(t) /r+

+F(x(1),¥(t)) — F(r,¢(T)),
re () = JK(t, s 2(s))ds.

[ToBTOpPSASA paccyXaenns, NpUBeIeHABIC IPH JTIOKA3aTEJIHLCTBE TeOpeMbI 7.1

W YUUTHIBAsI, 9TO TPAeKTOpHs ypaBHeHus (7.8) MOXKeT HAXOJUThCsI TOJBKO B
cermente [0, 7], ybexkjjaeMcsi B ClIPaBEJJIMBOCTH TEOPEMBL.

8. O mocTaTOYHBIX YCJOBUAX IMOJIOXKUTEJILHOTO PeIleHnsd
nmpobJieMbl AiizepMaHa

B sroMm pasjese mpuBOANTCS MOJOXKUTEIBHOE perenne mpobieMbl Aiizep-
MaHa B cjiydae, KOIjia rpaBas dactb jgudepeHimaibHOro ypaBHeHus sBJisi-
€TCA CAMOCOIIPAKEHHON MATPUIICH.

Paccmorpum B m-MepHOM TIpocTpancTBe [, HapsIy ¢ HeJIMHeRHo# cucre-

MOWM d
x n
dl = > apzi + f(21);
L =
dz; i .
< =Y aprr, 1=2,...,n, (8.1)
dt ;5

qmreinyto cucremy Buja (8.1) mpu f(zq) = bx;.

[Tpobsiema Aiizepmana COCTOUT B CJIEIYIONIEM: €CJIM U3BECTHO, UTO HYJIe-
BOE peIleHre JIMHEHHON CUCTEeMbl aCUMITOTHIECKN yCTOWYHWBO NpPHU BCex b,
VJIOBJIETBOPSIOMUX yejioBuio o < b < 3, To Oyjmer Jin HyJeBOe pernieHue
HesuHeRHoN cucTeMbl (8.1) yCTOTMBLIM B 1EJIOM, €CJIH BBIITOJHEHO YCIOBUE

a< f(zy)/z1 < 0. (8.2)

Dra mpobsreMa sBUIACh HCTOYHIKOM MHOTOYUCICHHBIX HCCTeaoBanuii. s
cucreMm BToporo [66] u Tperbero [88] mopsiiKOB MOKa3aHO, YUTO BBINOJHEHUE
yeaoBuit (8.2) HeOCTATOUHO Jist YCTONYMBOCTH PEIeHHi.
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Huoxe npuBojurest ucciejoBanue yeroiunBoCTr CUCTEM HEJMHEHBIX yPaB-
Henuii Gosee obmero Bua, nexkenn (8.1),

dx
i Az + F(x), (8.3)

13 KOTOPOTO CJIeJIyeT IMOJIOKUTEJIbHOE pelieHue mpobJembl Aiizepmana Jijist
CAMOCOIPSIXKEHHOW MaTPHUIIbI TIPU YCJIOBUAX, 9T0 —00 < «, 3 < 00. 37ech
= (x1,...,2n), A={a} (i,k=1,2,....n), F(x) = fi(z1,...,%0), ...,
fn(l'l, .. ,xn))

Yepes s;(s;(K)) oboznaunm s-uncia oneparopa K, T. e. cobCTBEHHBIE
3HaueHus oneparopa K*K.

PaccMoTpum cucteMy JUHERHBIX ypaBHEHUI

d
df — Az + Bu, (8.4)
y koropoii Marpuna B = {bix}, i,k = 1,2,..., n, nogobpana Takum o6pa3om,
ITOOBI
o(Re(A+B)) < —a, a = const > 0. (8.5)

MuoxecTBO MaTpuly B, st KOTOPBIX BbITOJHsIETCs1 yesiosre (8.5), 06o-
3HaduM depe3 G.

BadukcupyeM MpOU3BOJIBHBIA 3/IeMenT 2 = (21, ..., 2,) € R, u nocraBum
emy B coorBercrue Marpuity C(z) = {ci} (i,k = 1,2,...,n), cocraBjen-
HYIO U3 9JIeMEHTOB i, = [i(21,...,2,)(mzy) ™t ipn 2z # 0, cix = dyj, upm
zr = 0, rae di, = Zlkiglo fi(z1,. .., 20) 2 b, ecam upenen cymecrsyer, dg, = 0,

ecJin 1peJiesl He CylecTByer, m— ducio snementon zx(k = 1,2,...,n) Bek-
TOpa, 2, OTJIMYHBIX OT HYJIsl.

Teopema 8.1 [18|. Ilycrs npu sitobom z € R, marpuia C(z) npunaj-
aexur Muoxkecrsy G, dyukuuu fi(z1,...,2,)(@ = 1,2,...,n) HenpepbIBHbI
u f;(0,...,0) =0 (i =1,2,...,n). Torga TpuBHATILHOE PEIICHUE CHCTEMbI
ypasuenwuii (8.3) ycTOfINBO B 11€TIOM.

HokazarenbcTBo. lajuv HauaibaoMy yeiaosuio x(ty) = 0 BosMyiieHue
1 PACCMOTDHM CHCTeMy ypaBHeHnuii (8.3) npu HadasibHOM yeiaoBuu x(ty) = o,
e ||zo]| mocraTouno Masoe moJOKUTEIBHOE THUCIIO.

JlokazkeM acCHMITOTHIECKYIO YCTORUMBOCTD pellieHust ypaBHenust (8.3) npu
5TOM HAYAJIBHOM YCJIOBMH. JlOKa3aTebLCTBO MPOBEJAEM OT MPOTUBHOIO.

[Tycrs B moment Bpemenu T'(T > tg) TpaekTopusi peleHusi CUCTEMbI yPaB-
nenuii (8.3) mpoxoguT uepes Touky z € R, ¢ wopmoit ||z|| = r. [lokaxewm,
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4TO CYLIECTBYET Takoil 0Tpe3oK BpeMenu Atq, B TedeHne KOTOporo TPaeKTo-
pusi perenusi cucreMbl (8.4) nepeitger co cdepnt S(0,7) B map R(0,71), e

ry = e~ /2 g storo npejcrasum ypasnenue (8.3) B Bue

d

d‘f — Az + Cz + D(x), (8.6)
ryie

D(z) = (di(z1,...,xn), ., dy(T1, ..oy xp)), di(X1, .oy xy) =

= filz1,. ., xn) — filz1, o zn) — DL cin(ap — 2k).

k=1
Pemenne ypasuenust (8.6) moxkuo npejcrasuth npu t > T B Bujie

t
z(t) = ATt )+ [ MO D (a(7))dr. (8.7)

T

[Tepexojs B (8.7) K HOpMaM, UMeeM:
()] = e~ T?”r/ DD (7)) | dr. (8.8)

O6osna1aum uepes Aty TPOMEKYTOK BPEMEHHU, B TEUEHUE KOTOPOIO
| D(z(t)|| < (a/2)||z(7]|. Torma npu t € [T,T + At;] nepasencrso (8.8)

MOXKeT ObITh yeuseno mytem 3amenbl ||D(x(7))| va aflz(7)||/2. YvuOX)UB

obe 1acTn YCHUJIEHHOI'O HEPpABEHCTBA Ha Gat, I[IpUXOJMM K HEpPaBEHCTBY:

t
(0% Q (0%
p(t) < ert o [o(rydr, plt) = T lla(0)]). (8.9)
T
[Ipumensia k (8.9) nepasencrso ['poryosia — Besvana, nveem mpu 1" <
<t <T+ Aty onenky:
|z (t)|| < e =TI, (8.10)
CuregoBarennho, ipu t1 = 1T+ Aty HoaydnM OLEHKY
—aAtl/Q,’,,.

m=c€

[Ipojioskast 3ToT 1porece, yoexx jaeMcst 9T0 B MOMEHThI BpeMeHH o, ts, . . .
TpaeKTopust perienus ypasaenus (8.3) nepecekaer cdepbr S(0,12), S(0,73)
uT. ]I
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Huist pajimycos cdep 1) umeeMm Bbipaxenusi 1 = rexp|—a(Aty + -+ -+
—I—Atk)/Q]; Aty =ty —tpr1, k=1,2,..., to=T.

Takum 0O6pa3oM, MOKa3aHO, YTO TPACKTOPHS PEIICHUs] CUCTEMbl yYpaBHEe-
nuii (8.3), nauaras B chepe S(0,r), He nokupaer 3roit chepbl. IIpumensis
teopemy [leano ([106], c. 21), ybexmaeMcsi, ITO TPACKTOPUST CHCTEMbI YDaB-
nenuii (8.4) npojo/kuMa Ha GeckoHeuHblil uHTepBaJs Bpemenu [T, 00).

Nmerorest 1Be BO3MOXKHOCTH:

1) cymecrByer MomeHT Bpemenu 1, HaumHasi ¢ KOTOPOIO HEPABEHCTBO
(8.10) mapymraercs;

2) nepasenctso (8.10) cripaBemBo npu Beex t > 1.

PaccmoTpuM 11epByi0 BO3MOXKHOCTb.

Ouesusiao, uro npu t € [T, T*) Boimosasiercs: HepasercTso (8.10). Tlepe-
Xofisl K mpejienty ipu t — 1T ybex maemcst, 1to HepaBercTso (8.10) crpasej-
smeo npu t € [T, T7].

CorytacHo ¢iiesiaHHOMY pejiosioxkenuio, npu t > T nepasencrso (8.10)
napyitaercs. OHAKO 3TO HEBO3MOXKHO, TaK KAaK U3 YCJIOBUII TEOPEMBI U IIPU-
BEJICHHOI'O BBIILE J0KA3aTeJbCTBA, CJIEYeT, YTO B3daB 1" 3a HadabHOE IIPU-
Osmkenue, Mbl umeem cerment [T T + AT*|, Ha KOTOPOM BBINOJIHSETCSE

HEPABEHCTBO
eIl < e (T)]].

Taxkum 06pa3oM MOy IE€HO TPOTUBOPEINE, U3 KOTOPOTO CIELYET, YTO Hepa-
BeHcTBO (8.10) He HapyIIaeTcst HA IPU KakuX 3Hadenusx ¢ > 7.
PaccMOTpuM BTOPYIO BO3MOXKHOCTD, IIPH KOTOPOii

lz@®)lf < e D22 (T))| (8.11)

nput > T.

3/1ech HYKHO PACCMOTPETH JBa CJydas: 1) CyIIECTBYyeT Takoe 3HAUCHUE
T, npu koropom x(1T**) = 0; 2) ||x(t)]| # 0 npu Beex t > T

B nepsom ciayuae ouesuuno, uro x(t) = 0 upu t > T

Bo Bropom ciyuae u3 Hepaserctsa (8.11) ciesyer, ato

Jim [l2(6)]] = 0.
Teopema nokazana.
O6oznauum uepes G* muoxecrso marpuiy, B = {bix} (i,k =1,2,...,n),

Jist KOTOpbix BbinosiHsiercst yejaosue A(A + B) < a, a = const < 0.
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Teopema 8.2 [18]. [lycrb npu sitobom z € Ry, marpuna C(z) upunajiie-

Kut muoxkectsy G*, dynkuuu fi(z1, ..., 2z,) senpepuiBubl 1 f;(0,...,0) =0
(¢ = 1,2,...,n). Torna pemenue cucrembl ypasHenuii (8.4) ycroiiauso B
11EJIOM.

Jloka3aTeJbCTBO 1000HO JI0Ka3aTeILCTBY TeopeMbl 8.1. Eanncreennoe
OTJIMYHE 3AKJII0UAETCSI B TOM, UTO IIPH [Iepexojie OT Bbipaxkenus (8.7) K Hepa-
BeHCTBY (8.8) MCIOJIB3yeTCsi U3BECTHOE CBOHCTBO JIOrapuMUIECKOR HOPMBbI
HeAJrCH < eMA+C)

O6oznauum yepes G** muoxkecrso marpur;, B = {bix} (i,k=1,2,...,n),
ISt KOTOPBIX BBITTOJIHSIETCS YCJIOBHE §* = max si(A+B) < a, o = const <

<0, s;(A+ B) — s - uncaa marpunst (A + B).
Teopema 8.3 [18]. ITycrs nipu sitobom z € E,, marpuna C(z) npunasyie-

x)ut Mmuoxkecrsy G, dyukunu fi(z1, ..., z,) venpepbiBabi u f;(0,...,0) =0
(t=1,2,...,n). Torga pemenne cucrembl ypastaenuii (8.3) ycroitunso B 1ie-
JIOM.

Jloka3aTeJbCTBO 110/I00HO JI0Ka3aTebcTBY TeopeMbl 8.1. OTiau4une 3a-
Kmouaercs B caeayiomum. Ussecrno, aro [|eA+C]| < el4+Cl,
Hopwma ||A 4+ C|| ouenuBaercst B E, nocpejcrsom cieyiomei 1enouxku

HepaBeHCTB:
|(A+C)z|| = ((A+C)x, (A+C)SZJ)1/2 = (UTx, UT:c)l/2 = ||Tz|| < maxs;||z],
j

rJie UCIIOJIb30BaHo IpejcTaBienne oneparopa A + C'= UT B Buje mpousse-
JIeHUsI YaCTUUHO n3oMerpuaHoro oneparopa U u oneparopa T = (A +
+C)'(A+O).

CrenoBarennno |[eATC]] < e

. BocnosibzoBapiiich 3TuM HepaBeHCTBOM U
OYTH JOCJOBHO MOBTOPSST PACCYZKJICHNS, TPUBEJICHHBIC IIPU J0KA3ATEILCTRE
TeopeMbl 8.1, 3aBepIiiiaemM JI0Ka3aTe/IbCTBO TeopeMbl 8.3.

Bepuemcst k npobsieme Aiizepmana. Ilycrs a = lim f(x)/z npu x — 0,
ec/iu Ipejies1 cyiecrsyer, win a = 0, ecyi npejiest He CyIIecTBYeT,

Byiem caurarh, 4To

1) marpuna A = {a;;} 4,7 = 1,2,...,n, camoconpszkenHasi;

2) qmueiinas cucrema, coorBercrByiomas (8.1), mpu f(x1) = bx; acumm-
TOTHYECKH ycroitunsa npu Jjitobom b € B, B = [a, f] U {a};

3) BBINOJHEHO ycsoBue (8.2);

4) o > —o00, f < 0.

86



V3 cuMMeTpuaHOCTH MATPUIbl A coiejiyer cuMMeTpuaHOCTb MAaTpuIbl Ay =
- {C_le} (l7k - 17 27 cee 7n)7 rae aj; = app + b7 dij = Q45 1IpK (17]) 7é (17 1)

[TokaxkeM, 9TO U3 yCJOBUS ACUMITOTHYCCKONH YCTONUNBOCTH PEIICHU JIW-
HeliHOM cucreMbl, coorBercrBytomeit (8.1) npu f(x1) = bxy, b € B cuenyer
CYITIECTBOBAHUE TAKON MOCTOAHHOM ¥ < 0, 4TO JIJIs1 BCeX yKa3aHHBIX 3HaYeHU
b coberBeHHble 3HaUeHns MaTpull Ay, MeHbIme 7.

JokazaTeJbeTBO TPOBEJEM OT HTPOTUBHOTO. IIPeanosoKum, 4To Cyle-
crByer nocieaosare/bHocts yucel by (b, € B), rakux, uro lim max(o(Ay, ) =
= 0 npu k — oo.

Ormerum, uro ecim a & [a, 3], To 4UCIO @ He TPUHAJJIEKUT TTOCIIEI0-
BaresbHocTH {b;} 1pu JjocTaTouHO GOJIbIINX 3HAUEHUSAX K, TAK KaK PACCTO-
aune o1 o(A,) 10 MEHEMOI ocH HOIOXKUTENBHO. VI3 mocaenoBaTebHoCTH by,
MOXKHO H3BJI€Ub IHOJNOC/IEI0BATEILHOCTD CXOMAILYIOCS K ducyy b*, mpudyem
a < b* < 3. Tak xak max o(Ay) < v(b*) < 0, 1o (|64], r1. 14) cymecrryer
e-okpecrrocTh (€ = y(b*)/2) rouku b*, juist sseMmenToB b KOTOPOH CrIeKTp
marpunnsl Ay pacnonoxen nesee snadenns v(b*) + e < y(b*)/2 < 0. U3 no-
JIYYEHHOTO IIPOTUBOPEYN CJICJIYET, 4TO Mmax a(f_lb) <~y upu Bcex a < b < 5.

ITockonbKy mMarpuia A,— camoconpskennas npu Beex b € B, 1o o(Ay) =
= o(ReA}). CrnemoBaTensio, K cucteme ypasHenmii (8.1) BOZMOXKHO mpuMe-
HeHue reopeMbl 8.1. B pesybTare IpuxoIuM K CJIEAYIOMEMY YTBEPKICHHIO.

Teopema 8.4 [18]. Tlycrs iuneiinas cucrema, COOTBETCTBYIOIAST CUCTEME
(8.1) mpu f(z1) = bxy, acUMITOTHYECKU yCTONUMBA 1IDK JIFOOBIX b, Takux,
aro b € B. Marpuna A camocomnpsikeHHast, BBITOJHEHbI ycioBus (8.2) u
a > —00, # < oo. Torna nenmueiinas cucrema (8.1) ycroiansa B 1es10M.

SakaHIUBasT 9TOT Pa3/Ies, IPUBEIEM CJIE YOI KPUTEPHi yCTONINBOCTH
pelreHunii cucreM HeJIMHEHHbIX IuddepeHInaJlbHbIX YPaBHEHNH ¢ IepeMeH-
HBIME MaTpuramu |36].

Pacemorpum nenuneitnyio cucremy nudgepennyuanibHbIX ypaBHeHMit

dx(t)
dt

= Az). (8.12)

Teopema 8.5 [86]. [Tycrb marpuna A(x) orpanudena BMecTe ¢ ee 1pou3-
pojubivu 1ipu = € R(0,dg). Ilycrh npu KaxK oM (GUKCUPOBAHHOM T, T €
€ R(0,0p), marpuiia A(x) siBjsiercst TypBUIEBOR 1 Gojiee TOrO, CyIeCTByeT
Ao > 0 rakoe, uro max ReA(z) < —Xg npu x € R(0,6p). Torya naiijgercs
takoe 0 (6 < dp), uro Jroboe perenne cucrembl (8.12), cooTBercTByHOIIEE
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HadaJbHbIM ycjioBusiM u3 mapa R(0, ), He BBIXOAUT U3 ITOrO apa 1 CTpe-
mutcs K © = 0, yObiBasi He MejjieHHee, YeM dKCIIOHEHIUAIbLHO.

9. JIByCTOpOHHME OIEHKN HOPM PEHIEHU CUCTEM HEJIWHEHBIX
anddpepeHmaJIbHBIX YPaBHEHUIA

B reopuu ycroitunBocTu perieHuit cucrem JuHeidHbIx jgudhepeHimaibHbixX
ypaBHEHUN ¢ MepeMeHHbIMU MTapaMeTpaMi MMHUPOKO UCIOIb3YIOTCS HEPaBEH-
crBa Jlosunckoro u Bunrhepa [cM. Teopembl 1.3 u 1.4 u3 ruasbr 1], patomme
OIIEHKY CBEPXY U CHU3Y HOPMbI PellleHus CUCTEeMbI JindpepeHinaibHbIX ypaB-
HeHuit. B JanioM passiesie 3T HepaBEeHCTBaA PACTIPOCTPAHSIOTCA Ha CUCTEMbI
HeJTMHEHHBIX TuddepeHnnaabibIX YpaBHEeHUI.

Paccmorpum cucremy juddepennmnaibHbX ypaBHEHU

dx
dtl - al(tnxl(t)n s ,LE’n(t));

dx,,
dt
C Ha4YaJIbHbIMUA YC.HOBI/IHMI/I

r,(0) =x), k=1,2,...,n, (9.2)

u HenpepbiBHO Juddepeniupyembivu 110 iepementbiM ug(k = 1,2,...,n)
dbyuxmuamu ay(t, uy, ..., u,), L =1,2,...,n. 3necy a;(¢,0,...,0) =0, t >
>0,i=1,...,n.

Byjem caurars, aro perenve 3ajauan Komu (9.1)—(9.2) onpejeneno npu
Bcex t > 0.

ccneoBanue yCcToiInBOCTU OyJIeM IIPOBOJIUTEL B IpOcTpaHcTBax R, F,,,
riae £, — eBKIngI0BO MPOCTPAHCTRO.

HyCTb ai(t, ml(t), .- ,xj_l(t), 0, .Ij+1(75), SN ,xn(t)) = 0,] = 1, 2, NI
O6o3naunm yepe3 A(t, X (t)) Marpuity, s1eMeHTaMu KOTOPOii ABJISTIOTCSA DyHK-
HAN:

a;j(t, X (1)) =

a;(t,x1(t),....xn(t)) ]
=1? na; () (1) #0, (9.3)
Eagj(t, 1(t), ... x-1(8),0,2501(8), ..., zn(t), () =0,
ai;(t,x1(t), ..., x,(t)) osnavaer npousBosHyIo yHKIMM
a;i(t,z1(t), ..., xj_1(t), uj, xj41(t), ..., z,(t)) no mepemennoii u; mpu u; = 0.
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Duiementst a;;(t, X (t)) marpunpt A(t, X (t)) Obuiu nostydensl u3 npejcras-

nenvst byukmyn a;(t, x1(t), ..., x,(t)) B Buge
1 az(t7xl(t)77$n(t))
(o (b), .. x(t) = /
b)) = 1 (Nt
az(thl(t)?)xn(t)) az(taxl(t)77xn(t))
£ (¢
+ (@) zo(t) + -+ + (D) z, (1)
B IIPEJIIOJIOKEHU M, YTO BCe KOMIIOHEeHThl (1), i = 1,2, ..., n, Bekropa X (t)

OTJINYHBI OT HYJIS.
Eciu B Mmoment Bpemenu t x(t) = 0, To koabdunuent a;;(t, X (t)) ompe-
JIEJTSIETCsT U3 PEJIeJILHOTO TIePexo/1a
1 (i), i (D), w i (1), .zt
CL@j(f,X(t)) — " lim CL( 331( ) Ly 1( ) U x]JFl( ) £ ( )) _

n uv—0 U

1
= %agj(t, x1(t), ..., zu(t)).
HpI/I 9TOM IIpealoJaraercsda, 94To
ai(t, xl(t), con ,acj_l(t), O, $j+1(t), . ,l’n(t)) = 0, j = 1, 2, oo, n,

1 COOTBETCTBYIOIIME TPOUZBOJIHBIE CYIIECTBYIOT.
Moo BBectu aementsl a;;(t, X (t)) marpunst A(t, X (t)) no dopmyie

aij(t, X(t)) =

Ny Sl letall) (1) 2.0,

{ )\ija;-j(t, xl(t), ceey Ij_l(t), 0, a:jH(t), . ,CL’n(t)), .I](t) = 0,

n
rie 0 < N\ < 1, 'Z1>\ij = 1 mpu Bcex ¢ = 1,2,...,n. 1o cienyer us
j:

(9.4)

npejcrasienusi Gyukuuu a;(t, 1, ..., T,) B BUje
n ai(t,x1(t), ..., zn(t
ai(t, 21 (1), ..z (t) = 3 Ay (6 ).t n ))xj(t)
j=1 7;(t)
B IIPEJIIOJIOKEHUH, YTO BCe KOMIIOHEHTbI ;(t), 4 = 1,2, ..., n, Bekropa X (t)

OTJIMYHBLI OT HYJISL.
Ecsn 8 Moment Bpemenn t x(t) = 0, ro koabduipent

aij(t, X(t)) = )\ijaéj(t, xl(t), ce ,l’j_l(t)), O, I’j_H(t), ce ,azn(t)
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OrmeruM Takke, 4T0 KOIPMUIUEHTHL Ajj MOI'YT ObITH HE TOJILKO KOHCTaH-
TaMHu, HO U 3aBucerh or t u x(t).

I3 ckazannoro ciejyer, aro snementol a;;(t, X (t)) marpuusr A(t, X (t))
MOT'YT ObITh OllpejieJieHbl HeojiHO3HauHO. [Ipu onpejiesienun s1eMeHTOB
a;;(t, X (1)) ecrecTBEHHBIM IPEICTABIISIETCS Cale Ty oM moaxo. [lyers dynk-
nust a;(t, x1(t), ..., x,(t)) upejcraBuma B Buje

a;(t,x1(t), ..., xn(t)) = bi(t, x1(t)) + -+ - + bin(t, 2, (t))+

+bita(t, v1(t), x2(t)) + - -+ + bip—1n(t, Tuo1(t), 2, (t)) + - - +
+bi,1,2,...,n(t7 xl(t)7 .CUQ(t), SR LUn(t)),

npudeM KaxJioe cjaaraeMoe BUjia by, o, (t, 2y, (t), ..., 24,(1)), ryte v;— nedbie
qucaa, 1 < v < --- <y <n, 1 <[ < n, cylmecTBeHHO 3aBUCUT OT KaXK IO
U3 [MEePEMEHHBIX Ty, (1), ..., Ty, (). B 9roM ciydae Jyist Kazkjioro ciaraeMoro
iyt 2, (t), ..., y,(t)) crpourcs Marpuna pasmepa [ X [, cocrosias u3
9JIEMEHTOB, MTOCTPOCHHBIX 110 dhopmystam Buia (9.3) min (9.4).

Hanpuwmep, Boraucisiorcs KodDOUIMEHTB bj y, 0 (T, T, (2), .- ., 2y, (F))
marpuibl B(t, z,,(t),. .., v, (t)) mo dopmyse

1 bi(t@y, (b),.- w0, (1))
l To; (t) )
Bis i (2, (), - 2 (£)) = o) 70,
%bgj (tv Loy (t)a R xvjq (t)7 07 xvjﬂ (t)v Ly, (t))v
,,(t) = 0.
Torga dyukuuto b;(t, x,, (t), ..., 2, () MOKHO HpeJCTABATH B BHJIE

bi(t, 2y, (1), ..., xy(t)) =

l
_ Zl Diononii (s T (2), - -+, 0y () 25(2).
J=

Amajiornunble IpeACTaBIeHIs NMEIOT MECTO JJist BeeX (DYHKIMii
bi(t,xy, (), ..., xp(t)) mpu 1 <v; <ve <--- <y <n,1<I<n,

CyMMupys Bce IMOCTPOEHHbIE TAKKM 00pa3oM KO3 DUIIUEHTHI
iy i (T, (B), .o, 2y, () mo mepemennbiv 1 < v < vg < -+ < v <,
nostydaem snement a;;(t, X (t)) marpunsr A(t, X (1)).

Matpuny A(t, X (t)) MOXKHO OIpeJeJIuTh UHAYE.
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Haipumep, ssiementst ag(t, X (t)) marpunpt A(t, X (t)) moryr Obirh olpe-
JIeJICHBI BBIPAYKEHUEM

ai(t,0,...,0,x%(t) ...,z () —a;(£,0,...,0, 2511 (t),.... 0 (¢))
agk(t,X(t)) = { i (t) ) xk@) # 0,

alk’(t,o,...,O,ka(t),...,:z:n(t)), xk(t) = 0,
Lk =1,...,n 3uecs ay'(t,0,...,0,Ugs1, ..., Uy,) O3HAUAET HPOUBOJHYIO
dbyukmun a;(t, 0, ..., 0, ug, Ugs1, - - ., Upy) TO TEpeMeHHOl uy pu uy = 0. OT-
METHM, YTO B 3TOM CJIy4ae He TPeOyeTCsl BBIIIOJHEHUs YCJIOBHS
ai(t, Zl?l(t), ce ,ijl(t), 0, $j+1(t), ce ,xn(t)) = O,] = 1, 2, NN
Bosmoxkubl u jipyrue criocobbt onpejesenust marpuiibl A(t, X (t)), o us-

3a OTCYTCTBHA MECTa Ha HUX HE OCTAHABJINBACMCH.
[Ipu kaxkjom suadenun t nocrasum Marpune A(t, X (t)) B coorBercrBue
ee sorapudmudeckyio Hopmy A(A(t, X (1))).
CrnpaBeJIMBLI CJIeIYIONIE HEPABCHCTBA, ABJIAIOIINECS PACTIPOCTPAHCHICM
Ha CJIydail HeJIMHEHHBIX ypaBHeHU! HepaBeHCTB BunrHepa u Jlo3uHckoro.
Teopema 9.1 [29]. [Tycrs dyuknum a;;(t, X(t)), 4,7 =1,2,...,n, nenpe-
poiibl. Pemenue 3ajaan Komm (9.1), (9.2) yjosierBopsier HepaBeHCTBAM

exp{— [ A(=A(r, X (7))dr}| Xoll < | X(0)]] <

< exp{ [ A(A(7, X(7)))dr}]| Xl , (9.5)

e Xo = X(0) = (22, ...,20), X(£) = (21(0), .. ., 2a(t)).

Teopema 9.2 [29]. [Tycts dyuxnun a;;(t, X (1)), 1,7 =1,2,...,n, nemnpe-
poiBibl. Pemenne 3amaqn Komm (9.1), (9.2) ynosierBopsieT HepaBeHCTBAM

exp{ [ Am(ReA(r, X(7)))dr}|[Xo|| < [X(t)]| <
0

< exp{ [ Au(ReA(r, X()))dr}|[Xol.

rie Xo = X(0), \p(ReA(r, X(7))) =in
Ay (ReA(r, X (7)) = supo(ReA(r, X (7

uen crekTp oneparopa ReA(r, X (7))

nf o(ReA(T, X(7))),

))), uepes o(ReA(r, X (7))) obozna-
S[A(T, X(7)) + A%(7, X(7))].

S ONPEJEJICHHOCTH TOJIOXKUM, 1TO

A
X(t

(7)
Jloka3zaTeabCcTBO Teopembl 9.1.
(t,

g
ssieMenTol ag(t, X (t)) marpunnt A(t, X (t)) 3a1anbl BblpakeHuem (9.3).
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Sadukcupyem JiBa MPOU3BOJILHBIX TOJOXKUTEJIHHBIX KaK yIOJHO MaJIbIX
ancia €y u €1. Oboznaunm uepes p(t) HeIpepbIBHYIO MOJOKHUTEIbHYIO (DYHK-

o0
U0 TaKyl0, YTO BBILIOJHAIOTCs HepaBeHcTBa, sup o(t) < €, [ o(t)dt < €.
0<t<oo 0

Uccnenyem nosejenue rpaekropun 3agadu Kommm (9.1)-(9.2) B npowme-
xyrke spemen t € [T, T + ATy, tne T— npon3BOILHBIA MOMEHT BPEMEHH
(0 < T < 00), a Benmuuna AT Oyer yrouHena HUXKe.

[Ipencrasum cucremy ypaprenuit (9.1) cieyromum odpasom:

0 = 8 (T XD)n(0) - 3 (T XD an(t) — (1) +
+ (ai(t,xy(t), ..., 2n(t) — ay(T, 21 (T), ..., x,(T))), (9.6)
[=1,2,...,n.
CI/ICTeMa (9.6) B omeparopHOil hopme UMeeT BH/T
d);(t) _ AT, X(T)X () + F(t, X (1)), 9.7)
rie

F(t, X (@) = (L, X(#), ., fult, X(2)))—
BEKTOP ¢ KOMIIOHECHTaMU

(X () = (at, X (1) — alT, X (T)) = 3 an(T, X(T)(wxlt) - wi(T))).

k=1
[=1,2,.
PeLHeHI/Ie sagaan Komm (9.7), (9.2) npu t > T umeer Buj

X(t) = ATXT) )+ /teA JF(s, X (s))ds. (9.8)

[Tepexojist K HOpMaM, nUMeeM:

IX(@)]| < MATONED) X (T)]|+

t
N / AATXTNE)| F(s, X (s))]|ds. (9.9)
T

Tak kak 1o npenooxkenuto byukiwn a;(t, r1(t),...,x,(t)) [ =1,2,...,
nerpepbiBibl 1 || X (T)|| # 0, To naiinerca rakoe AT, 910 B MpoMeyTKe
pemern 1" <t < T + ATy

[, X ()] < ;w(t)HX(t)ll- (9.10)
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Bgejiem ¢yHKIMIO

Y(t) = e MATEO X 1)

Torja uz nepasencrs (9.9) u (9.10) caemyer, uro na cermenre [T, T+ AT(]
CIIPABEJIMBO HEPABEHCTBO

t
b(t) 2 [ts
2 T

[Ipumenasa nepapencTBo ['poryosna — Benrnvana, mmeeM:

L[ o(s)ds
T

U(t) <v(T)e

Bozppamasich K HOpMaM, IPUXOIUM K HEPABEHCTBY

IX@II < exp{AA(T, X(T))) ; (s)dsHIX(T)]| =
= exp{j[A(A(T, X(T)))dr + ;T/QO(T)dT}HX(T)H. (9.11)

Ussecrro, aro mjst a00bIX JuHEHHbIX ornepaTopoB A m B B HGanaxoBoM
npocrpancrse ciupaseyinso nepasencrso |[A(A) — A(B)| < ||A — BJ].

I3 nenpepwiBrocru Gynknuii ag(t, X (t)), k,l = 1,2,...,n, ciexyer, 4to
ssiementhl Marpuiibl A(f, X (t)) wenpepoiibl. CiieloBaTeIbHO, CYIIECTBYET
rakoii cerment [T, T + ATy*], aro npu t € [T, T + AT

T

[Tycrs ATy = min(ATy, AT*). Torna na cermenre [T, T + ATp| uepa-

BeHCTBO (9.11) MOXKeT ObITH 3aMEHEHO HEPABEHCTBOM

Do =

JIMA(r, X (7)) = A(A(T, X(T)))|dr <

| X (0] < exp{ [(A(A(7, X (7)) + ¢(1))dr}| X (T)]. (9.12)

[Tocsiesnee nepasencTso cupaseyino Ha cermente [T, 1), rue Ty = T+ ATy,
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[ToBTOpsisi 1IpUBEJICHHDBIE BBILIE PACCYXKJEHUs, YOEXKIAeMCsi, 4TO CYylle-
CTBYET MOCJIeI0BATENbHOCTL cerMenToB [Tk, Tri1], K = 1,2, i KoTo-
PBIX CIIpaBEeJIINBbI HEPABEHCTBA,

| X011 < exp{ [ (ACA(T, X (7)) + @(r)dr HIX (T}

e 1 <t < Thyq.
31ech UMEIOTCS JIBE BO3MOXKHOCTU:

1) k% (Thg1 — 1)) = o0;

=1

o0
2) kz—:l(T]H_l — Tk) < 0.
B nepsom ciyuae npu t > T umeem

| X @) < exp{ [ (ACA(T, X (7)) + @(1))dr H| X (T)]]. (9.13)

o0
Paccmorpum Bropyio Bosmoxkuocts. Obosnaunm yepes T = Ti+ 3. (Tr11—
k=1

—T},). U3 npuBeieHHBIX BbIIIE BLIKJIAJIOK CJIeJlyeT, 9To HepaBeHCTBO (9.13)
cupaseuso npu t € [T, 7). Tak kak dyukuuu A(A(t, X ())) u p(t) nenpe-
pBIBHBI, TO niepexojst B (9.13) k npejeny npu t — T, ybex jaemcst, 4T0 OHO
cupasejiinBo u upu t =17,

Pacecmorpuum jiBe BosmoxkHbIe Teneph cutyanuu: a) X (T%) = 0,6) X (T%) #
# 0. Ecin X (1) # 0, To 311eCh Tak»Ke UMEIOTCs J[Be BOSMOXKHOCTH: a) Hepa-
BencTBO (9.13) cnpasemso npu Beex T < t < 00, 6) Halijercs Takoe 3HaYe-
aue T > T*, aro nauunas ¢ t > T mepasernctso (9.13) mapymaercs. [To-
BTODsIsl PACCyKJIeHUs, puBesmne K HepaseHcTy (9.13), ybexmaeMest, 9To
cymecrsyer cerment [T, T + AT,,], rakoii, uro upu t € [T, T + AT,,]
CHIPABEJJINBO HEPABEHCTBO

X (@)1 < exp{ [ (A(A(7, X(7))) + (7))dr}[| X (T)]| <
1

< exp{ [ (A(A(7, X (7)) + (7)) dr | X (T)]],

T. €. IPEJINOJIOKEeHre O HapyTieHun HepasercTsa (9.13) mpu t = T HeBepHo.
Takum obpazom, B ciyuae 6) vHepaerctso (9.13) cupasejyuso mpu ¢t > 7.
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Ecim X (T*) = 0, 1o nepasencrso (9.13) cupasejguso npu t € [T, 1.
Toryma u3 yenosust a;(t,0,...,0) =0,i =1,2,...,n, cieayer, 9T0 OHO ClIpa-
BeJINBO 1ipu Beex t > T

Takum obpasom, HepasercTBo (9.13) jmokaszano npu t > T u s mpous-
BOJIbHBIX (YHKIH (1),

U3 nepasencrsa (9.13) u u3 npousBosibHOCTH QyHKIMU O(t) caepyer, 9To

X (0] < exp{ [ (AA(T, X (1)))dr}| X(T)]) (9.14)

[IpaBoe mepaBeHcTBO B Bhipaxkenuu (9.5) qoKazaHo.

JlokarkeM CIpaBeInBOCTh JICBOTO HEPABEHCTHRA.

Uccnenyem rpaekropuio 3aaadu Ko (9.1)—(9.2) B mpoMexkyTKe Bpeme-
un t € [T, T 4+ ATy, rae T— npoussosbubiii MomenT Bpemenn (0 < T <
< 00), a Bequuuna ATy Oyjer yrounena Huxke. I[Ipu aroMm mpejmosaraem,
aro | X ()] 0.

Bocnosibzyemest nipejicrasiaenueM cucrembl (9.1) B oneparophoit dopme
(9.7) u 3anmuceio pemenus 3agaun Kommu (9.7), (9.3) npu ¢t > T B BujEe BbI-
paxenusi (9.8). Ilepexosst K HopmaMm Ha HekoTopom cermente [T, T + AT™],
npu JoctaTodno MaJibix AT™ nmeewm:

t
X @) = [ @XEEDX(T)|| — || [ AT P(s, X (s))ds]| =
T

t

> e M-ATXD)ED) x (T)|| — / AATXINE=9)) (s X (s)||ds.  (9.15)
T

HepageHcTBO

|eATXTNET) X (T)|| > e~ MATXINET)) x ()|

OBLIO I[MOJIY4€HO M3 HEPpaBEHCTBA
X ()] = [ ATHENATXONED (7)<
< [lemATAENED|jeATXINED (1)) <
< AEATX@IN)E=D))| ATXTNET) X (7).

OrMernM Takke, 9TO 3a cueT Bbibopa Beanduibl AT* MOXKHO CUNTATD,
aro B cermenre [T, T+ AT™| Bbipaxkenue, crosiiiee B IPABOH 4aCTH HEPABEH-
crBa (9.15), MOTOKUTEITHHO.
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3 nocrpoennst dbynkuuu F(s, X (s)) ( F(T,X(T)) = 0) caenyer, aro
cymecrByer Takoe suadenne AT (AT* < AT*), aronupu s € [T, T+AT*]

MATXINE=3)| (s, X (s))|| < e MATXDONET) o 5) | X (T)]],

rie (t)— yHKius, BBeIeHHAsT BBIIIe.
Torna

t
| X (0)]] = e XATXENED (1 — [ o(s)ds) | X (T)]]-
T
ITpu nocTtaTouno MaJbIX 3HAYEHUAX

[ (s)ds

1-— /go(s)ds > exp{—2/g0(s)ds}.

CuietoBaTeshHo,

A AT X)) (E-T)-2 [ o(s)ds
[X(@)| >e T X (DI

U3 cBoiicTB JsiorapudmMuyueckoil HOpMbI CJIEJIyeT, UTO CYIIECTBYET TaKOit
unrepsas spemenu [Ty, Th], voe Ty =T, Th — Ty < AT™, uaro

| [(AM=A(T, X(T)) = A(—A(t, X (1)))dt| < [ p(s)ds

To

Torma mpu Ty <t < T}

IX @I = exp{— / A(t, X (1)) = 3p(t))dt || X (To) -

Ty

[TpotoizKast 3TOT HPOLECE, MOJIydYaeM HOCJAe0BATEJIbHOCTL 3Hadenuit T,
takux, 4ro B cermente [Ty, Tri1], k=1,2,...:

| X (#)]| > exp{— / A(t, X (1)) — (1)) dt}| X (i) ||

T,
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Oboznauum gepes T cymmy

o0
T =Ty + Z (Tk — Tk—l)-
k=1
31ech UMEITCd JiBe BO3MOXKHOCTH: 1™ = oo u T < 00.
B nepBowm ciiyuae nipu Beex Ty <t < 00

[X ()] > exp{- / A(t, X (1))t 3 [ (O)dt} | X(Ty)]l.  (9.16)

Bo Bropom ciyuae nepasenctBo (9.16) Boinosnsiercs npu t € [Ty, T%].
[Tpeanonoxkum, 4To cymecTByeT Takoe 1™ > T™ HaumHas ¢ KOTOPOro HEpa-
BecTBo (9.16) mapymiaercs, 1. e. ipu 7™ oHO crupaseuBo, a pu t > T
Hapyiaercst. Torya nojoxus Ty = T u OBTOPSsist IPOBEJIEHHbBIE BbIIIE BbI-
KJIAJKH, yoexxpaemes, aro npu t = T mepasenctso (9.16) He Hapymaercs.

Takum o6paszom, mepasencrso (9.16) cnpaseyuso npu Beex t € [Tp, 00).
3 npoussosibrocTr (yHKIWMY (1) ciiejyer crpaBeyinBOCTh HEPABEHCTBA

IX @I = exp{- / A(t, X (1)))dt || X (To)[-

HokazaHa CIPaBeINBOCTH JIeBOil wacTn HepaBeHcTBa (9.5).

Teopema jokazana.

Teopema 9.2 nokasbiBaeTcss aHaJOrndHo. [109TOMY OCTAHOBUMCS TONBKO
Ha MOMEHTAX, B KOTODBIX JIOKA3aTeJbCTBO TEOPEMBL 9.2 OTJINYHO OT JI0Ka3a-
TeJbCTBa Teopembl 9.1.

BocnosibzoBasiucs nepasencTsoM (9.8) 1 OLEHKOI

et < exp{An(ReA)(t — o)},

nMmeemM

| X (1)) < M RATXDNED) X (7 |+/ MulReAXINE | (s, X (s))|ds.

[ToBTOpsist paccy»kjieHusi, IPOBEJIEHHbBIE IIPU JIOKa3aTeIbCTBE TeopeMbl 9.1,
IIPUXOJIMM K HEPABEHCTBY

X (@) < exp{Anr (ReA(T, X(T))(t = T)} + ;/w(S)dS}HX(T)H =
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= exp{/ A (ReA(T, X (T / T)drH|IX ()],

ciupasejiusomy Ha cermenre [T, T + AT
I3 nenpepwiBroctu Gynknuii ag(t, X (t)), k,l = 1,2,...,n, cienyer, 4to
cymecrsyer Takoii cerment [T, T+ AT, ATy < AT§, uroupu t € [T, T+
+ AT
¢ 1t
JOur(ReA(r, X (7)) = Aur(ReA(T, X(T))))dr < 5 [e(r)dr
T T
[Tycrs ATy = min(ATS, ATE*). Torna na cermenre [T, T + ATp| crpa-

BEJINBO HEPABEHCTBO

| X (@) < exp{ | A (ReA(r, X (7)) + (7)) dr | X (T)].

3aBepIraeTcs J0Ka3aTeIbCTBO TeopeMbl 9.2 MPaKTUIECKH JOCJOBHBIM 10~
BTOPEHUEM COOTBETCTBYIOIIMX BbIKJIA/IOK, IPOBEJCHHBIX IIPU JOKA3ATEIbCTBE
TeopeMbl 9.1.

Bamenanue. Cayqan, xkorga marpuna A(t, X (t)) onpejensiercs: apyrumu
CII0CODAMU, UCCJIEIYIOTCS aHAJIOIUIHO.

10. O6 omgHOM mpuemMe pacHIiMpeHns 00JIACTU CTPYKTYPHO
YCTONYMBOCTU pemieHnii HeJIMHEeHHbIX JauddepeHnmaabHbIX
ypaBHEHUMN

Paccmorpum cucremy jiuddepennmnaibHbIX ypaBHEHU

dtl = Z &ij@)x]’(t) + fl(t, L1y .- ,ZEn), (101)
j=1

rine dyukuuu fi(t, z1,...,2,), @ = 1,2,...,n, HenpepbiBHO Juddepeiiu-

pPyeMbl 110 IIPOCTPAHCTBEHHBLIM [EePEMEeHHbIM B OKPECTHOCTH HYyJIsl M Clipa-

seuBbl Toxecrsa fi(¢,0,...,0) = 0, ¢ = 1,2,...,n, W =0,
,7=12....n

UccneoBanue CTpyKTYpPHOR yCTORUMBOCTY OyieM TPOBOAUTH B TTPOCTPAH-
crBax I, ¢ ojiHO# U3 cTaHJ@PTHBIX METPUK.

Ilycts o # 0, ¢ = 1,2,...,n. Beenem dyukmun y;, ¢ = 1,2,...,n,
CBsI3aHHBIE ¢ PYHKIUAMUA T;, ¢ = 1,2, ..., n, popmysaMu

T; = O4Y;, 1= 1,2,...,%. (102)
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Torja cucrema ypasuennii (10.1) npeobpasyercs K cucreme
— =2 biy(O)yi(t) + git,y1, - yn), (10.3)

i=1,2,...,n,0e bj;(t) = a”()aj,z J=12....n,gi(t,y1(t),...,yn(t)) =
= o%,-fi(t’ Oélyl(t), . ,Oényn(t)) 1= 1, 2, .
O6osnauum yepes B(t) marpuny B(t) = {bij(t)}, i=1,2,....n
Teopema 10.1. ITycts cymiecTByer Takoit HAOOP KOHCTAHT v,
i =1,2,...,n, uro upu jwbom t (0 < t < 00) JyorapudMuiecKast HOpMa
marpuisl B(t) ynosiersopsier nepaserctsy A(B(t)) < B(t) < 5, [ <0.
Torga TpuBraibHOE perenne cucreMbl ypasrernii (10.3) acuMmrornaeckn
YCTOUYUBO.
HHoka3zarenbcTBo. Beesiem obosnauenne Y (1) = (yi(t), ..., yn(t)),
GtY () = (gt vi(t), - ya(®), s gt ya (), - yal(t)).

Torna cucrema ypasuennii (10.3) B oneparopHoii ¢hopme umeer Bu

Y (t)
dt

JlokazaTeabeTBO YCTOWIMBOCTY pellieHnst cucTeMbl ypasaenuit (10.4) mpo-

= BO)Y (1) + G(t, Y (¢)). (10.4)

Bejem ot nporusnoro. Iyers [|[Y(0)|] = ro # 0 u nycrs nupu t > T Tpaek-
topusi cucrembl (10.4) nokupaer cdepy S(0,71), rae r1 = 2rg. Ilpecrasum
ypasuenwue (10.4) B Bue
dY (t)
dt
e Gi(t, Y (1)) = (B(t) — B(T)Y'(t) + G(t, Y(1)).

Pemenne ypasuenust (10.5) npu ¢ > T MOXKHO 3a1McaTh B BUJIE

— B(T)Y () + G(t, Y (1)), (10.5)

t
Y(t) = PDEDY(T) 4 [ BDEG (5, Y (s))ds. (10.6)

T
U3 ycsosuii, nanaraembix va dyukiuu fi(t, x1(t), ..., x,(t)) u a;(t), i =
=1,2,...,n, creayer, uro jjis Jgoboro € (€ > 0) cyIecTByer TakKoil pajuyc

o u ipoMexxyTok Bpemenu AT, aro
€
I1G1 (& Y () = 511V @)l (10.7)
npu t € [T, T + AT.
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[Tepexojs B (10.6) K HOpMaM, UMeeM:
t
1Y @) < eXEOED YTy + [ MBI Gy (s, Y (5)|lds. (10.8)
T
BocrosibzoBasiics HepaercTBoM (10.7), yennum wepasercrso (10.8):

Y (1)) < APOEDIVT)| + 5 [ POy (s))|ds. (10.9)

l\D\m

Bsejiem oboznauenue
p(t) = [[Y () [|le PO,

Torga wepaserncrso (10.9) MOXKHO MpeJCTABUTH B BUJIE

plt) < ;! (10.10)

[Ipumensia x (10.10) mepasencrso ['ponyosta — BesiMana u Bo3spara-
sIChb K HOpMaM, MMEeeM:

Y ()| < AEEEDEDY(T)| <

< DDy (D)),

Orciojia ciejtyer, 4To TpUBUaJbHOE pelenne cucreMbl ypasrenuit (10.3),
a CJIeJIoBATEIbHO, U cucTeMbl ypasaennii (10.1) ycroituanso.

AcumnTorudeckast yCTORIUBOCTD JIOKA3bIBACTCS JIOCJOBHBIM ITOBTOPEHUEM
paccyKJIeHnii, HeOJHOKPATHO MPOBEJEHHBIX B MPEJIbIIYITNX pa3/iesax JaH-
HO# TJIaBBI.

Teopema nokazana.

Yrepxkjienne TeopeMbl 10.1 MOryT ObITH YCUJICHBI.

Brejem dyunkiun y;(t), i = 1,2,...,n, cesi3anubie ¢ dyukuusmu x;(t),
1 =1,2,...,n, dopmynamu
ZEZ(t) :ozi(t)yi(t), 1= 1,2,...,n, (1011)

rie «;(t)— HenpepbiBho JuddepennupyeMast (HYHKIUA, HA KOTOPYIO HaJa-
raercst yejosue |a;(t)| >~y >0,1=1,2,...,n
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Torja cucrema ypasuennii (10.1) npeobpasyercs K BujLy

= sz](t)yz(t)+gz(t,y1;7yn)7 1= 1,2,...,7”&, (1012)

gi(t,y1(t), - yn(t)) = —< filt, ca (W) (t), - - -, an(t)yn(t)),

a;(t)
1=1,2,...,n.

O6osnaunm vepes B(t) marpuny B(t) = b;;(t), i =1,2,...,n.

Teopema 10.2. I[IycTh cymiecTByer Takoit HabOp HenpepbiBHO Juddepen-
nupyembix dyaximi o;(t), |a;(t)] > v > 0, upu t € [0,00), i =1,2,...,n,
aro npu Jobom 3navennn (0 < ¢ < 00) JorapudmMuuecKasi HOpMa MATPHILbI
B(t) ynosnerBopsier nepasenctsy A(B(t)) < ((t) < =5, [ <0.

Toryma TpuBmaibHOE pererue cucreMmbl ypashenwii (10.1) acuMmmnTornaeckn
YCTOWUYIUBO.

Jloka3aTeabCTBO 110/100HO JIOKA3aTe/ILCTBY IPE/IbLLYIIel TeOPpEMbl U 110~
9TOMY OIIYCKAETCSI.

Samevanue. AHAIOTHYIHOE YTBEPXKICHNE CIPABEJIMBO U B CJIyIae 3aMeHbI
BekTopa HensBecTHbIX X () = (x1(t), ..., x,(t)) Bekropom Y (t) = (y1(¢), . . .,
Yn(t)) o dopmyse X (t) = C(1)Y (), rue C(t) = {ci(t)}, 4,5 =1,2,...,n, —
HEIIPEPBLIBHO OOpaTuMasi MaTPHUIlA, COCTOSINAS U3 HenpepbuiBHO auddepen-

nupyembix GyHKIMI 1 yjoBaerBopsomas npu Beex ¢ € [0,00) yejaoBusiv:
O<a<fC@, [CHH] <8< .

11. YcroiitunBocTh perienunii cucrem anddepeHnmaaIbHbIX
ypPaBHEHHII BTOPOrO MOPSIKa

B srom pazjiesie 1npejijioyKeHbl KPpUTEPUU yCTONIUBOCTH PEIeHU CUCTEM
JIMHEWHbIX U HEJIMHEHHbIX OObIKHOBEHHbIX JiuddepeniinajibHbIX ypaBHEeH W
BTOPOTO MOPsiJIKa, OCHOBAHHbIE Ha UCCJIEOBAHUU CIIEKTPOB U JIoTapuMuie-
CKUX HOPM CEMENCTRB CrelnaabHbIM 00pa3oM mocTpoeHHbIx MaTpuil. [Tosye-
Hbl KPUTEPUU YCTOMUYMBOCTU CUCTEM JIMHEWHbIX JudPepeHinaibHbiX ypaB-
HEHW# BTOPOTO TIOPSIIKA, BhIpaXKEHHBIE Yepe3 KOIDPUITMEHTHI TTPU HEM3BECT-
HBIX (PYHKIUSIX W UX MMEPBBIX TPOU3BOHBIX.
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11.1. Bagayga Komm ajig cucrem JimHEeHBIX ypaBHEHMI

PaccMmorpum cucreMy JuHERHbBIX JuddepeHnnaabHbIX ypaBHEeHM

dzyk(t) ¢ - /
di2 = a/kl(t)yl(t) + Zbkl(t)yl(t>7 k= 1,2,...,7'L, (111)

C Ha4YaJIbHbIMMX YCJIOBUAMUA

ur(to) = ye, yu(to) =vp, k=1,2,... n. (11.2)

UccnepyeM yeroifunBocTh TPUBUAJILHOIO PEIICHUs CUCTEMbl ypPaBHEHUIl
(11.1).

st sroro ceesiem cucremy ypasrenuit (11.1) K cucreme, cocrosrmeii u3
2n-ypaBHEHUil ¢ 2N-HEN3BECTHBIMU, BOCIOJIbL30BABIINCH OCTAHOBKOIL:

dy(t
ydkt( ) = Ckyk(t) + dkxk(t), dp. #0, k=1,2,...,n. (113)
3nech zx(t), k= 1,2,...,n,— HOBble HeU3BECTHBIE DYHKIWN; Ck, A, k =
=1,2,...,n,— KoapdunmreHTsl, 3HaUCHNUsI KOTOPLIX OIIpEJIeJIeHbl HUXKeE.

13 Boipaxkennst (11.3) caeyer, 4o

Pye(t) dzy,(t)
72 = Ck;yk(t) + dekxk(t) + d}. pra (11.4)
[Toxcrasiss (11.3) n (11.4) B (11.1) u mpojiesiaB sJeMeHTAPHDIE BBIKJIA K,
MeeM: (0
ydkt = crye(t) + dpai(t), K =1,2,... 3
dry & . LA,

=1 =1

31ech

a’,gl(t) = dlfk(akg(t) + bkl(t)Cg) upu k # [,

a’,;k(t) = dflk(akk(t) + bkk(t)ck) - zCTIZ; bzl(t) = dlfkbk;l(t)dl npn k 7& l,
b () = brr(t) — .
Bsejem oboznauenune

Z = (21,22, 20) = (Y1, Y2y -+ s Yn, T1, T2y« «  , Tpy)-
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Torja cucremy ypashenuii (11.5) MOXKHO 1IPEJCTABUTHL B BUJIE

d
dztk = cpa(t) + dpzngn(t), k=1,2,...,n; (11.6)
dz”"‘]f S * & *
i = X0 + X bzt k=12,
=1 =1

a HavdasbHble 3Hadenns (11.2) MOXKHO 3amucaTh B BUJIE
zk(to) = 21, k=1,2,...,2n. (11.7)

Uceneayem yeroitanBocTh TPUBHAIBLHOTO periernst cucrembl (11.1).

Teopema 11.1. Ilycrb cymiecTByoT HaDOPbI KOHCTAHT ¢ U dy, k =
=1,2,...,n, Takue, 9T0 MpH JIOOOM MPOU3BOJILHOM t (tg < t < 00) BBINOJ-
HAIOTCS CJIEJLYIONIE HePABEHCTBA:

ck <0, |eg| > |di| >0, k=1,2,...,n; (11.8)
bip(t) < —a, a>0,k=1,2,...,n; (11.9)
|71, (2)] > %ﬁk\b}iz(tﬂ +l21 (0], k=1,2,...,n. (11.10)

Torga TpuBraibHoe perenne cucreMbl ypasuennii (11.1) yeroitauso B
1LEJIOM.

Teopema 11.1 gaBasgeTcsa 9acTHBIM caydaeM TeopeMmbl 11.2 m mo3aTomy ee
JIOKA3aTeThCTBO OITYCKAETCS.

Paccmorpum, kakue ycjioBust HaJiaralorT kpurepuu reopembl 11.1 Ha dpyHK-
nmu ai(t) m bi(t), k = 1,2,...,n. dus sroro npejacrasum yciosue (11.10)
CJICTYIOITUM 00Pa30oM:

n 1
Ok () — ekl —  >°  ——=br(t)di|—
=174k ||
no1
— Z ‘d?akl(t) + bkl(t)cl — 5klci)\ > 0, (1111)
=

riie 0x— CUMBOJI Kponekepa.

O4eBuIHO, UTO B Psijie CJAydaeB MOXKHO H0400paTh TaKue KOHCTAHTDI Ci U
dj;, aTo ByyT BBIOMHSTHC HepaBercTra (11.8), (11.9) u (11.11).

Takum obpazom, ycsosust (11.8) u (11.11) siBasiiorest JJOCTATOUHBIMU J1JTs]
YCTOMIMBOCTH TPUBHAJILHOTO pellieHust cucreMbl ypasuenuit (11.1).
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11.2. YcToitymBOCTh penieHunii HeJIMHeHbIX andpepeHImatbHbIX
YPaBHEHU 2-T0 MOpgaKa

PaccMmorpum cucteMy HeJMHERHbIX JuddepeHnnaabHbIX yPaBHEHU BTO-
pPOro MopsijiKa

PID) _ gyt n @), 040 (0, (11.12)
k=1,2,...,n, Ipu HAYAJIHHBIX YCIOBUAX
yr(to) = vk, Yp(to) =y, k= 1,2,...,n. (11.13)
[Tycrs Boinosenst yeaosus gx(t,0,...,0) =0, k=1,2,...,n.

Kpowme Toro, 6ygem caurtath, uto permienune cucrembl (11.12) mpu obbx
HaYaJIbHBIX YCJAOBUSAX U3 HEKOTOPOIT OKPECTHOCTH HYJISI CYIIECTBYET MpH 1o <
<t < oo

Kak u B npejbliyiieM myHkre, ceejeM cucremy ypasuenuii (11.12) k cu-
cTeMe, COCTodIel U3 2n-ypaBHeHuil epBoro mopsjiKa.

st aroro BBejieM HOBble HeuspectHble dyuknuu Tk (t), k = 1,2,...,n,
orpejiesisieMbie (POpMyJIOit:

dy(t
yc’;t( ) _ cye(t) + dpap(t), dy £ 0, k= 1,2,... .0, (11.14)
B KOTOPO# KOHCTAHTHI ¢ 1 di, k = 1,2,...,n oupejiejieHbl HUXKE.
[Topcrasus (11.14) B (11.12), umeem:
dy;(t
ydk( ) _ ckyr(t) + drak(t);
t
dzy(t .
c];t( ) =qgr(t,yn(t), ..., yn(t), z1(t), ..., z,(1), k=1,2,...,n, (11.15)

gitn(®). .t 1 (D), za(t)) = dlkgka,yl(t), () et

2

dizy (1), .. Cayn(t) + dpan(t)) — ;’Zyk(t) — cpan(t).

Baejiem Bekrop Z(t) = (21(t), ..., 220(t)), vie (21(1),. .., zu(t)) =
= (11(t), ..., yn(), (zag1(t), ..., 220(1)) = (21(t), ..., 2,(t)) u npeacraBum
cucremy ypasuennii (11.15) B Buse
dfh(f) = G*(t, Z(1)), (11.16)
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vie G*(t, Z(1) = (Gi(t, Z(1)), -, 33, (1, Z(1))), Gilt, Z(1)) =
- Ckzk(t) + dkzn+k(t)7 g;kth(ta Z(t)) - g;::(tv Z(t))v k 17 2> sy I

AnajiornaabiM 00pazoM HadasbHble yeiaonust (11.13) MOXKHO mpejicTaBuTh
B BUJIE

Zk(to) = Zk, k = 1,2,...,271. (11.17)

I3 ycroitanBocT TPUBUATIBLHOIO perieHust cucreMbl ypasHeruii (11.16)
CJIE/LyeT YCTOIMBOCT TPUBUAJILHOTO PellieHust cucreMbl ypashenuii (11.12).
Beenem maTpuiy

F(t,z1(t), .., 2on(®)) = {fult, 21(8), - o 2o ()Y, Kyl = 1,2, 20,

e ssieMenThl fii(t, z1(t), .. ., z9,(t)) onpenensiorcs mo dpopmyJe

Gi(t,z1(t),....22n (1))
fu(t, Z(t) = s alt) # 0,
su(t), 2(t) =0,

rie Sp(t) = zll(}s)nl 0 92(75721(2&-).@2”(75))

eCJIU [peJIesl He CYIIECTBYeT. 3/1eCh M — YUCJI0 OTJIUYHBIX OT HYyJIsl 3JIEMEHTOB
B BekTope Z(t).

, ecsi upejiest cyiecrsyer, wiun Sg(t) = 0,

BosmoxkHbI 1 jipyrue ciocobbl nocrpoenusi marputibl F'(t, 21(t), ..., zo,(t)).
Hekoropbie n3 HUX MOXKHO BBECTH 110 AHAJIOTMU C OMUCAHHBIME B pa3jiesax
2 — 8. Hampuwmep, Marpuily F' MOXHO IIOCTPOUTH CJIEJYIOIIUM 0OPA30M:

35(8,0,,0,20(t) o200 (£) =G5 (£,0,-,0, 2041 ()., 220 (£)) z(t) #0

- 2i(t

fu(t, Z(t) = { (()’) alt) = 0.
kl=1,2,... 2n.

CdopmyupyeM KpUTepru YCTORUYUBOCTH TPUBUAJBLHOTO PEIICHUsI YPaB-
nenus (11.12).

Teopema 11.2. IlycTb cymecTByOT KOHCTAHTHI ¢, dp, kK =1,2,...,n, n
0 (0 < 0) rakue, uro npu JOOLIX 3HaueHusx t (ty) < t < 00) sorapudmute-
ckast Hopma A(F'(t, z1(t), . .., z2,(t))) marpunpr F(t, 21(t),. .., 2o,(t)) MeHb-
e Hysist upu || Z(t)|| < 6. Torya rpuBnasibHOe pellieHue CucTeMbl ypaBHEHuUi
(11.16) ycroiiauso.

Teopema 11.3. Ilycrb cyiiecTBy0T KOHCTAHTHI ¢, dg, k= 1,2,... ,n, u
d (0 > 0) rakue, uro 1npu J06bIX 3HaueHusx t (tg <t < 00)
o(ReF(t,z1(t),...,2zm(t))) < 0 upu ||Z(t)|| < 6. Torya rpuBuaiibHOE periie-
Hue cucteMbl ypaBaenuii (11.16) ycroitauso.
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Teopema 11.4. ITycrs dg (09 > 0)— puKkcHpoOBAHHOE YUCIIO U BBITOJHEHBI
CJIeJIYIOIIUE YCIIOBYS:

1) dyuxumu Gi(t, 21(t), . . ., 29,(t)) paBHOMEPHO HeNMpPEpPBIBHBI 110 MEPBOi
nepemennoit nipu Beex t (tg < t < 0o) B mape R(0,dy) (1. e. st sroboro €
cymectByer takoe A, ato |gi(t1,v1,. .., V) — Gi(ta, v1, ..., v2,)| < €, Kax
TOJILKO |t1 — to| < A npm s1100bIX (v1, ..., v9,) € R(0,60));

2) nipu Jirobom dukcrpoBantHoM 3uadenun t (tp < t < 0o) GyHKIWH
Gi(t,v1,...,vV9,) PABHOMEPHO HEIPEPbIBHBI 110 HEPEMEHHbIM (U1, ..., Vo) B
mape R(0,dp);

3) wopma matpuibl F(t,Z) paBHOMEpHO OrpaHWuYeHa KOHCTAHTOW MU
mobbix t (tg <t < oo)u Z € R(0,d);

4) CymecTBYIOT KOHCTAHTBI C, di, k = 1,2,...,n, u 0, (0 < d, < dp)
Takue, 9TO npH JoObIX 3Hauenusx t (ty <t < oo) B mape R(0, d,) sorapud-
muueckast Hopma A(F(t, Z(t))) < —a*, a* > 0.

Torja TpuBnasibHoe perierue cucreMbl ypasaenuit (11.16) acumnrorude-
CKU yCTONYUBO.

Samevanue. Bmecro Koncranr ¢, di, k = 1,2, ..., n, MOXKHO B34Thb HeIIpe-
pbiBHO juddepennupyembie Gyukiwu cx(t) u di(t), k =1,2,...,n. Herpyu-
HO OIKUCATH U3MEHEHUs, KOTOPBIE MIPK 3TOM BHOCATCS B CUCTEMBI JTnd depeH-
nuanpubix ypasuennit (11.15) u (11.16). Tak ke HETPYIHO BHECTH COOTBET-
CTBYIOIIIME U3MeHeHust B (popMysinpoBku Teopem 11.2 — 11.4.

[Ipucrynum K JI0Ka3aTeIbCTBY TEOPEM.

Hoka3arenbcTBo Teopembl 11.2. [lycts 0y (09 > 0)— mpousBosbHOE
IOJIOZKUTENIbHOE YKCI0. [ToKaxkeM, YTO TPAaeKTOPHsl PeIleHisl CUCTEMbI yPaB-
nennii (11.16), nauasmascst B mape R(0, dy), ve nokupaer mapa R(0,6;), riae
01 = 20¢. [Ipenmonoxum nporusnoe. Ilycrs B Moment Bpemenn 1 TpaeKTo-
pusi perienusi cucrembl ypasuenuit (11.16) naxopurcs na cdepe S(0,01) u
npu t > T nokujiaer 31y cepy, Mpoxojs depe3 TOUKY
Z(T) = (z1(T),...,20,(T)).

[Ipencrasum cucremy ypasuenwnit (11.16) B Bue

dZ(t)

S = F(T,Z(T)Z(t) + H(t. Z(1)) (11.18)
rie
H(t, Z(t) = (hi(t, Z(1)), ..., han(t, Z(1))),
H(t, Z(t)) = G*(t, Z(t)) = G*(T, Z(T)) — F(T, Z(T))(Z(t) — Z(T)).



Ypasuenue (11.18) nupu t > T 9KBUBAJIECHTHO HHTEIDAJILHOMY Y PABHEHHIO

Z(t) = exp{F(T. Z(T))(t — T)} Z(T)+

+ [ exp{F(T, Z(T))(t — s)}H(s, Z(s))ds. (11.19)

[To ycuosuto reopembl Jjiorapudmudeckast Hopma marputbl F(t, Z(t)) or-
punareabaa npu jgiobom t (ty < t < oo). Ilyers A(F(T, Z(T))) = —a(T),
a(T) > 0.

U3 nocrpoenus oneparopa H (t, Z(t)) cieiyer, 4ro CyliecTByer npoMexy-
tok Bpemenu AT, takoit, uro mpu t € [T, T + AT] ||H(t, Z(t))|| < BIIZ(t)]],
rie 3 < a(T).

[Tepexojs B (11.19) K HOpMaM, UMeeM:

1Z@)| < exp{A(F(T, Z2(T)))(t = T)}| Z(T)[|+

+ [ exp{A(F(T, Z(T)))(t — )} H(s, Z(s))ds

1, CJIeJIOBATEJIbHO,
t

12@)] < e DN Z(T)|| + [ pe D] Z(s) | ds.
T

(1)t

YMHOXKUM 00€ 9acTh MPeJIbIIyIIero HepaBeHcTra Ha €™\ /" n BBejieM (PyHK-

mmio o(t) = || Z(t)][e* ™. Torpa

o) < @(T) + [ Biols)ds.

[Ipumensasa mepasencrso ['ponyosia — Benmivana n Bo3Bpalasch K HOP-
MaM, UMEEM:

12O < exp{(=a(T) + B)(t = T)}Z(T)]|

Tak kak —a(T) + 3 < 0, o upu t € [T, T + AT| |Z(t)|| < [|Z(T)]].
Cuie10BaTe/IbHO, OJIYYEHO HPOTUBOPEUUE U TPACKTOPUs PELICHUS CUCTEMbI
ypasrenuit (11.16) we nokugaer mapa R(0,d;).

YeroitaupocTh periennst cucreMbl ypasaennii (11.12) nokasana.
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JokazareabCcTBO TeopeMbl 11.3 11poBOJIUTCS aHAJIOIUYHO.

Joka3aTreiabcTBO TeopeMbl 11.4. [loBTopsis mpoBejieHHBIE IPU JTOKa-
3aTeIbcTBe TeopeMbl 11.2 paccykjienust, JIoKa3blBaeM CyIleCcTBOBaHUE T1OCIe-
nosarenbuoctu Ty = to, 11, Ts, ..., T, ..., Takoit, aro upu t, T <t < Tiq,
1Z(8)] < et=T0/2) Z(Ty)|.

Nmerorest 1B BOSMOXKHOCTU B TIOBEJIEHUN TOCJIEIOBATEbHOCTH 1), k =
=0,1,...

[TepBasi BozmoxkHoCTb: T}, — 00 11ipu k — 00. B 9rowm ciyuae | Z(t)]] — 0
npu t — 00.

Bropast Bosmoxkuocts: T, — T # oo npn k — o0.

[Ipemnonoxkum, aro npu srom || Z(t)|| / 0 npu t — oo. Tak Kak ckassip-
nast byaknus || Z(t)|| moHOTOHHO yOBIBAET, TO CYIIECTBYET . glioo | Z(t)]] =
= v # 0. Badukcupyem €, € > 0, BeudIrHa KOTOPOrO onpe,zLeSIeHa HIXKeE.

Benmnunna € monbupaercsa TakuM 06pa3oM, YTOOBI BBITOJHAIOCH HEPAaBEH-
ctBO (v + e)e_O‘A3/ 2 < 7. 3xech A3— KOHCTaHTa, 3aBUCAIIAA OT [VIAJIKOCTH
byHKIHI, BXOASIIMX B TpaByto dacth cucrembl (11.16) u onpejesiennast Hi-
Z(Ty)|| =~ +e=7"

BosbmeM T« B KadecTBe HavYaJbHOTO 3HAYCHUsA M IPEJCTABUM peIleHue

xke. [Iycrs B Moment Bpemenu T
cucrembl ypasaenuit (11.16) B Bujie MHTErPAIBHOTO yPABHECHMSI
Z(t) = expiA(F(Ty, Z(T))(t = T )
+ /t exp{A(F (T, Z(Ty))(t — s)) }H(s, Z(s))ds. (11.20)
T,

Onenum nopmy ||H (s, Z(s))|| 8 mape R(0,y).
OueBuiHO,

VHi(t, Z(8)]) = 30t Z(8)) — G(T, Z(T))~
- z ST Z(T)) (a(t) — 2(T))| <
< 30t Z() — GLT. Z(0)]| + 9T, Z(t)) — gi(T, Z(T)) | +

+li lifil fulT, Z2(T))(z(t) = 2(T)|| = ri + 7y + 73
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3 yenosuii Teopembl ciejyer, 4o i jioboro € (€ > 0) naiijgercs ra-
koe A1, uro pasHomepno g Beex Z € R(0,61), [|g5(t, Z) — gi(T, Z)|| <
<€ npu [t —T| < Ay. Jljist OLEHKHU 79 3aMETUM, UTO 110 YCJIOBUIO T€OPEMBbI
byuxiust §i (T, 21, . . . 22,) ABJIAETCS HEIPEPBIBHOM 110 I€PEMEHHbIM
21y ..., 2on B mape R(0,d1). Cnenosarensuo, dyukiws i (T, 21, . . ., 22,) B
JIIeTCsA PaBHOMEPHO HenpepbiBHoii B mape R(0,01), 1. e. jist J060ro € cy-
mecrByer Takoe Ag, uro npu |21 — Zo|| < Ao |§5(T, Z1) — g5 (T, Zs)| < €9
1pu Jit0bbix 21, Zy € R(0,61).

Tak kak 1o ycyiosuio Teopembl || F(t, Z)|| < K = const npu Beex t, tg <
<t<oouncex Z(t) € R(0,61), vo || (T, Z(1))(Z(t)—Z(T))| < K||Z(t)—
21|

13 npuBe/IeHHBIX BBIIIE ONEHOK CJIEJIyeT, 9TO st Jiroboro €3 (€3 > 0)
CYIECTBYIOT TaKue KOHCTAHTLI Az u Ay, 910 npu mo6uix t 1 T, Takux, 410
it — T < Ag, u s106bi1x Z1 u Zy, Takux, aro ||Z1 — Zs|| < Ay, cupasejiisa
OLICHKA,

IH(E, Z()] < es = (es/7")7" = (e3/7) 1 Z(T)

Bribepem renephb €3 TakuM 00paszoM, 4Tobbl €3/7* < «/2. Torma us pa-

Bercrsa (7.20) cremyer, uro npu T, = T+ + Ag BBINOJIHAETCS HEPABEHCTBO
1Z(T)] < e 2 Z(Ty )| < e 2y < .

3 nosryuennoro nporuBopeunst ciaeayer, 9ro v = 0. AcuMnroTuueckast
yCTOHYMBOCTH periennii cucreMbr ypashenuii (7.16) (a caenosaresnbho, u (7.12))
JIOKa3aHa.

12. YcToliumBOCTh MTEPUOANIECKUX PEenIeH’

PaccMoTpuM crucTeMy HeJIMHEHHBIX OOBIKHOBEHHBIX JTuphepeHInaabHbIX

YPaBHEHUA
dx
— = At x(t 12.1
= Alta(b) (12.1)
[P Ha4YaJIbHOM yCJIOBUU
x(ty) = xo. (12.2)

Bnech x(t) = (x1(t),...,x1(t)), A(t,x(t)) = (ar1(t, z(t)), ..., a(t, xz(t))),
BekTop-dyHkims A(f, u)— nepuoguueckas ¢ nepuogoM 1’ 1o nepeMenHoii t.

Kpowme roro, Oyjem npejnosnarars, uro Gynukiuus A(t, u) yjposiersopsier
caejyoniemy yciosuio: pynknus A(t, u) neupepbiBHa 110 11E€PBOii nepemMen-
HOlt 1 JiudppepeHnupyemMa g0 BTOPOro MOPsIKa 10 BTOPOil IepeMeHHOIA.

109



[Tycrs 3agaua Komm (12.1) — (12.2) umeer nepuojmieckoe petienue x(t).
cenenyeM yeTORUMBOCTL 3TOrO pEHICHHUs] IPU BO3MYIICHUAX HAYATLHOTO
YCJIOBHSI.

Yepes AL (t,u) u A(t, ) Oyjuem 0603HAUATH HEPBYIO U BTOPYIO POU3BO/I-
Hble onepaTopa A(t, u) o BropoMy apryMenty.

Teopema 12.1. Ilycrs z(t) = ¢(t), to < t < tg + T— nepuopuveckoe
pemienue 3ajgaun Komu (12.1)—(12.2). [ycrs dynkuus A(t, u) svenpepbisHa
110 1IEPBOi EPEMEHHON 1 UMeeT YaCTHbIE IIPOU3BOHDIE JIO BTOPOIO HOPSIIKA,
110 BTOPOil TIepeMeHHOit, OrpaHnYeHHbIe B COBOKYITHOCTU KOHcTaHTo# M npwn
to<t<ty+T wund (§>0)okpecrnocru kpusoii ¢(t). Ecin npu kaxjom
snauennu t, tg <t < tg+ T, u B kaxoi rouke (1) tog <7 <ty + T
d-okpecrroctn kpuboit ¢(t) A(A'(t,x(1))) < —a, a > 0, T0o eproUIEcKOe
pemenue x(t) sagaqn Komm acuMITOTHYECKH YCTORUUBO.

Hoxka3zatenbcTBo. ajnuM HadasbHOMy 3Hadernto (12.2) npupaiienne
Axg, rakoe, uro |Azgl| < du [|[Azg||M < a/4,rme M = sup || A5(t, u(t))|l,

ueN(x,0
Q(x,d) — d-okpecrrocts Tpaekropun x(t). Toaoxum yyg = xog + Axg u uc-
CJIeIyeM TPACKTOPHUIO PEIICHUsT CUCTEMbl ypaBHEeHH

ng = Alt,y()); (12.3)
y(to) = vo. (12.4)
Ilycrs 2 =y — x.
Tora
O a2t + =) - At 200, 9
2(to) = Azg = 2. (12.6)

Badukcupyem mpousBoJIbHbIH MOMEHT BpeMeHH t, Takoii, uto ||z(t1)|| M <
< a/dulz(t1)| < 0, u npeacraBum cucremy ypasrenuii (12.5) B cieytorniem
BUJIE:

dz(t
d(t ) = A(tl, x(tl) + Z(t)) - A(tl, x(tl))—|-
+(A(t, x(t) + 2(t)) — A(tr, z(t1) + 2(8)))+

+H(A(t, 2(h)) — At 2(1)))- (12.7)

[Tpenonoxum, uro dyuxiust A(t, u) HenpepbiBHA 110 NEPBOit IepeMeHHOM

1 UMeeT IIPOU3BOJIHYI0 BTOPOT'O MOPSIKA 10 BTOPO IepEeMEeHHON.
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Torja cucremy ypashenuit (12.7) MOXKHO 1IPEJCTABUTL B BUJIE OlEPATOD-
HOI'O ypaBHEHUA

dz(t)
dt

rie AL (¢, u) o3HauaeT NIPOU3BOJHYIO 10 BTOPOIi IEPEMEHHOI, a olepaTop

= A5(ty, (1)) z(t) + F(t,t1, x(t), z(t1), 2(t)), (12.8)

F(t t1,x(t), x(t1), 2(t)) = A(t1, x(t1) + 2(t))—

—A(ty, 2(t1)) — Ay(t, x(t1))2(t)+
(At z(t) + 2(1) — A(t, z(t1) + 2(¢)))+

(At () — At (1))
Onerm | F(t, 1, (1), 2(t1), 2(1)]].

OuesniHO,

1AQt, (1) + 2(2) — Aty 2(t1)) — As(t, () z(H)]| <

< [JA5(t, 2 (t1) + 02() 1= < MA@ < (a/4) [z,

rne 0 < 6 < 1.
3 crpyKTyphl CllaraeMbix

(A, 2(t) + 2(1)) = Ay, x(t) + 2())) + (At 2(l)) — A(t, (1))

CJIEJLYET, YTO CYLIECTBYeT TakKoil IIPoMexKyTOK Bpemenu Aty, uro npu t; <
<t<ty=t +AlH

|A(t, 2(t) + 2(t) — A(ty, 2(t1) + 2(t))+

HA(, 2(t)) = At 2 @) < (a/4)]|2()]-

CrepoBaresibho, npu t € [ty,t; + Aty BbInoOIHSIETCS] HEPABEHCTBO

[E(t, by, 2(t), 2(h), 2(1))]| < el z(0)]]- (12.9)
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Pemiennem ypasuenusi (12.8) siisiercst yHkImst

2(t) = exp{Aj(t1, x(t1)) (6 — t1) ya(ta)+

+/exp{A’2(t1,x(t1))(t —8) }F (s, t1, x(s), x(t1), z(s) )ds. (12.10)

tq

[Tepexojs B (12.10) K HOpMaM, UMeeM:

1201 < exp{A(Ay(tr, x(t1))) (t — t2) Hz(t1) [+

+ [ exp{A(A (b1, x(01)))(6 = 8)}IF(s, tr,x(s), x(t1), z(s)) | ds <
< exp{A(A5(t1, x(t1)))(t — t1) Hlz(t) |+
+ [ exp{A (A (b1, x(02))) (¢ = )} 12(s) 1 ds. (12.11)

Bejiem ¢yHKIHIIO

p(t) = [|z(s)llexp{—A(A5(t1, x(t1)))t}.

Torma nepasencrso (12.11) MOXKHO TIPEJICTABATH B BUJIE

ot) = plt) + & [ pls)ds.
[Tpumensist nepapencTBo ['ponyosia — Besimana, nmeewm:

p(t) < eF ().
Bosspaliiasicb K HOpMaM, TOJIy9aeM HEPABEHCTBO:
Q
2O < exp{(A(Ax(tr, (1)) + ) = ) }Hl=()] <
< exp{—alt — t1)/2}]|z(t)]|. (12.12)

13 mosydeHHoro HepaBeHCTBa CJEAYeT, 9TO TPAeKTOpus 3ajadn Kommu
(12.3) — (12.4) we BoixoguT 1pu t € [t1,t2] U3 J-OKPECTHOCTH TPAEKTOPHH
sagadn Komm (12.1) — (12.2) u, 6osee roro, ||y(t) — x(t)|| < 6 npu
t1 <t <t
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13 npousBOILHOCTH TOUKM T] CJIeyeT YCTORYNBOCTD HEPUOLUIECKOrO Pe-
menust 3ajadu Komm (12.1) — (12.2).

[ToBTOpSIs NPUBEJECHHBIC BLIIE PACCYXKICHUS, MOYKHO TTOKA3aTh, UTO Cy-
IECTBYET 10CJIE/I0BATEALHOCTL uHTepBaoB Aty, k = 1,2,..., Takux, 410
npu t € [tg, tps1], tha1 = tp + Atg, k= 1,2, ..., cupaBeJyinBo HEPABEHCTBO

L)l < e W2z (80)]).

Oboznauum depes T, cymmy

T. =11+ > Aty.
k=1

OuesuiHo, npu t € [t1, T™) BLINOJHACTCS HEPABEHCTBO
lz(B)]| < ez (8. (12.13)

Orcrojia ciejyer, dyro eciau Ty, = 00, TO tlgglo |z(t)]| = 0.

[Tycrs reneps Ti— koneunoe umcio. Tak kak z(t) = y(t) — x(t)— pas-
nocrhb perennii 3aad Komm (12.3), (12.4) u (12.1), (12.2), ro dynkimst 2(t)
onpejiesieHa 1pu Beex t € [ty, 00]. Orciona caeyer, uro, nepexosst B (12.13)
K TIPEJIEITY, IOy IaeM:

(Tl < e @72 2(2) .

Takum obpasom, Hepasencrso (12.13) Beimosnstercs npu t = 7.

O6osuatum depes Ty, MOMEHT BPEMeHH, B KOTODbI HepaBeHCTBO (12.13)
Hapyiiaercs, T. . npu t = T, OHO BbINIOJIHSAETCS, a 1ipu t > T, — Hapyla-
erca. B3as T, 3a HadaJbHLII MOMEHT BPEMEHU U IIOBTOPUB IPUBEJICHHDIE
BBIIIIE PACCyXkKeHust yoex gaemcst, aro npu t > T, HepaBencrso (12.13) BbI-
TOJIHSICTCS.

Takum o6pasom, Hepasencro (12.13) cripaBeyinBo py BeeX 3HAYCHUSX
t, t € [t1,00]. Orciona caeayer, uro win T, = oo u dbyukuus ||z(t)||, mo-
HOTOHHO yObIBast, cTpeMutcst K Hymo, uian T, = const u ||z(T*)]| = 0, uro
COOTBETCTBYET BO3BPAIICHUIO BO3MYIIEHHOIO JBUYKEHUST K T1€PBOHAYAJIBLHOM
TPACKTOPUU.
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13. PobacTHas yCTOWYMBOCTH

PaccMmorpuM cucrteMmy OOBIKHOBEHHBIX Aud bepeHInaabHbIX YpaBHEeHU B
Nn-MEpHOM TpocTpaHcTBe R, :

CZ = A(t)x(t), (13.1)
rie A(t) ={ai;(t)}, 4,5 =1,2,...,n, 2(t) = (x1(t), ..., 2a(t)).
[Ipepnonoxum, aTo 3uadenus snementon {a;;(t)}, 4,7 = 1,2,...,n, mar-
puiibl A(t) onpejiesieHbl B HEKOTOPOM MHTEepBaJie (JJist KaXKJoro dJeMeHTa
a;;(t), 4,5 =1,2,...,n, cBoil nHTEpBAa):
Ofij(t) S Clij<t) S ﬁij(t): Z,] = 1, 2, ooy n. (132)

[oBopsT, uto cucrema ypasaenwii (13.1) obmagaer pobacTHON ycTOHIH-
BOCTHIO, €CJIM OHA YCTOMUIMBA TIPU BCEX 3HAUYCHUAX JIEMEHTOB a;;(t), 1,7 =
=1,2,...,n, oupejeiseMbix HepapeHcrBamu (13.2).

AnajoruaasiM 00pa3soM BBOJIUTCS MOHSTHE POOACTHON YCTORIUBOCTH [1JIsT
cucreM uddepeHnalbHbIX YPaBHEHN B YaCTHBIX IPOU3BOHIX.

Cewmeiicrso nosmuaomos P(z,u) = ag(u) + a1 (u)z + - - - + a,(uw)2", a, #
# 0, koaddurpents! a;(u), i = 0,1,...,n, KOTOPOro 3aBUCAT OT TTAPAMET-
poB u € U, U C Ry, | < n, HazpiBaeTCsd pOOACTHO YCTOMUMUBBLIM, €CJIM IIPU
Beex u € U KOpHM MOJHHOMOB JIEXKAT B JIEBOH TTOJIYIIIIOCKOCTH KOMITLJIEKCHOM
IIePEeMeHHOM.

[Ipu mpoeKTHpOBAHNY YIIPABJIAIONIAX CUCTEM K HAM P bABIISIOTCS JKECT-
Kue TpeboBanus. OMHUM W3 HUX SIBJSIETCS YCTOMUUBOCTDL (PYHKIIMOHHPOBA-
HIS YIPABJIAIONMX CUCTEM TIPW W3MEHEHWN WX [MapaMeTPOB U PEXKMMOB pa-
6orbi. [Toaromy 11pu 1pOEKTUPOBAHUK YIIPABJISIONIUX CUCTEM JIOJXKEH 3aKJia-
JILIBATLCST BLICOKUN YPOBEHD UX POOACTHOCTH.

B 1978 1. onybiukoBanbl pesysnbrarhl B. JI. Xapuronosa [104] no po-
6ACTHOCTU JUHAMUIECKUX CHCTEM, OIMCHIBAEMbIX CUCTEMaMK OOBIKHOBEHHBIX
nuddepernuagbibix ypapHenuit. C 3T0ro MoMeHTa HAauaJ0Ch aKTUBHOE HC-
cjejioBaHre pobACTHOCTH JIMHAMUYECKUX CUCTEM, OIUChIBaeMbIX jud depeH-
[UAJbHBIME ¥ PA3HOCTHBIMEU ypaBHeHusimu. O630phl paboT 1Mo podacTHOCTH
JMHAMUYECKUX cucTeM cojepxkarcs B [45], [46], [49], [89)].

PaccMoTpum HEIIpepbIBHYIO JUHAMAYIECKYIO CHCTEMY, (DYHKITHOHIPOBAHKE
KOTOPO#i OMMUCKIBAETCST CHCTEMOI 0OBIKHOBEHHBIX NG dEPEHITNAILHBIX yPaB-
HEHU

= Ax(t) (13.3)



C Ha4YaJIbHbIMMX YCJIOBUAMU

.’L’(to) = T, (134)

rie 2(t) = (z1(t),...,2n(t)), A = {aij},7,7 = 1,2,...,n— marpuna c no-
CTOSHHBIMU 3JIEMEHTaMMU.

XopoIo M3BECTHO, UTO JJIsi aCUMIITOTUYECKONW YCTOWUIMBOCTU HYJIEBOT'O
perenust cucreMbl (13.3) HEOOXOJAMMO U JIOCTATOYHO, YTOObI XapaKTepUCTH-
YEeCKHUH MMOJIMHOM

f(s) =8"+by_18" 1+ 4 bis+b (13.5)

marpunsl A, rae b;(i = 0,1, ..., n—1)— jelcrBuTesibHbIE YUCIA, HMET KOPHU
TOJIBKO B JICBOI IOJIYILJIOCKOCTH IIJIOCKOCTU KOMILJIEKCHOM IepeMeHHOl 2.
Ecnu snementsr MaTpuiiel A 3a/1aHbl B HEKOTOPOM HHTEpBaJie (JIJIsT KayK-
JIOTO 3JIEMEHTa @;; CBOW MHTEpBAaJ hjj), TO HEOOXOIMMO HCCIIEJOBATH KOPHH
XapaKTepucTuIeckoro nosnHoma (13.5) B penoioKeHuu, 9o

aigbigﬁi,izo,l,...,n—l. (136)

Hanomuunm, aro marpunst A = {a;;},4,7 = 1,2,...,n, 3j1eMeHTbI a;j KO-
TOPBIX JIEKAT B MHTEPBATAX [djj — h}j, a;; + h?j], 1,7 =1,2,...,n, rie héj,
[l =1,2,1,5 = 1,2,...,n, HeOTpUIIATEJbHBIE YKCJA, HA3BIBAIOTCA WHTEP-

BaJbHBIMU MATPUIIAMHU.

OyHIaMEHTAJILHBIN PE3YIbTaT 10 YCTOUIHBOCTH cHCTeM JuddepeHnnab-
HBIX ypaBHeHuil Buja (13.3) ¢ MHTEPBAJIbHBIMI MATPUIIAME Oy YeH
B. JI. Xapuronossim [104], [105].

[Ipusejiem ero B hopmysiuposke paborst [45].

Teopema 13.1. /Iisg Toro urodos I' C G", HEOOXOJMMO U JIOCTATOYHO
grobnr I C G".

Bsech G — MHOXKeCTBO MOJMHOMOB BHjia (13.5), Bce KOPpHHU KOTOPbIX Jie-
’KaT B JIEBOM TTOJIOBUHE KOMILJIEKCHOM TII0CKOCTH; [ — cemeiicTBO MOJIMHOMOB
(13.5) ¢ koaddunuentamu, yaosiersopsiomumu zepaseactamu (13.6), I'f—
MHOXKECTBO TeX MOJUHOMOB 13 I, y KOTOPBIX Karkiblii Koad durment b;, pa-
BeH Jinbo oy, smbo F; (r.e. I'! cogepxkur 2" nosnHoMOB).

[Iposepka ycmoBusi I'Y C G" Tpebyer 3HAUNTETHHON BBLIYHCIUTETHHOI
paboThL.

B ¢Bsi3u ¢ 9TMM BO3HMKaET aKTyaJsbHast MpobJjieMa MMOCTPOEHNST KPUTEPUER,
TpeOYIONUMX MEHbIIEH BbIYUC/IUTE/IbHON paboThl. Bosibioe ynciio pabot ObL10
IIOCBSIITIEHO 3TO# 1mpobJeme.
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K uncity nepsbix pabor, BBbIIOJIHEHHBIX B 9TOM HAIPABJICHUM, OTHOCUTCSI
pabora [121].

Pacemorpum cncremy ypasrennii (13.3), B KOTODPOil 1€MeHTBI ; j MaT-
putibl A yjosisersopsitor HepasencrsaM pi; < o < gij, 1,J = 1,2,...,n.

Teopema 13.2 [121]. UnrepBanbras marpuiia A ycroiiunsa, ecyin

n P
gi + > max{|pil, [g;]} < 0,7 € {1,n}.
i=1j#i

Teopema 13.3 [121]. UnrepBaibuas marpuna A ycroiiuusa, eciu

n
qii + Z maX{|pji|7 ‘qﬂ|} <0,2 € {1,%}.
i=1,j7#i
Teopema 13.4 [121]. UnrepBanbras maTpura A ycroiaua, e CyIe-
CTBYIOT HOJIOXKHUTEJbHbIE Yucyaa 1 = 1,79, ..., 7, TaKKAe, 4TOo

n
T . .
it S Dmax{lpyl g} < 0.7 € {Ta.
i=1,j7i Tj
Teopema 13.5 [121]. Unrepsasibuasi marpuna A ycroituusa, eciu cyiie-
CTBYIOT HOJIOKMTEJIbHBIE YnCaa 71 = 1,79, ..., Ty, TAKUE, 9TO

n .
T , .
g+ >, —max{[p;l, |gil} <0,7€{1,n}.
i=1,ji Tj
B pabore [121] jokazaresiberBo amux reopem 6asupyercsi Ha TeopeMe
I'epmiropuna. OTMeTuM, UTO 9TH PE3yJabTaThl MOI'YT OBIThH HOJIYUEHBI Ha OC-
HOBAQHWU CBOWCTB JIOTAPUPMUICCKONH HOPMBI.
[ycrs A = {a;}, 0,7 = 1,2,...,n, —n X n MaTpHIa ¢ BEIIECTBEHHBIMA
SJIeMeHTaMMU.
Ob6oznaunm depe3 A, MHOXKECTB 1 X 1 MATPHIL, JIEMEHTBI KOTOPBIX Y10-
BJIETBOPSIOT HEPABEHCTBAM

—OO<C¥Z'jSCL@'J’Sﬁij<00,i,j:1,2,...,n. (137)

O6osnatnm depes A(Aqp) rorapudMIIecKyio HOpMY CeMeiHCcTBa MaTpPHIY
A,p, KOTOpaAs onpejessiercs Ghopmyioi

AAup) = sup  A({ai},4,5,=1,2,...,n).

Q<035 < 5
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OrMerum, 4TO B CjIydae, Korjga HopMa Marpulpl A 3ajaercs GopmyJioit

n
[Al = max >_ |ag],
U

n
A(Aap) = max | B + > max(|oyl, |5;j])
' =15

Bocmonib30BaBImmch paccyXAeHUsIMU, TPUBEJICHHBIMI B pasnenax 1 — 4,
JIETKO yOexK1aeMcsi B CIIPaBE/IJINBOCTH CJICIYIONIErO YTBEPXK ICHHUS.

Teopema 13.6. TpusnasbHoe perienne cucreMbl ypasaennii (13.3) ¢ nn-
TepBanbHoil Marpuneit A = {a;;},4,j = 1,2,...,n, 37€MeHTBI KOTOPO# y10-
BJIETBOPSAIOT HepaBeHcTBaM (13.7), yCTOMINBO (ACHMITOTHIECKN YCTORINBO)
ecat A(Aap) <0 (A(Aup) < —7,7 > 0).

BaykHblii KpuTepuit ycTORUYMBOCTU MHTEPBAJILHBIX MATPUIL OJIYUYEH B pa-
oore [14]. TIpuBeseM 0CHOBHO# pe3ysibTaT 3TO# pPabOTHI.

[Ipu popMyIHpOBKE 5TOro pe3ysbTaTa HaM MOHAI00ATCs Cieyone 000-
SHATCHUST.

[Tycrs E,— BemecTBeHHOE €BKJIUI0BO ITPOCTPAHCTBO CO CKAJISIPHBIM TTPO-
usBegenneM (,); M,— TPOCTPAHCTBO BEIECTBEHHBIX KBAIPATHBIX MATPHIL
pasmepa n X n. Ecmn A = [a;], B = [b;j]— marpunst uz M, To depes
AT oBoznauaercs TpaHcOHMpOBaHHAs MaTpuia, uepes AB obosnauaercs
obbrunoe npoussejenne marpul, A u B, a yepes < A, B > — ckajsipHoe
IPOU3BEJICHNE ITUX MATPHUIIL, OlpesesseMoe (popMyioi

n
< A,B >= Z aijbij.
ij=1

Hopwma B E,,, mOpoxK/ieHHasi CKAJSPHBIM IpousBejierneM ( , ), obo3Hava-
erca depes | |, a Hopma B M, IOpOXKI€HHAsI CKAJISIPHBIM [IPOU3BE/ICHUEM
<, >, obosnauaercs depes || ||.

Marpuna A € M, mHasbiBaeTcs ycroiiumBoii, eciu ee criektp o(A) Je-
XKuUT B nosymiockoctn Re A < 0 KomiuiekcHoit miockoctu z. JlomosHenne
K MHOXKeCTBY S C M, ycTOWUMBBIX MaTpuI] 00pa3yeT MHOYKECTBO S c M,
HEYCTOMIMBBIX MATPHIL.

MakcuMabHOE MOJOXKUTENbHOE YUCT0 (1 = fi(A), JJIsi KOTOPOro CIEKTP
o(A) yeroituusoit Mmarpurpl A siexkut B nosyiiockoetn Re A < —p(A) na-
3BIBAETCS 3alaCOM yCTOHIMBOCTH MaTpuibl A.

[Iycrb A— ycroituuBasi BeIeCTBEHHAs MATPUIA C 3al1aCOM YCTOHIMBOCTH
{4, COOCTBEHHBIC 3HAUCHUSA KOTOPOH A1, . .., Ay, a1£iby, . . ., a,%xtb, pa3auynsL.
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O6o3HauUuUM uepes T, ..., Ty, Y1 = 121,...,Y; = 12, COOCTBEHHbIE BEKTODDI,
OTBEYAIONIHe STUM COOCTBEHHBIM 3HadeHusIM. [Tonoxkum e = zx(1 < k <
<p)eprk = Yp(l <k <q), eprgrr = 26(1 < k < q) u 0oboznaunm uepes B

marpuily ['pama, nocrpoentyo 1o sekropam e;(i =1,...,n) :
(617 61) e (617 en)
B =
(Gn, 61) e (em 671)
ITycts 0 < py < ... < py,— cobcrBerHble 3HaUeHns maTpuibl 5. [Toso-
KUM
Hn
K= —.
241

BesinuunHa K Ha3bIBaETCS MEPOl 00YCJIOBJIEHHOCTH MaTpUIlbl .
[Tosoxkum,

dist(A, A) = inf ||A — A'.
AleS

Teopema 13.7 |14]. CupaBeinBa onenka

dist(A, A) > M(A)ff.
K

Paccmorpum cucremy ypasaenwit (13.1) ¢ HAYATBHBIMA YCJIOBUSME

Brech x(t) = (z1(t), ..., zn(t)), A(t) = {aij(t)}, .7 =1,2,...,n, —nxn
MaTpPHUIa ¢ HempephiBHbIMI Koaddunnentamn a;;(t).

Bysem canrars, aro dyukinum a;;(t) yiosiersopsior Hepasencrsam (13.2).

NccnepyeMm yeroiunBOCThL TPUBUAJILHOTO PEIIEHUs] CUCTEMbI YpaBHEHMIt
(13.1) mpwm BoImosHenuu ycmosuit (13.2).

Teopema 13.8. [lycTh BBINIOJHEHBI CJIE/IYIOINIME YCIOBUS:

1) dyukuun oyi(t), Bii(t),i,5 =1,2,...,n,t € [ty, 00), orpannyensr;

2) sorapudmudeckast Hopma A(A.s(t)) < 0 mpu t € [ty, 00).

Torga rpuBnaibHOe pererne cucrembl ypareruii (13.1) ¢ nHTepBaILHOI
marpulieit A,z ycroituuso.

JloKa3aTeIbCTBO TeOPEMbI SIBJISIETCSI IOBTOPEHUEM PACCYKJICHUM, TIPU-
BeJIeHHLIX B pazjgenax 1 — 4.
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Teopema 13.9. Ilycrs Gyuxunn a;;(t) (oi;(t) < aii(t) < 5ij(t)), 4,7 =
= 1,2,...,n, menpepoiBubl. Pemenne 3amaan Komm (13.1), (13.8) yosie-
TBOPSIET HEPABEHCTBY

l2()l] < (o) || exp{ [ A(Aas(r))dr}.

JlokazaTejibCTBO TeOpeMbl 110JI00HO JI0Ka3aTeIbCTBY TeopeMbl 9.1 1 11o3To-
MY OITyCKa€eTCsl.

14. CBepxycToitanBOCTh penieHn qudPepeHnnaIbHBIX
1 PA3HOCTHBIX ypPaBHEHUIT

B pabore [89] naHo ompejiesienue CBepXyCTORIUBOCTH JIJisi HEMPEPBIBHBIX
CHCTEM.

Ompenenenne 14.1 [89]. Marpuna A = {a;;}, vae a;j, 4,5 =1,2,. ..,
N, — BELIECTBEHHbBIC YNCJIa, HA3bIBAETCA CBEPXYCTOMUNBOI, €C/1M y Hee Ha Jlua-
POHAJIM CTOAT OTPUIATE/ILHBIC YUCIa U OHU 10 abCOTIOTHON BeJIMdnHe IIpe-
BOCXOJAT CYMMbI MO,ZI;yJ_[eI?‘I HEeJNarOHaJIbHBIX 9JICHOB IO CTPOKE:

o(A) =0 =min | —a; — > |a;| | > 0.

JF#i
Bameuanue. Benmnunna o(A) coBnagaer ¢ yorapudMuUIecKoil HOpMOil B
npocrpanctee R, ¢ nopmoii ||z]| = max |xy|.
1<k<n

Onpenenerne 14.2 [89]. Cucrema nudbepeHnnanibHbIX ypaBHeHU Ha-
3BbIBACTCA CBEPXYCTOUYIMBOI, €CJIU COOTBETCTBYIOIIAA €l MaTpUIlla ABJIACTCA
CBEPXYCTONYNBOIA.

Tak Kak B psijie CJydaeB HEBBIPOXKJIEHHBIMU 11PEOOPA30BAHUSIMU MOXKHO
YCTOMUHMBYIO0 MATPHUILYy IPeoOPaA30BATh B CBEPXYCTONUNBYIO, PACIIUPUM OIIpe-
JleJIeHne CBepXyCTOMYMBOCTHY, BKJIIOYas CIOJa MOHATHE CBEPXYCTOUIUBOCTHA
pelieHnil HeJIMHEeHHbIX YPaBHEHUNA.

Onpenenenne 14.3. Cucrema muddepeHnnaabHbIX ypaBHEHUN
dx
dt
nernoro npeobpazosanus 1, x = T'y 3agaqda Kornm

dx
= A a(0)

£E(t0) = X

= A(t,x(t)) HasbIBaeTCSA CBEPXYCTOHUUBOM, €CJIU € TIOMOIIBIO HEBBIPOK-
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MO2KeT ObITh 1peodpaszoBaHa B 3aja4y Koiu

y(to) = T 'y,

TpaekTopusi Kotopoit y(t) e nokuaer cepy S(0, ), oo = ||y (to)]|-

Onpenenenne 14.4. Cucrema muddepeHnnaabHbIX ypaBHEHUN
dx
dt
I[HI0 HEBBIPOXKJIEHHOT'O TTpeobpa3oBanus 1’ oHa MoXeT ObITh TTpeodpazoBaHa

= A(t, z(t)) HasbIBaeTCS ACKMITOTUIECKH CBEPXYCTOMIMBOI, €CJIH € TOMO-

B CBEPXYCTOWUUBYIO cucreMy JinddeperinaibHbIX ypaBHEeHui

dy —1
Z =T A(t, Tyt
dt ( Y y( ))7

nuist kotopoit |[y(t)|| — 0 mpu ¢ — 00 npu Bcex TPAEKTOPUAX ¢ HAYAJbLHBIMU
snauenusivu y(to) nz R(0,dp), 6o > 0.

Onpenenenue 14.5. Cucrema juddepeHiuaibHbiX ypaBHEHNN
dx
dt
TUYECKU CBEPXYCTOWUMBA TPH JIIOOOM HAYAJHLHOM TTPUOJIUKEHIH.

= A(t,z(t)) Ha3BIBAETCS CBEPXYCTONUUBOI B IEJIOM, €CJIH OHA ACHMIITO-

B pabore [89] Takzke jaHO onpeieeHne CBePXyCTORIMBOCTH JIMCKPETHBIX
CHCTEM.

Onpenenenne 14.6 [89]. Marpuna A = {a;;}, 4,5 =1,2,...,n, ¢ Bemme-
CTBEHHBIMU 3JICMEHTAMU Ha3bIBACTCS JIMCKPETHO CBEPXYCTONYMBON, €I

n
g = A = max 3 Jayl) < 1. (14.1)
<isn \ ;T
j=1
a BeInunHa 1 — ¢ HA3BIBAETCS CTENECHBIO JUCKPETHON CBEPXYCTORINBOCTH A.
Omnpenenenne 14.7 [89]. duckpernas cucrema

o(k) = Az(k — 1) + f(k — 1) (14.2)

¢ marpureit A, ynosiersopsitorrieit yeaosuio (14.1), HazbIBACTCS CBEPXYCTOM-
YUBOA.

Kak u B ciiydae HEIPEPbIBHBIX CUCTEM, MOYKHO BBECTH ITOHSATHS
CBEPXYCTOMUMBOCTU JUCKPETHBIX CHCTEM, 0DODIIaioliee MpUBeIeHHOE BhIIIIe
MOHSATHE, a TaKxKe MMOHATHEe aCUMIITOTHYECKON CBEPXYCTOMUYUBOCTU U
CBEPXYCTONUMBOCTHU B IIEJIOM JIMCKPETHBIX CUCTEM.

B pabore [89] npusejieHbl MHTEPECHBIE KPUTEPUU CBEPXYCTOWIMBOCTH B
cMmbicye onpenenennit 14.1 u 14.6 HenpepbIBHBIX W JUCKPETHBIX MaTPHIIL.
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Teopema 14.1 [89]. Eciiu n X n marpuia A HenpepbIBHON CUCTEMbI CBED-
XyCTOHUNBA, TO €e COOCTBEHHbIE 3HAUEHUS JIEXKAT B CEKTOPE

S,={ e C:|argh — 7| < (1 —n Hm/2}.

Ob6paTrHO, KazKjias TOUKA B 3TOM CEKTOPE sIBJISIETCsS COOCTBEHHBIM 3HAUCHUEM
HEKOTOPOIl CBEPXYCTOMYNBON MATPUIIHI.

Teopema 14.2 [89]. MHoxkecTBO Beex cOOCTBEHHbBIX 3HAUCHUIT JIMCKPETHO
CBEPXYCTOWUMBBIX N X N MaTpHUI] A COMEPKUT BCe BHYTPEHHHE TOUKHU MPAa-
BUJIbHBIX MHOI'OYT'OJILHUKOB ¢ 2k, k = 1,2,...,n, cropoHaM#, BIUCAHHBIMU
B eMHUIHBI KPYT, OJHA W3 BEPITNH KOTOPHIX HAXOAUTCS B TOUKe +1.

[Tpobsiema ornucanmsi MHOXKECTBA BCEX COOCTBEHHBIX 3HAUYEHUI MaTpUILbl
A 6mm3ka K mpobJieMe JIOKAJU3AIUU CIeKTPa CTOXaCTUICCKUX MAaTPHIL, I0-
crapiennoit A. H. Komvoropossim B 1938 1. u pemennoii 8 [60].

3 npuBejieHHBIX BbIIIEe ONPEJICJICHNUN CBEPXYCTONINBOCTH CJICYeT, UTO
OOJILIIMHCTBO PE3YJILTATOB, MOJYUYEHHBIX B pas3nesnax 3—14 JaHHO TJIaBbI,
MOKHO KJIACCU(UITUPOBATH KaK KPUTEPUH CBEPXYCTONINBOCTU PEIeHnil co-
OTBETCTBYIOIIUX KJIACCOB CUCTEM OOBIKHOBEHHBIX JIN(P(EPEHITUAIBHBIX YPaB-
HEHUA.

AHaJIOrnIHBIM 00pPa30M MOXKHO KJIACCUMDUIUPOBATD PE3yIbTAThI CJIEIYIO-
IIe#l TJIaBbl KaK KPUTEPUU CBEPXYCTOMYUBOCTHU PEIICHUI ypaBHEHUNl B dacCT-
HBIX TTPOW3BOAHBIX, & PE3yJIbTaThl Y€TBEPTON TJIABbI — KaK METOJIbl CBEPX-
crabu/in3anuu peliennit 0ObIKHOBEHHbIX JuddepeHinaibHbiX YpaBHEHUN 1
g depeHTnalbHBIX YPaBHEHNN B YACTHBIX TPOU3BOIHBIX.

15. ¥YcroituuBocTh pertenuii and depeHImaabHbIX yPaBHEHUN TIPU
MMOCTOAHHBIX BO3MYIIEHUAX

PaccMoTpum cucteMy JUHERHBIX ypaBHEHUI

dx(t)
= Ax(t 15.1
rne A = aj;, 1,7 = 1,2,...,n— nocrognuas MaTpHIa.

[Tycrs ¥ = 0— rpuBuasbHOe perenue cucrembl ypasuenuii (15.1). Ue-
CJIeJTyeM ero yCTOWYNBOCTD.
[Tycrs cucrema (15.1) HCOBITBIBAECT TOCTOSIHHBIE BO3MYIICHUST Ug(t) ¢ HOP-

MOii, He nipeBbiiaomiei dy 1 sup ||ug(t)]| < do.
t€[0,00)
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[Ipu s1ux BO3MylieHUsX cucreMa ypaHenuit (15.1) npunumaer Buj

dx(t)
dt

UccnemyeM yeTroianBOCTh TPUBHAJIBLHOTO perenus: ypasaenust (15.2). Jla-

= Ax(t) + uo(t). (15.2)

JM HauaJbHOMY TpuOamkenuio Bosmytienue x(0) # 0.
Perenne ypasuenust (15.2) npejcraBuMo B BuJIie

z(t) = e?z(0) + /t eA(1)dr. (15.3)

Ilepexons B (15.3) K HOpMaM, UMeeM:
lz(®)]] < e l(0)] +/ o (7) | dr, (15.4)

rie A(A)— norapudmudeckas Hopma (15.4) marpuipr A.
[Tycrs e(e > 0)— npousBosIbHOE KaK YIOJHO MAJIOE BEHIECTBEHHOE YUCIIO.
Yemmnm HepaercTBo (15.4):

lz(®)]] < V|2 (0)] +/ Dlluo()| +ella(n))dr.  (15.5)

YMHOXKEM 00e 9acTu HepaBeHCTBa (15.5) na e~ 4 ppesiem Benomora-

rensityio by o(f) = N ()]
Tora nepaBencTBo (15.5) MOKHO IIPEJICTABUTL B BUJIE

p(t) < [lz(0)] +/ luo(8) + ep(7))dr. (15.6)

3/1ech HyKHO PacCMATpuBaTh B oTjebHOCTH JBa ciaydas: 1) A(A) < 0,
2) A(A) > 0.

PaccMmorpenme HavHeM ¢ MEPBOrO CIydast, MPEJICTaBISIONIETrO sl JTallb-
Hefiiero nHanbosibuit uHTepec. B arom ciyuae

o(t) < [l2(0)] + / (A5, + (7)) dr. (15.7)

[Tpumensist k (15.7) memmy 1.2 u3 mepBoro pasjesia riasbl 1, nMeem:

efA(A)t(s
——— (" = 1) + [=(0)
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", Cjea0oBaTeJIbHO,

5
lz@)] < 50(6“ = 1) + e a(0)]| =

e \1 9 n!
+eMAT)2(0)|| =

t  et? gnign
=& (1! i i T — 1. ) + G(A(AHE)tHx(O)H.

Tak kak € IMPOM3BOJILHOE, KaK YI'OJJHO MaJio€ YUCJIO, TO NEPEXO/A B IIPEIAbI-

JIyIIEeM HepaBeHCTBe K npejeny npu € | 0, nmeem:
lz(@)]] < dot + Xz (0)]- (15.8)

[Tepeiijiem K paccmorpenuto Broporo ciaydas, korga A(A) > 0. B srowm
cJydae

t
o(t) < |20l + [ (3 + eo(7))dr. (15.9)
0
[Ipumensist k (15.9) semmy 15.1, numeem:

olt) < (e 1) + [l (0)]

U, CJIeJIOBATEJIbHO,

506A(A)t i
lz@)I < (e = 1) + [|(0) [ A+ =
t 5t2 Sn_ltn
_ JA(A) L .
=e 50(1!+2!+ + oy + )_|_
+[|2(0) | A+, (15.10)

[Tepexojs B Hepasencrse (15.10) k npegesy npu € | 0, nmeem:
|2(t)]| < ot + A2 (0)]]. (15.11)

3 npoBesennoro anaausa CJEAyeT, YTO PENIeHre CUCTEMbl yPaBHEHMIl
(15.2) npu t > 0 yjoBierBopsieT HepABEHCTBAM:

|zl < Gt + " l(0)]] (15.12)
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pu A(A) <Owu
2(t)|| < Sote® W 4 A 2(0) (15.13)
npu A(A) > 0.
Uccnenyem dynxmmo ¥(t) = dot 4+ A |2(0)| npu t > 0. Ouesnano
Y'(t) = 8 + A(A)er || 2(0)|| n, cresosarensmo, dyrkmus 1 (t) mpu

do + A(A)||z(0)]] <0 (15.14)
yobisaer B unrepsaje [0, 7y), rae Ti— KOpeHb ypaBHEHHs
do + A(A)eA(A)tH:U(O)H = 0.

Takum obpasom, ipu BeInONHEeHUN yeaoBus (15.14) TpaekTopus perneHust
cucrembl ypasuenuit (15.2) ne soixogur u3 mapa R(0, ||z(0)||) B npomexxyTke
spemenn [0, T,].

Tak xak 0gT + eAMA)T.
IPUOIMKEHUE U TOBTOPSIst IPEIBIIYINIE PACCYKICHUS, MOXKHO [TOKA3ATh, UTO

z(0)]| < ||zol|, o B3s1B 2(T) 3a HOBOE HaUAJBLHOE

npu t € [0, 27| Tpaekropusi cucreMbl ypaBHeHuii (2.2) He BBIXOAUT U3 Iapa
R(0, [lz(0)]).

[ToBTOpsisi IO MHJYKIMK 9TH PACCYKJICHUSI, MPUXOJUM K CJIE/YIOMEMY
YTBEPXK JICHUIO.

Teopema 15.1. IlycTh BBITIOJIHEHBI CJIEJIYIONINE YCIOBUS:

1) [le(0)]] # 0;

2) norapudmyuaeckas nopma Marpuibel A A(A) < —a < 0;

3) Boinosiaeno ycyosue &y — al|z(0)]] < 0,
T*

4) cnpaseamso nepasenctso 0T, 4+ AT 2(0)| < [|2(0)|], rae Ti- pe-
menne ypasuenus g + A(A)er D 2(0)| = 0.

Torga rpaekropus pemienust ypasuenus (15.2) npu ¢t € [0,00) He mOKU-
naer mapa R(0, [[z(0)]).

[Iycrs mepsoe ycnoBue npeibliylneii TeopeMbl He BbINoJaHsAeTcsa. Torna
CIIPaBEJJINBO CJeayroIiee obobienne Teopemor 15.1.

Teopema 15.2. [IycTb BBITIOJIHEHDB! CIAETYIONTNE YCIOBUA:

1) sorapudmvuueckast nHopma Marpurpl A A(A) < —a < 0;

2) ro— HaMMEHbIIIEE TOJOKHUTEJBLHOE YUCII0, TPU KOTOPOM BBIIIOJHIETCSE
HEPABEHCTBO 0y — ary < —&, rje € > 0— J0CTaTOYHO MaJIoe YHCIIO;

(4)

3) crpaBeJIIuBO HEPABEHCTBO SoT. 4+ A Tery < 1. rrie T~ permenue ypaB-

nennst &g + A(A)er Aty = .
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Torja rpaekropusi pemenust ypasuenust (15.2) npu ¢t € [0,00) He 110KU-
naer mapa R(0, 7).

Jloka3zaTeabcTBO. PaccMOTpUM TPAEKTOPUIO PEIIeHNsT CUCTEMbI yPaBHE-
nuii (15.2) npu wavasbrom suadennn z(0) = 0.

Bo3MOXKHBI JIBa CIIydasdt:
1) rpaekropus He nokuaaer mapa R(0,79);
2) B MmomenT Bpemenn t = T rpaekropust nokugaer map R(0, ), npoxoss
yepes TOuKy T*.

B nepBoMm citydae TpaekTopusi pererns cucrembl (15.2) mpu TpuBUATBHOM
HAaJYaJLHOM 3HaueHnn He mokugaer mapa R(0,rg).

Bo BTOpOM Ciiyuae MOXKHO B34Th TOUKY ¥ B KAUeCTBEe HAYAJILHON ¥ OBTO-
PUTD PACCY2KJICHNUS , CJICTAHHBIC IPU JIOKA3ATEILCTBE IIPEJILILYIICH TCOPEMBL.

Teopema nokazana.
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I’''masa3

YCTOMYNBOCTD PEIIEHUN ITN®PEPEHIINAJIBHBIX
YPABHEHUN B YACTHBIX ITPOU3BOJIHBIX

1. BBenenue

UccneioBanuio yCcToMaMBOCTH PEIIEHN pa3/JIMIHbIX KJIACCOB YPpaBHEHUH B
YaCTHBIX IIPOU3BOJHBIX IIOCBAINIEHA OOIIMPHAs JUTepaTypa, moapodHas 6ud-
qmorpadus KoTopoit puseeHa B monorpadusx |33, [98], [107]. OcHoBrbIM
alrmapaToM MCCJIe/IOBaAHUS HEJIMHEHHBIX YPABHEHUI B YACTHBIX MTPOU3BO/HBIX
siBJisiercs pumenenue 1peodbpazoBanus Oypbe u 1nocrpoeHue 00OOIIEHHBIX
dbynkuonasos JIamyHnosa.

Bo BTOpOIt 1y1aBe ObLI TTPEJIJIOKEH METO/] MOCTPOCHUST KPUTEPHUER YCTON U1~
BOCTU pelieHuil 00ObIKHOBEHHBIX JinpepeHInaibHbIX YPaBHEHU, OCHOBaH-
HBIM Ha MCCICTOBAHUU CIEKTPOB CIEIUAJBHBIM 00Pa3oM TOCTPOCHHBIX Ce-
MENCTB JIMHEHHDIX OIIepaTOpPOB.

B jilanHoii 1y1aBe 3TOT MeTO/] PACIPOCTPaHIETCs Ha, UCCJIeI0BAHNE YCTOW U1~
BOCTHU pelieHus 3a/4a4u Kolu jijist HEKOTOPbIX KJIACCOB yPaBHEHUI B 4aCTHBIX
TPOUBBOJTHBIX.

OTmeTuM, 4TO MpeJiylaraeMble HUXKe KPUTEPUN YCTOWIUBOCTH MOTYT OBITh
PacIpOCTPaHEHbI U Ha HEKOTOPbIE JIPyI'ue cucreMbl JinddepeHiinaibHbIX ypaB-
HeHW# ¢ pachnpesieJIeHHBIMU TTapaMeTpaMu. B 9acTHOCTH, W3 pe3yabTaToB,
IPUBEJIEHHBIX B JIAHHOW IIaBe, U Pe3yJbTaToOB, U3JIOKEHHBIX B pasjesie 12
peJIbIIyIIeil TyIaBbl, CIeJAyeT METOJ| UCCIEOBAHUS YCTOWUYMBOCTU PEIIEeHU
JIMHEWHBIX U HEJIMHEHHbIX CUCTEM I'MIEPOOJIMUYeCKUX yPABHEHUI.

Ha mpoTskeHunm 3TOo# TIJIaBbl pACCMaTPUBAIOTCS CHCTEMbI JIMHEHHBIX |
HeJTMHEHHBIX MapaboJnIecKuX ypaBHEHW, UMEIONe Mpu JIIOObIX Hadahb-
HbIX 3HAUEHUAX U3 paccMaTpuBaeMoil 00J1acTu pelieHust, olpeiejeHHbIe Tpu
BCex 3Hadenusix t € [ty, 00). st uccieoBanus ycroiuuBoCTH 3TUX CUCTEM
IpeIaraeTcs JIBa Pa3JnIHbIX METOJIA.

Omnpejenenre yCTORINBOCTH PEIEHNit CHCTEM C PACTpeieIeHHbIMI Tapa-
MeTpaMu 1puBeJIeHo B riiase 1.
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2. Bagayga Komn jgjig simHeliHbIX mapabomiecKnX ypaBHEHUMH

VznoxuM MeTost nccaeJoBaHus yCTOMINBOCTH PEIeHnil ypaBHEHWH B 1aCT-
HBIX [TPOU3BOJIHBIX 11apabOIMIECKOr0 TUIIA Ha TPUMEPE CUCTEMbl yPaBHEHU

8u1(t,x1,x2) . 82U1(t 5131,332) 82u1(t ZCl,ZL’Q)
at a all(t) 8%1 8172
+a13(t)8 ’LLQ(t 331,.%2) —|—a14<t)6 Ug(t Cgl,$2>+
O} 0x;
+a15(t)u1 (t, T, SUQ) + alﬁ(t)UQ(t T, 332),

_|_

=+ a9 (t)

8u2(t,x1,:z:2) . 62U1(2f 5131,5[22) 8 ul(t,xl,xg)
or = )T Pl
+a23(t)8 us(t, :1:1,:762) syt )8 us(t, .I’l,l'g)_i_

O} o)
+a25(t)u1 (t, x1, SCQ) + CLQ(;(f)UQ(t T, 372).

O6osznaqdum depes u(t, x) Bekrop u(t, z) = (ui(t, z), us(t, z)), x = (x1, x2).
BBejiemM HauabHbIE YCIOBYSI

u(to, x) = up(x) (2.2)

1 OyseM ncciieoparh 3aady Komm (2.1) — (2.2).

Ha nporsikenuu Beero aroro pasjiesia npejoaraercs, 4ro petmenne u(t, )
saaqn Kommw (2.1) — (2.2) u npoussonas Ou(t, x)/0t cymMmMupyembl ¢ KBaJI-
PaTOM IO TIPOCTPAHCTBEHHBIM TTEPEMEHHDBIM.

UccnepoBanue ycroitaupoctu perienust 3agaau Komm (2.1) — (2.2) 6yaem
POBOJIATH B GaHaxoBoM mpoctpancTse X BekTop-bynkunit g = (g1(r1, z2),

g2(x1,2)) ¢ HOpMOI

1/2
HQH = 12'2 {/ / |Qz $1,$2)| dﬂ?ldﬂ?Q] :

o0 =00

[Tpu Kazk10M GUKCHPOBAHHOM 3HAUEHNH T HOpMa BeKTOp-byHKmu u(t, x)
orpeiesisieTcst (popmyJIoit

o 1/2
{/ / |wi(t, x1, z9)| d:z:ldxgl .

|u(t,z)|| = ma
=1

7
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[lycrsr —00 < w; < 00,1 = 1,2. Beejem marpuiy
A(T, wl,wg) =

_ ( —an(T)wi — apn(T)ws + a15(T) —a3(T)wi — ara(T)w3 + a16(T) )
a —agl(T)w% — QQQ(T)W% + &25(T) —agg(T)w% — a24(T)w§ + a%(T) .
Teopema 2.1. Ilycts Boinosnenst yeaosust: 1) dbynkimn a;;(t), ¢ = 1,2,
j=1,...,6, HenpepbIBHbI pu t > ty ; 2) 0pu JOOLIX t > ty, w;(—00 < w; <
< 00), 1 = 1,2, norapudpmuueckas Hopma marpuibl A(t, wy, ws) orpunaresib-
na (AA(t,wr,ws) < 0). Torga rpuBuaibHOe perenue 3ajaun Koiu ycroi-
IUBO.
Hoxka3zarenbcTBo. [Iycrh uy(z)— HauanbHoe Bosmyienne (ug(z)— cywm-
MupyeMast ¢ KajaparoMm B (—00, 00)? Henpepbiphas dynxius) u |lug(z)]| < e.
[Ipumennm K cucreme ypasaenwuit (2.1) mpeobpazosanue Oypbe 1Mo

IPOCTPAHCTBEHHBIM IIepeMeHHbIM. 1psmoe n obparnoe mpeodbpazopanus Dy-
Pb€ BBIUUCJISIOTCS 110 (popMyIam

U(t,w,ws) = Fu(t, xy,x9) =
1 o o

/ /u(t,xl,xg)exp{—i(wlxl+w2x2)}dx1dx2,

—00 —O&©

u(t, x1,x9) = F_lU(t,wl,wz) =

" 2r

1 (& ClNe o] '
~ on / / U(t, wr,wz)expli(wix) + woxg) fdwidws.

-0 —O0

B pesyJibrare oJjiydaem

oU, (t,
182”) = —an(OWiUi(t,w) — an(t)wiUi(t w)—
—alg(t)w%Ug(t, w) - a14(t)w§U2(t, w)+
+a15(t)U1 (ta (,U) + a16(t)U2(t7 Ld),
8U2(t, w)

ot = —a21(t)w%U1(t, (.d) - a22(t)w§U1(t, UJ)—

— a3 () wiUs(t, w) — ags(t)wiUs(t, w)+
+a25(t)U1 (t, w) -+ a26(t)U2(t, w). (23)
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Sadukcupyem Hpou3BOJIbHBIE 3HAYCHUS W1, W9 U UCCIEYEM YCTORINBOCTD
peIeHusT CHCTeMbl ypaBHeHui (2.3) Mpyu HAYAJBHBIX YCIOBHSIX

Ul(ty,w) = Up(w), (2.4)

rie Up(w)— mpeobpasosatiie Pypbe HAUATBHBIX YCIOBUIT U ().

Tt wcceoBanust yCTORIUBOCTH CUCTEMbI ypaBHenuit (2.3) B BeKTOp-
HoM rpoctpancTBe Pyphe-00pa3oB HaJl 10JEM KOMIIEKCHBIX YHCeJT TIPH PO~
M3BOJILHO (DUKCHPOBAHHBIX 3HAUEHUIX w1, ws((w1,ws) € Ry) BBEJIEM HOPMY
U (t, w1, w2)||1 = max; |U;(t, w1, ws)| u juist mpocToThl 0603HAYEHUIT BMECTO
U (t, w1, ws)||1 6yaem mucars ||U(%)]];.

[Tycrs Q(wy, ws)— rnajkas neoTpunaresbias pyHKIUA, YIO0BJETBOPIO-

masd yCJIOBUAM:
00 00

/ / |Q(w1,w2)‘dw1dw2 < 6 < oo

—00 —O0

oo o0
[ [ 19w, w)Pdundws < € = 4€, [|[Up(w)]h < Qw).
—00 =0
Brauase jokaxem ycroitunsocrsb 3ajauan Komm (2.3) — (2.4) npu npo-
M3BOJILHO (DUKCHPOBAHHDBIX 3HaYeHusAX wi,ws ((w1,ws) € Rs). Ilycrs sora-
pudmuueckas ropma Marpuibl A(T,w) npu GUKCHPOBAHHOM 3HAUEHUU W
He peBoCXouT —v, & > 0. TIpu BBIIOJHEHUH STOTO YCJIOBUS TOKAYKEM, UTO
npu Jsiiobom (tg < T <t < 00) crpaseyBo Hepasenctso ||U(t, w)|); <
< HU(Taw)Hl
I[IpencraBum ypasnenue (2.3) B Buje

6U1 (t, w)
—or

; —an(T)w Ui(t,w) — apn(T)w3Uy (t, w)—

—ay3(T)wils(t,w) — a14(T)wiUs(t,w)+
+a15(T ) 1(t, )+a16( )Ua(t,w)—

—(an(t) = an(T)wili(t,w) — ... = (a14(t) — a14(T))wiUs(t, w)+
+(ais(t) — ar15(T))Un (2, w) (a16(t) — a16(T))Us(1, w), (2.5)
Oll-2) — g (1)UL (1, ) — (T U (£, ) —

—ag3(T)wils(t, w) — ax(T)wiUs(t, w)+
+a25( ) ( )+a26< )Ug(t w)
—(a21(t) = ag (T)wilUi(t,w) — ... = (az(t) — agy(T))wiUs(t, w)+
+(ags(t) — ax(T))U (t,w) (a%‘()—a%( ) Ua(t,w).
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Pemenne ypasuenust (2.5) npu t > T MOXKHO 1PEJCTaBUTH B BUJIE

t
Ult,w) = AT )+ /eA (s,U)ds, (2.6)
T

rje

F( ( )) (fl(t)U(w))va(t7U(w)))7
f,’(t, U(w)) = —(ail (t) a;1 (T))M%Ul (t, w)—. . .—(ai4(t)—ai4(T))w%U2(t, w)+
+(ais(t) — ais(T))U1r(t, w) + (ais(t) — ais(T)) Uz(t, w),
i=1,2.
I3 crpykrypbl oneparopa F(t, U(w)) cieayer, 9ro jijist Ji060ro Kak yro/i-
HO MaJIoro €, € > 0, Haiijiercs takoit npomexxyrok Bpemenn ATi(w), uro

[E(t, U(w))lh < e|U(w)lh- (2.7)

[Tepexogs B (2.6) K HOpMaMm U uCHOJB3Yst HepaBeHcTBO ['ponyosia —
Bennmana, umeem pu T' <t < T 4+ AT (w) :

(U, w)ll < eI DNU(T, W)l < eI U(T, 0]l <
< [|U(T, )]s (2.8)

U3 npesbl iy nux paccykjeHuii ciejyer, 4ro HepaBeHcTBO (2.8) He 3aBu-
CHUT OT W.
Taxum obpazoM, nmeem

max |U;(t,w)|* < max |Uy (w)|*.
1=1,2 1=1,2

Orcroa caeayer, 9To
Ui(t,w)|” < (|0 (@) + [Una(w)[?) < 20%(w).

Wurerpupys npejibljiyiiee HepaBeHCTBO, HOJIYYaeM:

oo o0 2 oo 0
/ / Ui(t, wi, ws) Pdwidwy <Y / / |Ugi(wi, wo)|*dwy, dwy <
—00 —00 i=1_"50 —00
< 26(2).
Bocnosbzosasiucs opmyioii [lnantmepens |U(t, w)||e = [|u(t, z)|2, yoex-

Jda€eMCd B CIIpaBE€AJIMBOCTHU HEPAaBEHCTBA!
[u(t, z)[|2 < 2¢.
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YeToituuBoCTh TPUBUAJILHOIO PEIICHUs CUCTeMbl ypaBHenuit (2.1) jiokas3a-
Ha. Teopema jnokazaHa.

Teopema 2.2. Ilycts BoinosHens! yeaosust: 1) dynkimn a;i(t), i = 1,2,
g =1,...,6, papnomepno HenpepbiBHbI 1pu tg < ¢ < 00;
2) mpu J06bIX t > t, w; (—o0 < w; < 00), i = 1,2, jorapudMuieckas
rHopma MaTpuibl A(t, wy,ws) yJI0BIETBOPSIET HEPABEHCTBY

A(A(t, wy, w9)) < —a,a > 0.

Torga TpuBmagbroe pemienne 3agaqu Komn (2.1), (2.2) acummnroTutdeckn
YCTOWUYUBO.

Jloka3aTeabCTBO. YCTONUMBOCTL TPUBUAJILHOIO pelieHus 3ajadn Ko-
mu (2.1) — (2.2) mokazana B npejbayineit reopeme. IloBropsist mpoBeieHHbIE
IIPY €€ JIOKA3ATEeIbCTBE BBIKJIAJKH, MPUXOUM K HepaBeHCTBY (2.8). Tak kak
dbynknun a;;, ¢ = 1,2, 7 =1,...,6, paBHOMEPHO HEIPEPBIBHBI, JIJIf KAXKI0T0
(bUKCUPOBAHHOIO 3HaueHust (wy,ws) Haiijercs rakoe snadenue AT (w,ws),
aro mpu Jiobbix tg < T < 0o B cermente T <t < T + AT(wy,ws) crpasei-
JIABO HEPABEHCTBO

1E@ U 0l < al|UEw)]1/4.
Tora u3 wepasencts (2.6)—(2.8) mpu T' <t < T + AT umeewm
Ut w1 < e CNDNT(T, w)]1.

Tak kak AT ue zapucur or t u T, ro npu T+ kAT <t < T+ (k+1)AT
CIIPaBeJIJTNBO HEPABEHCTBO

Ut W)y < e CMEERENT(T + kAT, w)|ly < e CVVETU(T, w))1.

Takum obpasom, npu t — oo [|U(t,w)||1 — 0.

ssecrro ciejyioniee yreepxienue [84].

Teopema Jlebera. [Iycrb nHa mHOKecTBe F 3aj1aHa 110C/1€/10BATE/ILHOCTD
n3MepuMbix GyHKIwin f1(x), fo(x),. .., fu(T),. .., KOTOpPBIE CXOAATCSA MO Me-
pe k Gyuknuu F(x). Eciu cymecrsyer Takas cymmupyemast pynkius O(z),
4TO P BCEX N U T

[fu(2)] < @(x),

TO

ALrgo/fn(x)dx :/F(a:)d:v.
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Taxk kak upm kaxjom ¢gukcuposannom w Gyukuun |Ui(t,w)|, i = 1,2,
CTPEMSATCA K HyJIO U orpamrdennl cymmupyemoit dbyuxiwmeii |U; (T, w)|, 1 =
=1, 2, o Teopeme Jlebera

6 ONe o]

th—glo_/ _/ Ui (t, w)[*dw dwy = 0.

[ToBTOpsisi BLIKJIAJIKK, IIPOBEJCHHBLIC NPU JIOKA3ATEJbCTBE TeopeMbl 2.1,
3aBepllaeM JI0Ka3aTeIbCTBO.

Teopema 2.2 pomyckaeT ciejytoriee ycuaeHue.

Teopema 2.3. Ilycrs Boinosnenst yeaosust: 1) dynkiun a;i(t), i = 1,2,
j = 1,2,...,6, neupepbiBubl 1pu ty < t < 00, 2) 1upu JOObIX t > 1o, w;
(—00 < w; < ), 1 = 1,2, norapudmudeckas Hopma Marpunbl A(f, wy, ws)
ynosaersopsier nepasenctsy A(A(t, wy,we)) < 0 (A(A(t,wy,we) < —a, 0 >
> 0). Torpa tpuBnasbroe perrenne 3agadn Komm (2.1) — (2.2) ycroitunso
(ACUMIITOTUYIECKH YCTOWTHBO).

Jloka3aTejabCTBO. YCTONINBOCTDL TPUBUAJIBLHOTO pellennsd 3a1auu Komn
(2.1) — (2.2) nokaszana B reopeme 2.1. ToBropsisi IpoBe/ieHHBIE TIPU €€ JI0Ka-
3aTeJILCTBE BBIKJIAJKK, MpuxojuM K HepaenctBy (2.8). Iosaras 1) =
=T + AT (w) u TOBTODsIsi pACCYKJICHUS, IPUBEJIINE K HEPABeHCTRY (2.8),
MoJIy4aeM rocJiegoBaTenbHocts 1, 171, T, . . ., J1Jist KOTOPO#i cripaBe/InBhl Hepa-
sencra |U(t,w)||; < e T2 U(Ty, w1, t € [Th, Tpsa], E=1,2,. ...

[Iycte T — mamMeHbIlee 3HaUYEHHE, MPH KOTOPOM YKa3aHHBIC HepaBeH—
cTBa Hapymaorcs, T. e. upu t > T* |U(t,w)| > [|[U(T*, w)||e *tT/2,
Bzsas T™ 3a nauyajbHOe NPUOJMXKEHWE U ITOBTOPSISI PACCYXKJIEHUSI, TPUBEJI-
e K HepapeHcerBy (2.8), ybexjaeMcest, 4To CymecrByeT HHTepBaj BpeMeHu
[T, T*4+ AT*|, B reuenue KOTOPOro BbIOJHsIETCsT HepaseHcTBo ||U(t, w)|l; <
< ||\ U(T*, w)||1e~ T2 Takum obpasom, mpu Beex t (t > t) crpaBeiuso
nepasencrso |U(t,w)|); < e 02| U(ty, w)]|1, n3 xoroporo caeayer, uro
Jim (), = 0.

Cayuait, xorga ||U(t,w)|y = 0 upu sHekoropom 3uadenun t, TpuBUAJIEH.
JloKa3aTebCTBO TEOPEMbI 3aBEPIIACTCS M0 AHAJOTMU ¢ JIOKA3ATeIbCTBOM
Teopem 2.1 u 2.2.

Teopema nokazana.

Teopema 2.4. IlycTh BBITIOJHEHBI YCIOBHUS:

1) dyuknun a;i(t),i =1,2,j =1,...,6, nHenpepbiBHbl 1pH t > t;
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2) 1pu J0ObIX T > ty, wi(—00 < w; < 00), ¢ = 1,2, unrerpad

t
/ AA(T, wy, wo)dr
to

HeIoJIOKUTEJeH U

t
Jim A(A(T, w1, ws))dT = —00.
Torga TpuBraabuoe pemtenne 3aga1n Kommu (2.1) — (2.2) acumnroruaeckn
YCTOUYUBO.
JokazaTreabcTBO. /s 10Ka3zaTebcTBa aCHMITOTHIECKONR YCTORIMBO-
CTH 3aMeTHM, 9ITO pernenue 3aga4u Komm (2.3) — (2.4) yaosierBopsier Hepa-
BEHCTRY

|U(tw)ll < exp{ [ A(A(T, w1, w2)dr) }|To 1.

U3 yenoBust 2) Teopembl cJeflyer, 9To Mpu JIIObIX wi,ws (—o00 < w; <
< oo, ©=12) ||U(t,w)|i crpemurcss K Hysto npu t — oo. [losropsis
PACCYKJCHUS, CACJAHHBIC IPU JIOKA3ATEILCTBE IIPEAbLAYIIEH TeopeMbl, 3a-
BepIIaeM JOKA3aTeIbCTBO TEOPEMBI.

Teopema 2.5. [lycThb BBIIOTHEHDI YCIOBUS:

1) dyuknunm a;i(t), ¢=1,2, j=1,...,6, nenpepbiBHbI 1pu t > to;

2) npu n0bbIx t > ty, w; (—00 < w; < 00), ¢ = 1,2, BbIIOJHEHO
yeaopue Jlanmo-/lanunesckoro o nepectanoBouHoCTH MaTpuibl A(t, wi, ws)
CO CBOMM MHTEIPAJIOM, T. €.

¢ ¢
A(t, wr,wo) /A(T, w1, wo)dT = /A(T, w1, wo)dTA(t, wi,ws);
to to

t
3) npu J100bIxX t > ty, w € Ry gorapudmudeckas nopma A( [ A(T,wr, wq)dT)
to

t
oneparopa [ A(T,wr,ws)dT HENOJOKUTETBHA 1
to

t—o0

t
lim A(/A(T, wi,ws)dT) = —00.
to

Torja rpusuasbhoe perienue 3aadu Komu (2.1)—(2.2) acumnroruyiecku
YCTOMYNUBO.
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JokazareabCcTBO. JlokazaTe/ibecTBO 1000HO JI0KA3aTE/ IbCTBAM
teopeM 2.1 un 2.2. Omimane 3aKa09aeTCs B TOM, YTO IPU BBIITOJHEHUN YCJIO-
pust Jlanmo-Zlanuiaesckoro perenne 3ajauan Ko (2.3)—(2.4) umeer Buj

t
U(t,w) = exp{ [ A(7,w1,w5)dr}U.
to

OTcrona
t
|U(tw)llr < exp{A([ A(r,w1,wa)dr}| Vo]
to
HaybHeiinasi 4acTh JI0KAa3aTebCTBa HE OTJIMYAETCS OT JI0KA3aTeIbCTBA,
Teopembl 2.1.

3. YcToliumBOCTh perieHunii CUCTEM HEJIMHEHBIX ypaBHEHUI B
9JaCTHBIX MPOMU3BOAHBIX MapaboIMIeCcKOro TUIIA

st mpocToThl 0003HAYEHUIT OCTAHOBUMCS Ha CUCTEME ypaBHEHMI

Ouy(t, z1,x9) _ all(t)82u1(t T, To) +a12(t)82u1(t xl,x2)+
ot Ot O’

6 Ug(t 1’1,332) 8 UQ(t $1,$2)

+a13(t) + a14(t) +
Oy Oy
—I—a15(t)u1(t, Xy, .IQ) + a16( ) (t X1, ,1'2) + gl(t u) (3 1)
8u2(t i xg) 8 ul(t I 1’2) 8 ul(t T .%'2) .
) J =a t J _l_ ) _'_
5 ; 21(t) 92 . a (1) 9i2
+a23(t) Ug(t Sglyx2> +Cl24(t) Ug(t 5171,332)_|_
0x] o)
+ags (t)ur(t, x1, T2) + ag(t)ua(t, T1, v2) + ga(t, u)
C Ha49aJIbHBIMHW YCJIOBUAMUA
U(to; x1, $2> == UO(.Il, :172). (32)

Beenem marpuiyy C(t, wi,ws) =

_ { —an(t)w% — alg(t)w% + Cl15(t) —alg(t)w% — a14(t)w§ + alﬁ(t) }
—agl(t)w% — a22(t)w% + a25(t) —agg(t)w% — a24(t)w§ + agﬁ(t)

e —oo < w; < 00,1 =1, 2.
HyCTb G(S,U) - (gl(S,U),gg(S,U,)) n

G w)ll < Blull (3-3)
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Teopema 3.1. [lycrb BbIIOJIHEHDBI YC/IOBUS:

1) npu J1106b61X (BUKCUPOBAHHBIX 3HAUEHUsIX (T, Wy, ws),t > ty, —00 <
< w; < 00,1 = 1,2, norapudpmuueckas nopma marputbl C'(t, wy, ws) yiosie-
TBOPseT HEPABEHCTBY

A(C(t, w1, w2)) < —a(wr,wa),  afwr,ws) > 0;

2) dynkmmn a;;(t)(i =1,2,5 = 1,...,6) HeNPepHIBHBI 1O TEPEMEHHOI] t;

3) dyukuuu ¢;(t,u),i = 1,2, HENPEPHIBHBI 110 BCEM I€PEMEHHbBIM;

4) crnpaseuBo HepaBeHCTBO (3.3) u [ < a(wy,ws) Tpw Beex (wy,ws) €
€ Rs.

Torga TpuBraibHOE pereHne cucreMbl ypapaennii (3.1) ycroiauso.

HokazarenbcTBo. Brenem nopmy ||u(t, z)|| pasencrsom

5o 0o 1/2
lu(t, o) =max | [ [ |ui(t, 2)Pdwrdas

1=1,2

[Tycrb ug(x)— waganbroe Bosmytenue u ||ug(x)|| < e. Ha nporsikennu
9TOrO pasjena cunraeM Ug(x) HenpepbBHON QyHKIMEI.

[Ipumennm x cucreme ypasrenuii (3.1) mpeobpazosanue @Pypbe 1mo mpo-
CTPaHCTBEHHBIM IepeMeHHbIM. B pesynbrare mosydaem 3ajgady Kormm s
CUCTEMbl OOBIKHOBEHHbIX JIudDepeHiinalbHbIX yPpaBHEHU

UML) ), (U (1,0) — ana(£)3 U (£, )~
—a3()wils(t, w) — apa(t)wilUs(t, w)+
+a15( ) ( w) + a16( )Ug(t,w)+
+F(g1(t, u)), (3.4)
8U2(i,w) = —an (H)wil(t,w) — an(t)wsU (t,w)—
—agg(t)w%Ug(t,w) - CL24( )WzUQ(t,W)
—l—a25(t)U1(t,w) + a26(t)U2(t,w) F(gg( ,’LL))

C HaYaJIbHBIMHW YCJIOBUAMUA

U(to; wl,wg) = Uo(wl,(,UQ). (35)

Brech w = (wq,ws).
Nccnenyem samaay Komm (3.4)—(3.5). okaxewm, 1o npu siiodbix t (tg <
<t <T < 00) clpaBejlIiBO HEPABEHCTBO

[T, )| < [[U(T, W)
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[IpejcraBum ypasuenue (3.4) B Bujie

8U1(t LU)

g7 = —au(T)wili(t,w) — ar(T)w3Ui(t,w)—
—alg(T)wlUg( ,w) - a14(T) Ug(t w)
+CL15(T)U1( w) + CL16(T)U2(t w)
—(an(t) = an(T))wili(t, w — (a14(t) — a1a(T))w3Us(t, w)+
+(a15(t) — ar5(T)) Ui (2, ) ( 16(t) — a16(1))Ua(t, w)+
+F(g1(t, u));
L) g (1)UL (1, ) — (T U (£, ) —
—agg(T)w%UQ( ,(.U) — a24(T)w2U2(t CU)
+CL25(T)U1( CU) + a26(T)U2(t,w)
—(a21(t) — an(T))wili(t, w — (a24(t) — a24(T))w3Ua(t, w)+
+(a25(t)—a25(T))U1( )) (a%()—a%( ))Us(t, w)+
+F(ga2(t, u)).
(3.6)
B oneparoproii dhopme cucrema ypashenuit (3.6) umeer Bu
aU(t’a“Zl’”) = O(T, w1, w)U(t,wi,ws) + F(G(t,u).  (3.7)

[Tpu kax oM (pUKCUPOBAHHOM 3HadeHun (W1, ws) perienue 3aa4u Koim
(3.4)—(3.5) mpu t > T MoxKeT ObITH MPEJICTABICHO B BUJIE

U(t,wr,we) = eC(T’wl’wz)(t_tO)U(T, wy,wo)+

t
+ [ CTwli=0 p(G(s,u))ds. (3.8)
T

Tak Kak 110 ycjioBusiM Teopembl jiorapudmuieckas nopma A(C(t, wi, ws))
oneparopa C(t,wy,ws) yIOBJIETBOPSET NP Beex (wi,ws) € Ry HepaBeHcTBy

A(C(t7w17w2)) < sup A(C(t7wlaw2)) < _a(w17w2)7 a(w17w2) >0,
t

10 TIepexojist B (3.8) K HOpMaM, uMeeM:

HU(t7 Wi, WQ) H < H60(T’W1’WQ)(t_TO)U(T7 Wi, WQ) H+

t
| [ ST PGt u))ds| (3.9)
T
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OueHuM HOPMY KaKkJIOro ¢jiaraemMoro B orjesbHoctu. OueBuiHo,

€T DU (T, wy, wo)|| < e )N U(T, wy, wy);

t
| [ et (G s, u))ds]| <
T
t
< [ [ CT = F(G(s,u))ds|| <
T
t
< [T | F(G(s,u))ds|| <
T
t t
< /e_a(wlaw2)(t_3)“G(S,u)”ds < 5/€—a(w1,wz)(t—s)”u“ds <
T T

t
< [ el U,
T

13 nepasencrs (3.9)—(3.11) umeem

U, w) < emre (T, w)||+

t
8 [ el U (s, ) | ds.
T

[Tpumensist HepapenctTBo ['ponyosia—beimana, nosydaem:

|U(t,w)| < e e DD U(T, w)]|.

(3.10)

(3.11)

(3.12)

(3.13)

JlokazaTe/ibCTBO TeopeMbl 3aBePIIAeTCs TaK »Ke, KaK B JINHEHHOM CJIydae

( cM. reopemy 2.1 ).
Teopema nokazana.

Samevanue. AcuMurorniaeckast yCTOﬁqI/IBOCTb CUCTEeM HeJIMHEHHbIX yYpaB-

HEHUI B YaCTHBIX MPOU3BOJIHBIX UCCEYETCsl pacIpocTpaHeHneM yTBEP K Ie-

Huii TeopeM 2.2—2.4 Ha HeJUHENHBIN cIyvai.

137



4. YCTOWYMBOCTD pPEIeHuii CUCTeM JUHENHBIX MapadoImIeCcKmx
ypaBHEHUiII B OTPAHUYEHHBIX 00JIacTAX

B npeibly X pasjiesiax ucciieloBaaach yCTONIUBOCTh PEIeHU CUCTEM
JIMHEWHbBIX U HEJIMHEHHbIX 11apaboJIMuecKuX CUCTEM, OIPEJIEJIEHHbIX BO BCEM
npoctpancTBe R,, n = 2,3,.... HamHOro OoJbIuil HHTEpPEC MPeJCTaBIseT
[IOCTPOCHNUE KPUTEPUEB YCTOMNYUBOCTU PELICHU yYpaBHEHUN B YaCTHLIX IIPO-
U3BOJIHBIX B OI'PAHUYEHHBIX 00JIACTSAX, TaK KaK UMEHHO K TAKUM yPaBHEHUSIM
CBOJIUTCS OOJILITMHCTBO (PUBUUYECKUX U MEXAHUUYECKUX 3a/1a4.

B nannom pasjene mpejiaraeTcs MeTo]l UCCIeTOBAHNS YCTOUIMBOCTU Pe-
IMeHU i JIMHEHHBIX TapaboJInIeCKNX YPaBHEHU, ONPeJIeJIEeHHBIX B OrPaHUYCH-
HBIX 00JIaCTSIX.

Kak u B paszzene 2, U3J0XKUM MeTOJl Ha MPUMEPE CUCTEMBI ypaBHEHUI
BTOPOT'O IIOPSIJIKA.

Pacemorpum B obstactu €2 ¢ Kycouro - riiaakoii rpanuieit I' = 02 cucremy
YPaBHEHU

Ouq (t, x)

ot = an(t,x)Aul(t,x) + alg(t,l’)AUQ(t,I’)"‘

+ay3(t, x)ui(t, x) + ar4(t, v)us(t, z);
3“28(?93) — a1 (£, 2) A (1, 7) + ans(t, 2) Aus (t, )+

+ags(t, x)ui(t, x) + ag(t, v)us(t, ). (4.1)

O6oznauum yepes u(t, x) Bekrop u(t, r) = (ui(t, x),us(t, z)), . = (1, x2).
Bsejem nauaanmoe

u(to, x) = up(x) (4.2)

" I'paHU4YHOE
u(t, P) = ul(fﬁ)‘zel‘ (43)

YCJIOBHUSI.

[Tycrs u*(t, ) sBiasiercs pemennem 3ajaun (4.1)—(4.3), oupejeseHubiM B
obsactu () mpu t > tg.

Byjem cuurars, uro dyuximst u*(t, x) uMeer qacTHble TPOU3BOJIHbIE TEP-
BOT'O TIOPSIIKA TI0 MEPEMEHHON ¢ U BTOPOrO MOPsijiKa 110 TePEeMEeHHbIM T, T2,
YJIOBJETBOPSAIONINE yeaoBuio 'enbaepa ¢ mokazareneMm o, 0 < a < 1.
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Ha/iuM HadaIbHOMY YCJIOBUIO BOSMYIICHHUE U UCCIIEyeM ITOBEJICHUE Pellie-
nus ypapaenns (4.1) npu HAYAJILHOM yCIOBUH

u(to, ) = up(x) + do(z) (4.4)
M [IPU M'PAHUIHOM YCJIOBHUH
u(t,I') = u ()| zer. (4.5)

Pemenne ypasnenus (4.1) npu ycnosusix (4.4) u (4.5) obosHaunm depes
w(t, x).
BeesieM HOBYIO HEM3BECTHYIO (DYHKIIUIO

y(t,z) = u™(t,z) — u'(x). (4.6)

[ogcrasisist bynkiwio u™ (¢, x), Boipaxennyto dhopmyJoii (4.6) B ypasHe-
nue (4.1), IpUXOJUM K yPaBHEHUIO:

ayl(t, 33)
ot
—|—CL13<t, x)yl (ta .CC) + a14(t7 SC)yQ(t, .I'),

Oyo(t, x)
ot

- all(ta x)Ayl (ta x) + alZ(tv x)Ay2(t7 I)—F

= a?l(ty aj)Ayl(ta .fl?) + a22(t7 .I)Ayg(t, ZC>+

+agy(t, x)y1(t, ) + aga(t, )ya(t, x) (4.7)

I[IpHU HYJEBOM I'PaHUYIHOM YCJIOBUU W HaYaJIbHOM YCJIOBUHU

y(to, x) = bo(x). (4.8)

Teopema 4.1. Ilycrb BBINOJHEHBI CJIEAYIOINIUE YCIOBUS:

1) ypasuenue (4.7) 1py HYJIEBBIX I'PAHUIHBIX YCJIOBUSX M HAYAJIBHOM YCJIO-
B (4.8) ¢ dyukiueit dp(z), uMeroIel HempepbIBHbIE TTPOU3BOIHBIE O BTO-
poro nopsijika, umeer perienve y*(t, ) ¢ HeNPepbIBHO MTPOU3BOHOM 110 Mep-
BO! IEPEMEHHOW M YaCTHLIMU IIPOU3BOHLIMUA BTOPOI'O IOPsiKa II0 BTOPOM
MepeMEHHOM, YIOBIETBOPSIONIMME YCIOBUIO [esibepa ¢ mokazareaeM o,
O<a<l;

2) mipu JiobbIx t, (fp <t < oo)m x € €

an(t,z) > 0;  a(t,x) > 0;
as1(t,x) > 0; ag(t,z) >0,
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v JjiorapupMuiecKast HopMa MaTpUIlbl
a13(ta 'CC) a14(t7 ZC)
a23(t7 £E) a24(t7 l‘)
oTpunaTeJbHa.

Torpma TpuBuabHoe perienne ypasuenus (4.7) ycroitauso.
HokazareabcTBOo. [lokazarebcTBO mpoBeeM oT nporuBHOro. Ilpeno-

JIOXKUM, uTo perienue y*(t,x) npu HavasbHOM yciosuu Y (tg,x) = do(x),
100(x)|| = b0, B MmomenT Bpemenn 1" mokumgaer map R(0,9),d = 20, npudem
v (T, 2*) € S(0,26).

Jlist mpocToThl asbHeimx obosnadenuit nonoxkum 0 = [0, 1] u BBe-

JieM B §) cerky y3/10B TakKuM 00pas3oM, 4ToObl TOUKa & IpUHAIeKa 8 9Tod
ceTke. [lyst ynporienns: 0003HAUEHU TTOJIOXKUM, ITO TOUKA T IIPUHAIICIKUT
yanam v, k,l=1,2,..., N — 1, cerku vg = (vg,v;). k, 1l =0,1,..., N, rje
vy = 0,1,..., N. Besqiuuuna N, oupejessitomas mar cerku h = 1/N, Gyuer
BBeJIeHa HUXKeE.

[IpencraBum cucremy ypasuenuit (4.7) Ha cetke vy = v(vg, vp), k, 1 =
=0,1,..., N, cnenymoiium obpa3om:

Oy1(t, vg, v
yi( atk ) = an (t, vp) Aryr (t, ) + ara(t, vig) Apye(t, )+
+a13(t’ vkl)yl (t7 Ukl) + a'14(t7 'Ukl)yg(t, Ukl) + w1 (ta Ukl))
Oyo(t, v, v
Yo ( 6tk 1) = a9 (t, vp) Apyi(t, ) + aga(t, vig) Apy2(t, )+
+az3(t, v)y1 (¢, vir) + aga(t, vk )y2 (L, vi) + walt, i), (4.9)

rie Apy(t, ©)— pasHocTHbIii oneparop

1
Apy(t,x) = =yt vi—11) +y(t, verr) Fy(t vei—1) +y (¢, i) — 4y (E, )],

72
h =1/N, w;(t,r)— HOrpentHocTh AlMPOKCUMAIIN CHCTeMbI ypaBHeHwi (4.7)
Pa3HOCTHOI cxemoit B y3yax vg, k,l=1,2,..., N — 1.

Bermie na pemenne ypasuenns (4.1) npu yenosusx (4.2) u (4.3) 6pu10 Ha-
JIOXKEHO CJICJTYIOITee YCIOBHE: [epBast IPOU3BOIHAS [0 ¢ 1 BTOPBIE TPOU3BO/I-
HbIE 110 T1 U Ty yjoBjeTBopstior yeaosuio Lenbiepa H, (M) ¢ nokasaresem o
u KoucranToit M upu sobbix t (¢ € [to, T]) u x € €, rae T — npousBoJibHOE
qUCIIO.
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Samevanue. st cripaBe yinBOCTH HAIIKX JIAJbHEHIITMX BBIKJIAI0K JIOCTa-
TOYHO CUUTATH STU MPOU3BO/IHLIE PABHOMEPHO HEIPEPLIBHLIME 1IpH ¢ € [to, T,
x € ), e T'— mpou3BOIHLHOE JOCTATOTHO OOJIHITIOE THUCIIO.

[Tpu 3TUX yCI0BUSX OYEBUJIHO

max |w;(t, )| < Ch®,
te(to,I],x€Q
rie C'— mocrostHHAasl, He 3aBHUCAIasg or 1’ u x.

Cucremy (4.9) MOXKHO PEJICTABUTH B BHJIE CUCTEMbI OOBIKHOBEHHbIX JIn (-
depennnanbubix ypasenuit 2(N — 1)2 nopsjxa. Obosznauum HOBbLIE HEpe-
MeHHBIe depe3 z;(t), momoxkus z;(t) = yi(t,vk), ¢ = (kK — 1)(N — 1) + 1,
k= 1,2,...,N— 1, [ = 1,2,...,N— 1; Z(N—1)2+i(t) = yg(t,vkl), 1=
=k-1D(IN-1)+Lk=12,....N-1,1=1,2,...,N— 1.

B pesysbrare cucrema ypasuenwuit (4.9) mpejcraBuMa B BuJE

dz

dt
rie Z(t) = (21(t), .., zov-12(1)), F(t) = (wi(t,v11), - -, walt, un—18-1)),
B(t) = {bij(t, vij)}, 1,5 = 1,2,...,2(N = 1)

Matrpuna B(t) siBisieTcst JecaTiinaronajbHoil MaTpuIeil, 3J1eMeHTbl KO-

BM)Z(t) + F(t), (4.10)

TOPO# BHE ITUX JIMaroHaJsieil paBHbI HYJIIO.
JIns HArJASIHOCTH 3aluIleM B SBHOM BHJE HECKOJBKO YpaBHEHUH U3 CH-
crembr (4.10). OueBnamo,

dzi(t) (22(t) + 2n(t) — 421(¢))
dt = all(t, Ull) h2 +
(Z(N_1)2+2(t) + Z(N_1)2+N(t) — 4Z(N_1)2+1(t))

+aa(t, v11) +

12
ta3(t, vi1)z1(t) + a1a(t, vin) z(v—1)241(1);

dz;(t i—1(t i1 (T iaN—1 — 4z;(t
zi(t) Zau(t,vn)(z 1() + zin ( )JgZ+N 1 — 4zi(t)) +an(t, v X
dt h
" (zv—n24i-1(8) + 2v-124i+1() + 2v-124v-14i () + 2v-12-(v-1)+i(t)
12

dz(N-1y24i(t
RNV ;;2+ ( )) + a13(t,?)1i)zi<t) + a14(t,’01i)Z(N—1)2—|—i(t)7

i=23,... N—2

141



AnajiornanpiM 00pa30M 3aIUCHIBAIOTCS U OCTAJIbHBIC YPABHEHUsI CUCTEMDI.
Paznuume MexKly ypaBHEHUAMY 3aKJIOUACTCS B TOM, 9TO B CJIydae, KOTIa B
Pa3HOCTHOM BBIPAKEHUN MCHOIL3YIOTCH IPAHUYHBIC YCJIOBUS, OJHO NI JBA,
M3 CJAraeMbIX B IPABOl 4acTU ypaBHEHUS PABHO HYJIIO.

Taxkum 06pa3oM, 3a1a4a UCCICIOBAHNA OBEICHNS PEIICHNST CUCTEMBI Y PaB-
nennii (4.7) ua cerke (vg,vy), k,l =1,2,..., N —1, cBesiach K UCCJIeIOBAHUIO
ycroifumBocTy periernst cucrembl ypasaennii (4.10), B koropoii Bekrop F(t)
SIBJISACTCSL BEKTOPOM HOIPELIHOCTH.

Uccnemyem ycToiianBocTh perennst cucreMbl ypasrenuii (4.10) B mpo-
crpancrse R, n = 2(N —1)? sexropos Z(t) = (21(t), ..., z,(t)), ¢ HOpMOi

J(0)] = s |24(1)]
Bynewm caurars, 9ro npu Jjirobom mare h = % cerku v, k, 1 =0,1,..., N,

norapudmudeckas nHopma maTpuiisl B(T) npu tg < T < 0o orpunareabHa u
MenbIe —a, e ala > 0)— nocrosiHHas HesaBucsiias ot 1.

OueBuHO, JIJIsi STOTO JIOCTATOUHO, YT00bI KO duimentor ai1(t, ),
a12(t, x), ai3(t, ), a14(t, x) OGbuin ObI HEOTPULATELHDI IPU BCeX T € [tg, 00)
1 T € () U BBIIOJHSINCH YCIOBUST

ai3(t, vij) + |a1a(t, vij)| < —a;

ag(t,vij) + |ags(t,vij)| < —a

npu Beex t € [ty, 00) u v;; € QL.

DTH yCJIOBUS CJICJYIOT U3 YCJIOBUI TEOPEMBbI.

[Tpeamonoxum BHavase, uTo Marpuiia B(t) we sapucut ot t. B atom ciy-
qae perenne cucreMpl ypasuennii (4.10) numeer Bu

t
Z(t) = P Z(ty) + /eB(t_s)F(s)ds.
to
[Tepexojist K HOpMaM, UMeeM:

t
1Z(@)]| < MBI Z(t0)| +/€A(B)(t*5)\|F(8)HdSa (4.11)
to

rine A(B)— norapudMudeckast HopMa MaTpuIl B.
Yuuoxum obe vactu ypasuenus (4.11) na exp{A(B)t} u BeejseM byHK-

o (1) = | Z (1) [exp{~A(B)1}.
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B pesyiibrare npuxojuM K HEPaBEHCTBY
t
o(t) < plto) + [ B F(s) | ds. (112)
to
yCI/IJH/IM 9TO HEPaBEHCTBO, 3aMEHUB €I'0 CJICAYIOIM:

o) < p(to) + [ (e PH|F ()| + Bep(s))ds, (4.13)

rjie 3— HOJIOKUTEJbHBIN mapamMerp, BeJUdrHa KOTOPOro OyaeT OmpejeieHa
HUKE.
Herpynno Bujern, 9To

t t
[e M Pe|F(s)|[ds < Che [ e A P)ds =
to

to

_CR® Ay
A

Bocnonb3oBaBimch HepaBeHCTBOM ['ponyosia — Benmnmana m mosaras,

—A(B)to) )

— €

410 JiorapupMrdecKast HopMa, MaTpullbl B oTpuiiaTe/ibHas, UMeeM:

So(t) < (QO(%) + ‘AC;hB)‘ (B_A(B)t — e_A(B)tO)) eﬁ(t—to).

Bosspaiascs Kk nopme || Z(t)||, npepiayinee HepaBeHCTBO 3alUChLIBAEM B
BU/IC:
Cne (eﬁ(t—to)
[A(B)]

Beibepem 5 < « u takoe h, urobsr Ch*\|A(B)| < ||Z(t)||. Torma cyme-
CTBYET TaKOii IPOMEXKYTOK BpeMenu [to, t1],t1 = to+ Atg, aro npu t € [to, t1]

1Z(t)| < HZ(tO)He(A(BHﬁ)(t—to) + _ e(A(B)+B)(t—to)). (4.14)

1Z()|| < || Z(t0)]|, 7. e. ycroitunsocth cucrembr ypashenuit (4.10) u, Tem ca-
MbIM, YCTOHUMBOCTD cUCTEMbI ypaBHeHuil (4.7) jl0Ka3aHa B IPEJIOJIOKEHNH,
aro marpuiia B(t, z) He 3aBucur ot t.

UccnemyeM yeroiuBoCTh perienus cucreMbl ypasaenuii (4.10) mpu yciio-
Bum, uro Marpuna B(t) saBucur or t.

Badukcupyem pousBosibHoe 3Hadenue 6, 0 > 0 u nosoxum || Z(tg)]| < 9.
[Tokaxkem, uro Tpaekropus pernerus Z(t) cucrembr ypauenuii (4.10) mpu
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Hada bHOM 3navennn Z (ty) ne nokupaer mapa R(0,0). Ipemnonoxum npo-
tuHoe. IlycTh B MOMeHT Bpemenu 1’ TpaekTopusi pemenus Z (t) mokujiaer

cepy S(0,0), 1. e. Z(T) € S(0,6) mmupu t (t >T) || Z(t)|| > 6.
[Ipepcrasum ypasuenue (4.10) npu t > T B Buje
dZ(t)
dt

Pemenne ypasuenns (4.15) MOXKHO MpeICTABUTH B BUJIE

— B(T)Z(t) + (B(t) — B(T))Z(t) + F(¢). (4.15)

Z(t) = PO 7(T) + /t P9 ((B(s)— B(T))Z(s)+ F(s))ds. (4.16)

[TokaxkeM, 4To cyiiecTByeT Takoii mpomexxyTok spemenn [T, T+ AT) B re-
deHre KOTOpOro Tpaekropust perienus Z (t) cucrembl ypasuenuit (4.10) (npu
COOTBETCTBYIOIEM BbiOOpe Tara ceTku h) He nokujaer mapa R(0,0).

[lepeiijem B (4.16) k Hopmam. U3 wenpepbiBaocTn marpuibl B(t) ciepyer,
a0 Jiist JTI060ro Kak yrojiHo MaJioro € uaiigercs takoe ATy, uro || B(t) —
—B(T)|| < enpwm |[t—=T| < AT. Bemauna € 6yjer onpejiesnena Huxe. Boire
yxke ormedasnoch, 4ro ||F(s)|| saBucur or mara h cerku u oupejessiercs
nepasencrsoM ||[F(s)|| < Ch*, 0 < a < 1.

Torna
1Z(t) < M PENED) Z(T) H+/ AP (el Z(s) + F(s))||ds <
< ABDOED)| Z(T))| +/ AB V(€| Z(s)|| + Ch®)ds.  (4.17)

Beegem dbyuxmmio ¢(t) = HZ( )||exp{—=A(B(T))(t). Torga nepaBencTBo
(4.17) MOXKHO TIPEJICTABUTDH B BUJIE

t

0 < p(t) < (1) + [(ep(s) + e PO Ch)ds =

T
¢
o( )—|—Cha/e (B( Sds—|—/6cp ds
T T
< gp(T) B Ch* (efA(B(T))t . e—A(B(T))T) —I—/tegp(s)ds (4 18)
- IA(B(T))] 7



[Ipumenus k (4.18) nepasencrso I'ponyosia — Besivana, nmeem:

Che
(e ABON _

p(t) < (p(T) + AB(T))] ~ABINT)eelt=T),

BO3BpaH_IaHCb K HOpMaM, IIPpUXOJHUM K HEPABEHCTBY:
1Z(®)]] < ||Z(T)||eMBON+E=T)y

Ch* e
TAB@)

3a cuer BbIOOpa mara h MOXKHO JOOUTHCA TOrO, UTO

— ABEONFE-T)y, (4.19)

Ch/IMB(T))| < 1 Z(T)]|

Takum 06pasoM, cylecTByer npomexxyTok spemenu t, t € [T, T + AT], B
TedeHne KOTOPOT'O BBINOJIHSIETCs] HEPABEHCTBO

1ZON < 1Z(T)]. (4.20)

Tak kak HepaseHcTBo (4.20) BhINOJIHSIETCsT TIPK JIFOOOH ceTke h Tipu ycJio-
Bun, uro h < h*, ue h* = || Z(T)|||A(B(T))|/C, pemenne ypasrenust (4.7)
YCTOMYNUBO.

Teopema HOJTHOCTHIO JIOKA3aHA.
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F'masBad4

CTABMJIN3AIINA IBN2XKEHW A
1. BBenenue

OJHO M3 aKTyaJbHBIX HaIpaBJICHWI B TEOPUU aBTOMATHIECKOTO YIIPAB-
JIeHus — Wccye/ioBanne crabuymsanyuu cucreM. [Ipw 3ToM B OGOJbIIUHCTBE
CJIy4aeB PACCMATPUBAIOTCA CUCTEMbI aBTOMATUYCCKOI'O PEryJMpOBaHNs, OIU-
chiBaeMble cucreMamu judepeHimaibHbiX ypaBHEHUN BUJIa

CCZ; = Az + BK(t)C'x, xr € Ry, (1.1)
rie K (t) siBaistercs crabuusupyromieil marpurieil. B ciydae, Korja crabuin-
3UPYIOIIas MaTPUIA  SIBJISETCSA MOCTOSHHON, OCHOBHbBIE METO/IbI CTAOUII3a-
nuu cucrem Buja (1.1) u nogpobuast Gubsmorpadust cogepxkarcs B [36], [37],
165].

Pasnuunbie asroputmbl crabunusaiuu cucreM Bujga (1.1) ¢ mepemennoit
marpuieit uccaegosannl B [71]; [73]. Tlpu srom paccmarpuBaju MaTpUILbL,
3JIEMEHTAMU KOTOPBIX ABJISIOTCS IIEPUOJANICCKIE HEIIPEPBIBHBIC U PA3PbIBHbIC
byHKIIN.

IIpo6sema Bpokerta. B [117] Bpokerr cdopmymmpoBas cieayomnyo
npobJiemy. Hana rpoiika marpuil (A, B, C). [Ipu Kakux yCJaoBUsIX CyHIIECTBY-
er Marpuna K (t) rakas, 1yro cucrema (1.1) acuMiroTudecku ycroiuusa.

[Ipobaemy Bpokerra uccrenosanu B |71], [73], rae B psge ciaydaes ObLin
ITOJTY 9€HBI HEOOXOIMMBIE U JIOCTATOUHBIC YCIOBUS CTAOMIN3AIAN CUCTEM BUJIA
(1.1) neproIecKuMU MATPUIIAMH.

B [71], [73] npuBeeHbl qocTATOUHbBIE YCIOBUSI, TIPH KOTOPBIX CYIIECTBYET
nepuojnieckas Marpuiia K (t), jaomas acHMITOTUIECKYIO CTaOUIIN3AIIIO
cucrembl (1.1), ¥ MpUBEJIEH AJITOPUTM €€ TTOCTPOEHMSI.

Tam ke ncese[oBauch yCioBUs UMILYJIbCHOT crabusinsain cucrembr (1.1),
a TakzKe YCJIOBHsI, IPU KOTOPBIX HEBO3MOXKHA crabmin3aius cucreMbr (1.1).
B cayuae, korma K (t)— ckangpuas Gyunkiws, B u C'— BEeKTOPbI, 1101y YeHbl
YCJIOBUsI aCUMIITOTHYECKON crabuimsaisi cucrembl (1.1) npu n = 2. Dru
YCJIOBHS, 10 CYTH JIeJIa, SBJISIIOTCS HEOOXOIUMBIMU U JOCTATOUHLIME YCJIOBU-
MU aCUMITOTHICCKON cTabumm3anuu cucreM Buja (1.1) npu n = 2 mepuo-
JIecKuMU cKadisipabivu Gynimsivu K (t).
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Pesysibrarsl ucciiejoBanus 1ipodsiembl bpokerra, 1nosydennbie Kk 2002 1.,
npuBesieHs! B |73,

[IpencrapiisieTcst akTyaJibHOI pa3paboTka ya100HOro B peau3aiun odIie-
ro aJaropurMma 1ocrpoerust Marpuil K (t), ocymecTBisiionux crabujin3aimio
cucrem Buja (1.1), rne marpuna K (t) He 00s13aTeIbHO JOJIKHA OBITH TTEPUO-
JINYECKOIA.

B pasgene 3 jgaHHON IJIaBbl IPUBEJIEHBI HEOOXOAUMBIE U JOCTATOUHDLIE
YCJIOBHS CYIIECTBOBAHUST HECKOJIbKUX KJIACCOB CTAOMIM3UPYIONUX MATPUI] 1
PEJJIOXKEH JIOCTATOUHO 00TIHii cr1ocob mocTpoenust cemeiicTsa matpul K (t),
OCYIIECTBJISIONINX aCHMITTOTHYECKYTO cTabusmsaiio cucrembr (1.1) u Gosee
o0IMX cucreM. HacTHBIM ClydaeM [PeJJIOXKEHHbIX HUXKE METOJI0B CTabuIu-
3AIUN SIBJISIETCST CBEPXCTAOMIN3AIHSI.

Ormpe/iesienne cBepxcTabuIu3anuy BeeieHo B [89).

PaccMoTprM HEIPEPBIBHYIO CHCTEMY

xcg?:AaH—Bu, y = Cu,

e r € R,— cocrosinue; y € R;j— Bbixoj; u € R, — yupanjenue, KOTopoe
uieTcs B (popme oOpaTHO CBSA3K 110 BBIXOIY

u= Ky. (1.2)

Torna 3aMKHyTasi cucTeMa MpuodpeTaeT BHI
dx
dt

Onpepesienne 1.1 [89]. Marpuia K HasbiBaercs: cBEpXCTaOUIU3UDYIO-

=Ax, A=A+ BKC, A.={my}, i,7=12,...,n. (1.3)

e, ecyin
o= O'(AC) =min | —my; — Z \mw| > 0.
! J#
Bameuanue. Tlapamerp o = o(A,) coBnajaer ¢ jorapudMUIeCcKOl HOP-
MOit MaTpuilbl A, B npejnonoxennu, uro A. onpenpenena u3 R, B R,, rie

R,— n-mepHoe BEKTOPHOE TPOCTPAHCTBO ¢ HOPMOIi ||z|| = max |z;].
SISn

i TUCKPETHBIX CHCTEM CBEPXCTAOUIU3AIUs OIpPeJIesIsdeTcs aHaJIOTnY-
HbIM 00Pa30M.
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[IpejyiaraeMplit HUZKE METO/| CTADUIIUBAIMN OTIIMIACTCS OT U3BECTHDIX Me-
TOJIOB CJIELYIOTIHM:

1) crabunmsupyiorias Marpuna K (t) MoxeT uMerh Mpou3BOJIbHbINH BUI;

2) MeTOJI IPUMEHIM K 6oJiee OBIIUM CHCTEMaM, HEXKEJIH OIUChIBAEMbIM CHi-
cremamu Bijia (1.1). OH IpuMeHUM K cHCTeMaM C epeMeHHBIME MaTPHIAMH
A(t), B(t),C(t) u x HeJIMHEHHBIM CHCTEMAM.

Vcnosb3yst npejraraeMblii METOJ, MOXKHO MOCTPOUTH TPHU KJjacca crabu-
JMBUPYIONMX Marpul,. [locrpoeHue 0HOrO U3 ITUX KJIACCOB OYEeHb IPOCTO U
MOXKET OBbITh BBIIIOJHEHO B PEXKUME PEATbHOTO BPEMEHH.

B paszenax 4 u 5 MeToJ| pacpoCTpaHeH Ha CHCTeMbl yDaBHEHWI B dacT-
HBIX POU3BOJIHBIX M HA CUCTEMbI JIUCKPETHBIX yDABHEHMUIA.

2. ITonyoOpaTHbBIEe MAaTPUITHI

[Ipu mocrpoernn aaropuTMOB CTaOUIN3AINY IBUXKEHNS HAM [TOHA, 100 TCS
OJIyoOpaTHbIe MATPHIIHI. XOPOIIO W3BECTHO, UTO MaTpuIia A pasMepa m X n
MOXKET HE MMEeTb HU JIeBOM, HUM 1PaBoil obparHoil Marpulbl. B HekoTopoii
CTEIeHHN UX aHAJIOTOM SBJISTFOTCS [IOJIyOOPATHBIE MATPHUITLI, KOTOPBIE BBOISITCS
CJIEJIYIOIIM 00pPa30M.

Onpepenenne 2.1 [99]. Marpuia Ay' nassizaercs nosiyobparHoi K Mar-
putie A, ecin BIosIHEHO cooTHOmenne AA 1A = A.

Hoxkaxem, ciemys 99|, aro mobas marpuna A uMeeT moayoOpaTHYIO.

Hist aroro Bocnosibzyemest nousiruem (M, N )-nipeodpasoBaHust mpsiMOyroJib-
HBIX MaTPHUIL.

Marpuna A pasmepa m X n ocTaeTcs MATPHUIEH TOTO XKe pasMepa, ecin
YMHOYKUTH €e cJIeBa Ha KBajpaTHyo marpuily M mopsiaka m, a ciipaBa — Ha
KBaJpaTHyio Marpuiy N mnopsijaka n :

Ay = MAN.

ITycrs marpuisl M u N — neocobennbie. Torna A = M 1A N~! u rosopsr,
aro marpuna Ay nosyudaercs uz A (M, N)-npeobpazosanuem.

Ouesnyino, uro (M, N)-npeobpasosamue Ji060ii HEOCOOEHHO MATPHILBI
JlaeT HEOCOOEHHYIO MaTPUILY.

(M, N)-nipeobpasoBatie MaTpuUIibl, KMEOIIeil JieByio (1paByio) 06paTHyo
MaTpHILy, TPUBOIUT K MATPUIE, UMEIOIIEil JeByio (MpaByt) 0OpaTHyO MaT-
pHILYy.
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Marpuiieit nepecraHoBok HasdbiBaercst Marpuna 1l = {psk}, noayden-
Has U3 eJUHUYIHON MATPUIIBl IEPECTAHOBKOM 3JIEMEHTOB S U K CTPOK.

Cnpasegyusa dopmyna: 1, 111, = I, 1. e. marpuna Il obparna camoi
cebe.

Obo3naunm yepes Tfrf)n MATPUILY pasmepa m X n

T<r>:<fr 0)
mr=\o o)

y KoTopoil I,— e uHudHasg MaTPUIa pasMepa 1 X T.
Teopema 2.1 [99]. C nomomipio (M, N)-npeobpazosatust Ji00yi0 MaTpu-
Iy MOXKHO IIPEJICTaBUThL B BUJIE

A= M7 NI

m,

WJIN, YTO TO XKe caMoe,

MAN =T

Ecim marpuma A nMeer xorst ObI OJIHY NMpaByio 00PaTHYIO, TO BCSKasl 1MO-
siyobparnas Ay taxske Gyer npaBoit o6parHoi st A. B camom seste, ymuo-
xuB AAg'A = A crpasa na A™!, umeem:

AAGY =1

Ecin y A ectn jeBast obparmas, 1o n Ag! Gyner seBoit 0bparHOH s
A. Jlerko rak>ke BUJETh, YTO BCsIKas JieBas WM [paBast oOpaTHast MaTpria
s A gBngerca nosyobparnoii. VzsectHo, uto nannag Marpuna A moxker
HEe UMEThb HU IIpaBoii, HU JieBoil obpaTHbIX Marpull. [Tokazkem, ojHaKo, 4TO
aobast marpuiia A Bcerga wMmeer xoTst ObI OfHYy MoJsryobpaTHyto. st aroro
socnosbzyemest (M, N)-npeobpasoBanuem.

[Tycts A umeer nosryobparnyio (. Iogsepraem A (M, N)-npeobpaso-
panuio, a Q — (N1, M~1)-npeobpasosanmio:

A = MAN: @Q,=N1QMmM
Marpuna Q1 Oyier ciay>kuth 1ojyobparnoii juist A, B camowm jiede,
A1 A = MANNTIQMMAN = MAN = A,.

Taxkum obpasom, s aByx marpun, A1 u Ay, csizannbix (M, N)-upeobpazo-
BaHUeM, CYIIECTBYET B3aUMHO OJHO3HAYHOE COOTBETCTBUE MOJIYyOOPATHBIX.
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st maTpuiibi T(’:)n noJsiyoOparTHas, O4eBUJIHO, CYIIECTBYET U PaBHA, T(% :

7(r) () plr) — p(r

mmn"-nm=mn m,n:

Orciogia n u3 reopembl 2.1 ciejyer, 9T0 U JiJisi TPOU3BOJIHLHOM MaTPUILHI

A=M1T0) N (2.1)

,n

TOXKE CYIIECTBYET MOJIyodpaTHAasl.
Hatinem, cremys [99], obmmit Buy Beex marpui (1), >n)5 I nonyobparmbix

TSl Tr(nrzl

Bynem uckatnb (Tg’ ) )0 — B BHje MATpPHIIBI

it = (i) (22)

¢ nojyrexKanumu onpegenennto marputamu U, V, W, Z.
Buech U — r X r-marpuna, V —r X (m — r)-marpuna, W — (n — 1) X -
marpuia, Z — (n —r) X (m — r)-marpuia.
13 U |
0
7)) () \=1p(r) (2 ) () 2.3
m,n( m,n)O m,n 0‘0 m,n O ( )

cJIeJlyeT, dTo JIJIst BCAKO# mosryobpaTHoii marputist (7 m" ) kJjetka U 107K-

Ha paBHAThes [, a kjaerku V, W u Z npousBoJibHBI, T. €.

T = (;V‘f;) . (2.4)

Taxum obpaszom, obIree IpeacTaBaeHue sl TOJYyOOPATHON MATPUIILI NMe-

eT BU/]
1|V
A = N(TUNA g = N[ 22 M. 2.5
0 ( m,n)O (”7’2) ( )

13 dopmyn quﬂl = (%)}mb (1,10) = (%)}m (I.|0) u A= M) N~

n
i
JUIST MaTPUIBI A TIOJIydaeTcs peIcTaBIeHne

A= BC, (2.6)

e B = M1 (%) — MaTpuia pasmepa m X T, JOIyCKalollas JIeBYyI0 00-
parnyio, a C' = (I]J0)N~! marpuna pasmepa r X n, J0HyCKaIOmas MPaBYIO

obpaTHYIO.
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Pazsioxkenue Bugia (2.6) 1o3BoJisier Jarh eIe 0jiHO SBHOE BbIDasKEHUE J1JIst
OJTyoOpaTHBIX MaTpull. VIMEHHO, MOXKHO MOJIOKHATD

Ast =B (2.7)

JleficTBATEILHO, TIPH 9TOM, KakK Jierko Bugerh, AAgtA = A.

B wmonorpaduu C. JI. Cobosesa [99, ctp. 26| ormeuaercsi, 9To He Bce
noJiyobpaTHbie MaTpuIibl uMeioT Buj (2.7). Tem we Menee Jyisi gasbHeero
HaM J0cTaTouno pakTa CyIeCTBOBAHUS TTOJyODPATHON MATPUILI U HAJINYKS
criocoba ee 1OCTPOEHMSI.

3. Crabumm3anmoHHas nmpobJjema Bpokerra majig cucreM
OOBIKHOBEHHBIX MU PEPEHNTNATIHLHBIX YPaBHEHUI

Pacemorpum mapsiy ¢ cucremoii (1.1) Gosee obiryto cucremy

Zi = A(t)x+ B(t)K(t)C(t)x, r € R, (3.1)
B koropoit A(t), B(t), C(t)— sajannbie marpuipl. Tpebyercs oupejeurnb
YCJIOBHA, TIPK KOTOPbIX cyliecTByer Marpuiia K (t), Takasy, 4To TpuBHaJbHOE
perienre cucrembl ypapHennii (3.1) acuMITOTHYECKH YCTORIUBO.

Cucremy (3.1) Oyuem ucciegoBarb B npocrpancrsax R, w E,, rie E,—
eBKJINJIOBO MTPOCTPAHCTBO.

Byjem ropoputh, uro n X n marpuna D(t) npuHajiexuT Kiaccy S,

€CJIn TPpUBUAJIbHOE PEICHUEC CUCTEMbI ypaBHeHI/Iﬁ

d
d‘f — D)z, € Ry,

YCTOUYIUBO B IIEJIOM.

HacTHBIME CJIydasiMu KJiacca S sSIBJISIOTCS KJIacchl S1, Sa, S3.

Bynem rosoputh, uro n X n Marpuna D(t) ¢ HeNpepbIBHLIMU 3JIeMEHTa-
MU NpHHAJIEXKAT Kiaaccy S1 mau So, ecan npu Jjiobom (0 < t < o0) ee
norapudpmuveckas Hopma orpuiaresnsia u AD(t) < —a,a > 0 uau crekrp
marpuisl ReD(t) = (D(t)+D*(t))/2 orpunaresen npu Jjobom t(0 < t < 00)
n ReD(t) < —a, a0 > 0.

Bynem rosoputb, uro n X n marpuna [ OpUHAJIEKAT KJIaccy S3, €C-
JIN €€ CIEeKTP JIEKUT B JIEBOH MOJIYIIOCKOCTH TIJIOCKOCTH KOMIIJIEKCHOM T1e-
PEMEHHOM, a ee sjleMeHTbl d;j,1,] = 1,...,n, ABIAI0TCS KOHCTaHTaMu, He
3aBUCAIIUMHA OT .
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[Tycrs cymecrsyer marpuna K (t), jgamomas acuMITOTHIECKYIO CTabu1/Iu-
saruio cucrembl (3.1). Ecmu A(t) + B(t)K(t)C(t) € S, S1, 59, S5, T0 Gyiem
TOBOPUTD, 9TO OCYIIECTBJISIETCS cTabuan3alns Kiacca S, S1, 52, S3 cooTBeT-
CTBEHHO.

UccnemyeM acuMITOTHIECKYIO YCTORUUBOCTD CHCTeMbl ypaBHeHuit (3.1)
B npejojoxkenun, yro Marpunsl B(t) u C(t) meobparumbl. Kpome Toro,
npejnonoxum, 1ro C(t) —ny X n-marpuna, K (t) —ng X ni-marpuna, B(t) —
n X No-MaTPUIIA.

O6o3maunm depe3 By ' monyobparayio Marpuily s Marpuisl 5. [Tosy-
obparHasi Marpuia BRoguTCs opmynoit B = BBy 'B. B pasmene 2 6b110
OTMEYEHO, 4TO MOJIyoOpaTHbIEe MATPUIIBI BCETIa CYIIECTBYIOT, HO OIPEIeIsi-
IOTCSI HeeTMHCTBEHHBIM crtocoboM. Kaxkmoii marpuiie pasmepa m X 1 MOXKHO
[IOCTABUTH B COOTBETCTBHE €€ JIeBble M IIPaBble aHHYJIUPYIOIHEe MATPHUIILL:
Bfl =1, — BBal, Br_l =1, — BalB. 3nech I, u I~ MHNYIHBIE MATPUIIBI
pasMepa n X m 1 m X m COOTBETCTBEHHO.

Cuenyiortee yTBep:KIeHne ONUCLIBACT HEOOXOIUMBIE I IOCTATOUHBIE YCIIO-
BHUsI CYIECTBOBAHUS CEMEHCTB CTaOUIU3UPYIOMINX MATPHIIL.

Teopema 3.1. [Iycrs Byt u Cyl— nosyobparibie MaTPHILI /sl MATPHIL
B u C. JIng Toro utobnl cynecTBoBaja crabmnns3anus kiaacca S, S1, S9, S3,
HEOOXOIMMO ¥ JIOCTATOYHO, 4TODBI cylecTBoBaga MaTpuiia D(t), npuHa-
JIeYKaIast COOTBETCTBEHHO Kiaccy S, 51, S, S3, /st KOTOPO# CIPaBEeJINBLI
paBEHCTBa,

BBy,'Di(t) = Di(t);  Di(t)Cy'C = Dy(t),

rie Di(t) = D(t) — A(t).

Torna marpuna K (t) = By 'Di(t)Cy! ocymecTBaser acuMITOTHICCKYIO
cTabuIn3aImio cucTeMbl (3.1), IPUBOASIIYIO K TPUBHAJIBLHOMY DEIICHUIO.

B cayuae, koria marpuiisl B(t) u C(t) obparumbl nipu sobom 0 < ¢ < 0o,
u3 TeopeMbl 3.1 BbITEKaeT cjejlyoliee yTBepxK/IeHue.

Teopema 3.2. Ilycrs npu Jmo6om t(t > 0) marpuipl B u C' HenpepbiBHO
obparumbl. Toryia cymmecrsyer necuertnoe qucsio Mmarpuil K (t), npu KOTOpbIX
CHUCTEMa YpaBHEHUN (3.1) Oyjer acuMmiToTudecku ycroitumboil. B kadectTse
K (t) MoryT 6bITH B3ATHI MATPHIILI

K(t) = B (t)(D(t) — A(t))C™(1),
riae D(t)— marpuna, npuHajiexkamas OJHOMY M3 KJaccoB S, S, Sa, Ss.
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JokazareabCcTBO Teopemsbl 3.1. st jloka3are/ibCTBa OCY LIECTBUMOCTH
ACHMITTOTHIECKON CTAOMIM3AINN CUCTEeMbI ypaBHeHuit (3.1) Hy»KHO MOKa3aTh,
aro cymecTBytor Takue marpuiibl K (t) u D(t) € S, 51, Sa, 53, uTo0

A(t) + B)K (£)C(t) = D(t). (3.2)

OrMeTuM, 4TO JI0KA3aTEIHLCTBO YCTOMYUBOCTHU B IIEJIOM CUCTEMbI yYpaBHe-
HUM

“ ~ Dy,
rine D(t) € S1,.Sy, npuBesieHo BO BTOPOIi ryiase.

JokazkeM HeoOXOMMOCTb YCI0BHUiA TeopeMbl. IlycThb cymecrByoT MaTpu-
upt K (t) u D(t), namorme acuMITOTHIECKYIO CTabUIIN3AIMIO CHCTEMbI YPaB-

nenuit (3.1). Torua, ymuoxkas ypasuenue (3.2) va B 1, umeewm:
B(t)By ' (t)Di(t) = Di(t).

Yuuokast ypashenue (3.2) Ha B!, umeewm:

Di(t)Cy (1)C(t) = D).

HeobxonumocTs jokasana.
JlokaxkeM JIOCTaTOYHOCTD YCJIOBUIL TeopeMbl. [IyCcTh BBINOJHEHbI YCJIOBUA

Di(t) = B(t)By () Di(t); Di(t) = Di(t)Cy ()T (1), (3-3)
rie D = A — D, D e S, 51,52,53.

Hy:xHo nokasarb, uro cymecrsyer marpuna K (t), rakas, 9To
B(t)K(t)C(t) = D1(t). (3.4)

[Tonaras
K(t) = By ' (t)D1(t)Cy ' (t)

1 UCTIONB3Ys paBeHcTBa (3.3), mpeBparmaeM (3.4) B TOXKIECTBO.

Teopema, j0Ka3aHa.

Awnajmsupysi Jloka3aTesbeTBO TeopeMbl 3.1, MOXKHO ¢jie1aTh CJiejyroniee
3aKJIIOUCHIE.

Teopema 3.3. [lyist ocyIecTBIeHUsT aCUMITOTHIECKON CTaOUIIN3AIN CH-
creMbl (3.1) JOCTATOYHO CYIIECTBOBAHUST HEITPEPHIBHOM MaTPHIHI
D(t) € S, 51, Sy, S3 u marpuupt K (t), yaoBIerBOPAONINX yPABHEHUIO:

B(t)K(t)C(t) = D(t) — A(t). (3.5)
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Samevanue. YTBEPKACHUSI, aHAJIOIMIHbIe TeopeMaM 3.1 — 3.3, cupase/i-
JIBBI U JIJIsI JIPYIUX KJIACCOB CTAOUIM3UPYIONUX MaTPHIL.

Takum 06pazoM, JJist OCYIIECTBICHNsT cTabuamu3aln cucreMbl (3.1) Hyx-
HO Haiitu marpuiyy D(t), npunajiexkaiyio ojHoMy u3 kjaaccos S, St, Sz, Ss,
u matpuity K (t), yaosiersopsiormux ypasaeruio (3.5). [Tokaxkem, ato B ciy-
qae, Koryla uiiercs Marpuna D(t) € Sy, nocrpoenue marpur, D(t) u K (t) ne
BLI3LIBACT 3aTPY/IHEHUIA.

Huisi oupegiesiernnocru Oyjem cunrars, uro marpuibl A(t), B(t), C(t),

K (t)— xsagparnbie. Obo3naunm anementsl MaTpuisl K (t) qepes {k;;(t)},
i,j=1,2,...,n,asementsl Mmarpuiel D(t) uepes {d;;(t)}, 4,7 =1,2,...,n.
Bo BTOpoil riiaBe ObLJIO OTMEYEHO, YTO JIJIs TOr0 4YTOOBI JiorapudMuiecKast
HopMa Marpuibl D(t) mpu KaskjaoM t OblLia OTpuIaTeNbHa B MPOCTPAHCTBE
R, ¢ merpukamu

n
l2lloe = s el llzll = 3 faal,

JO0CTAaTOYHO BbBIIIOJIHCHUA yCJIOBI/II'/JIZ

d“(t) + Z /|dw(t)‘ < O, d“(t) + Z /|dﬂ(t)‘ < O, Z,] = 1,2, oo, N
j=1 j=1

(3.6)
3nech Y o3HavaeT CyMMUPOBAHHUE 10 J 7 1.
Takum obpazom, 3ajiada cTaOMIM3AIMN CBOIUTCS K PEIIeHUI0 CHUCTEMbl
YPaBHEHU

B#)K(#)C(t) = D — A(t) (3.7)

npu orpanudenusix (3.6).

Cucrema (3.7) npu orpanuuenusx (3.6) cocront uz n® ypasuenuii u n
OTPaHNYCHMIl, CBA3BIBAIONINX TIPH KAXKJIOM 3HAUCHUN ¢ 2n? HeM3BECTHBIX
(s}, (i)}, ij = 1,2,

Kaxioe n3 muoxecrsa periennii 3ajgaan (3.6) — (3.7) (ecsam onu cyiie-
CTBYIOT) onpejesisier crabusnusupyioniyo marpuity K (t). dus pemenust cu-
creMbl ypaBHenuit (3.7) mpu orpanndenusx (3.6) MOXKHO MPHUBICTb METOIDI
quueitHoro mporpammupoBanus [111]. Ha muoxecTBe 9TuX MaTpuI; MOXKHO
3a/1aBaTh Pas3JuIHbie QyHKIMOHAIBI.

PaccMoTpuM MOJEIBHBLI TPUMED, B KOTOPOM JIJIs IIPOCTOTHI 0003HAYECHMIA
OTpAHUYUNMCH CIydaeM n = 2.
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Hano ypaBuenue

o = Az + BOK (1))
[TycTh 1
Al = ( v fib )

C(t) = (i 0’15 )

st mpocToThl 0OO3HaUYeHUI Oy/ieM CUUTaTh, 9TO Marpuilbl [ or t He 3a-
sucat. st naxoxienust marpuibl K (t) HeoOXOJAMMO PEluTh CUCTEMY YDaB-
HEeHU I
lel(t)t + 4]{312(t)t + 2]{21(75) + 4]{22(t) = d11 - 2;
1 .
2+ 1’
lel(t)t -+ 4k12<t)t + 2koq (t) -+ 4k22( ) = dy — t—l—ll

0, 5k (8)t + Ko (£)t + 0, 5k (£) + Koo (£) = dos + 10

I[Ipr AOIIOJIHUTEJIbHbIX YCJIOBUAX

0, 5k311<t)t + klg(t)t + 0, 5]<721 (t) + kQQ(t) = d12 — (38)

di1 < 0; dyy < 0; |d11| > |d12‘; ‘d22| > ‘d21|. (39)
[lepenumem cucremy (3.8) B Bujie

dll =2 + Zkll(t)t + 4]€12(t)t + 2]621 (t) + 4]€22(t);

1
241

dig = (t)t + klg(t)t + 0, 5k (t) + ]{322(75); (310)

1
doy = 1 + 2k11t + 4k1ot 4 2koy + 4koo;

d22 =—-10+ 0, 5]€11t + klgt + 0, 5k21 + ]fgg.

113 mepBoIx ABYX yeaoBwit (3.9) mmeem

2+ 2]€11(t)t + 4]€12(t)t + 2ko1 (t) + 4]€22(t> < 0;
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—10+ 0, 5k11(t)t + klg(t)t + 0, 5koq (t) + kQQ(t) < 0,

1, CJIEJIOBATEILHO,
kll(t)t + 2]€12(t)t + ]fgl(t) + 2]4322(75) < —1. (311)

[Ipr BoimosHenwn mepasencTBa (3.11) MOXKHO yCHIUTD IMOCTEHUE [TBA
ycaoBus cucreMsl (3.9)

2+ 2k11(t)t + 4]€12(t)t + 2k21(t) + 4k22(t) <

< _t2 1 + 0, 5k11(t)t + klg(t)t + 0, 5k21(t) + kQQ(t) < —‘d12| < 0;
—10 + 0, 5k11 (t)t 4 k1a(t)t + 0, 5koy (t) + kao(t) <
1
< m + 2]€11(t)t + 4]€12(t)t + 2koq (t) -+ 4k22<t) < 0. (312)

Hepagencraa (3.11), (3.12) oKOHYIATENTLHO MOXKHO MPEJCTBUTH B BUJIE

k?n(t)t + 2]€12<t)t + kgl(t) + ngg(t) < —1;

3 3

—ky1 ()t kio(t)t + =Koy (t koo (t — —2;
211()+312()+221()+322()< Zrl
§l<: (t)t + 3k (t)t+§k (t) + 3k (t)>—10—L
Sk 12 5 ka1 22 P

OTCIO,Z[& I[IoJIy9a€M OKOHYaTECJIbHbIE YCJIOBHA JIJIA HaXOXKACHHNA MATPHUIIbL

K(t) :

20 2 1
—— — ———— < k1 ()t + 2k10(8)t + koy(t) + 2kao(t) <
3 3711 11(8)t + 2k19(t)t + ko1 (t) + 2kao(t)
< m ( ] 4 2 1 )
min (—1,—= — = :
3 3241

Takum obOpa3oM, B pacCMaTpPUBAEMOM CJlydae UMeeTcss OECKOHEUHOe MHO-
YKECTBO CTaOMJIM3UPYIONIUX MATPHUIL, B YUCJIO KOTOPHIX TaKXK€ BXOJAT U I10-
crosinabie MaTpuiibl. Hanmpumep, marpuna ki1 = 0; k1o = 0; koy = —1;

k’22 = —2.

st cucreMm HeJMHEHHBIX OOBIKHOBEHHBIX JIN(D(EepEeHINaIbHbIX yPaBHE-
Huii pobsiema Bpokerra MoxkeT ObITh CPOPMYJIMPOBaHA, CJIeAYIONUM 00pa-
30M.
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ik

Hana | x [ marpuna B(t), sekrop-byuxiun A(t, x(t)) u C(t,x(t)), rae
x(t) = (x1(t), ..., 2 (t)), A(t, z(t)) = (ar(t, x(t)), ..., a;(t, x(t))) u C(t, x(1))
= (c1(t, z(1)), ...,Ucl(t,x(t))).

Tpebyercst naiitu marpuiy K (t), oCcymecTBasIONLy IO CTaOMIN3AIMIO K HY-
JIIO pEIIeHUs CUCTEMbl YPaBHEHMI

o = Alta(t) + B K(#)C(t, 2(t)). (3.13)

Bosbmem 11pousBouibHblil ssieMent x(t) u npejcrasum saementol a;(t, x(t))
1=1,2,...,1, B BUgE

ailt 2(t) = 3 ' 20

(), i=1,2,...,1, 3.14
2z D) (t) (3.14)

riae >/ osmadaer cymmmpoBanue 10 k, takum, uto xi(t) # 0, a; > 0,
Lo
Zkil Al — 1.

Anasioruutbiv 06pazom ssiemenTbl Bekrop-dyukin C(t, z(t)) MoxKHO 1peji-
CTABUTDL B BUJIE

e (), i=1,2,. ., 3.15
P (t) ) (3.15)

l
Frﬂ\e’%kzowfz l/yik:17i:1727 '7l'
=1

Ormerum, 910 KOapDUIUEHTH i 1 Yik, &,k = 1,2,...,1, MoryT 3aBu-
ceTh KaK OT BpeMeHu t, Tak u or rekyuiero 3uadenus x(t). Jus npocrors
0DO3HAYEHUI HUXKE IMoJIaraeM oup 1 Yk, bk = 1,2, ..

., [, xoncTanTamMu.
Kazxiomy BekTopy x(t) HOCTABMM B COOTBETCTBUE MATPUIILI

(t, {aix }i, (1)), cocrapienmbie n3 3aeMEeHTOR

ai(ta(t))
aik(t, {Oélk}ll},x(t)) — { 73 xp(t) xk(t) 7& 07

3.16
O, $k<t) =0 ( )
ik=1,2,...,1

Anajiornuno kaxjiomy BeKTopy Z(t) nocraBuM B COOTBETCTBUE MATPUILbI
C(t, {vir}}, z(t)), cocTapaennble u3 3JIEMEHTOB

ci(tz(t))
cir(t, {yinth, z(t)) = { LT _(

) #
I (3.17)

1,2,...,1.
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[Tosb3ysich npejcrapiennsimu (3.16) u (3.17), cucremy ypashenuit (3.13)
MOXKHO IPEJCTABATD B BUJIE

U A o (0)2(0) + BOKWOE, fadh 2()alt).  (318)

Teopema 3.4. [Tycrb cymecrsytor nabopst {a,} u {vi}, i,k =1,2,...,1,
takue, ato jys Jyioboro © € R(0,d) u moboro t (ty < t < 00) MaTpPHUIILI
A(t, {ag}t, 2(t) w O, {vix}}, #(t)) nenpeprisno obparumer. Torma cyrie-
creyer marpuna K (t), ocyiiecrsisionas crabuin3aluio K HyJII0 PEIleHus
cucrembl ypasaenuit (3.13) mpu srobom HavambHOM 3Hauennu z € R(0,0).

Hoxka3zareabcTBo. [lycts D — [ X [— marpuna, coOcTBeHHbIE 3HAUCHUS
KOTOPOI#t JiexkaT B JieBoil noJsiyriockocTu. V3 ycjioBuii TeopeMbl ciejyer, 9To
cucrema ypapaenuii (3.13) moxker ObITh HpPeJCTABICHA B BUJIE

W Al o2 (0)2(0) + BOKOC( (i a(0)a(0). (319)

[IpupaBuuBasi mpasyto dactb (3.19) Bektop-dyukiun Dx nmeem

~~ = Du. (3.20)

13 pacniosiozkenusi ciekrpa Marpulibl D ciejyer, aro cucrema (3.20) acumii-
TOTUYECKU YCTOUYINBA.
Tax xak Marpuist B(t) u C(t, {vix}i, z(t)) obpaTumbr,

K(t) = B (1)(D — A(t, {as}h, 2(0))(C(t, Tk, 2(0) ™

Teopema nokazana.

PaccvoTpnm Terieph ciy4ait, xKorna marpuipl B(t) u C(t, {vie}, z(t))
HEOOpaTHMBI.

Beesiem marpursl D(t), npunajiexaniye OJHOMY U3 KJIACCOB MATPHUII
S1, So.

Badukcupyem Habopbl i (t) 1 v, (t), nosoxus, Hanpumep, o (t) =
= vir(t) = %, rje m(t)— 4UCI0 OTJIMUHBIX OT HyJIsi JIEMEHTOB BEKTOPA
z(t) = (x1(t), ..., x(t)).

O6oznaunm 1epes (Bo(t))™ u (Co(t, {yix ()}, x(t))) "1 momyobparnnie
Marpuilbl K Marpunam B(t) u C(t {vix(t)},, 2(t)); uepes Dy(t)— pasnocrs

Di(t) = D(t) — A(t, {aa(t) }1, 2(1)).
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Teopema 3.5. Ilycro (Bo(t)) ™t u (Co(t, {vir(t)}, 2(t))) "'~ nomyobpar-
npre Marpuist 1 marpui B(t) u O(t, {vi(t)}, 2(1)).

st TOro 9To0bI CyIIeCTBOBAIA CTAOMIN3AIUs Kaacca S1, 59 JJIsi CACTEMbI
ypasrenuii (3.13) HeOOXOIUMO U JJOCTATOTHO, ITOOBI CYIIECTBOBAJIA MATPHUIIA
D(t), npunajexkanias COOTBETCTBEHHO KJjaccy Si,S2, JUId KOTOPOR Clipa-
e bl pasencrsa B(t)(By(t)) ' Di(t) = Dy(t),
Di(t)(Co(t, {inths x(t) 1 C (¢, {ya 1, 2(t) = Di(t).

Torma maTpurna

K (t) = (Bo()) ™ Di(t)(Co(t, {yim}1 x(t) ™

OCYIIECTBJIsAET CTabUIIM3alUI0 cucreMbl ypasaenuii (3.13), npuBojsinyio K
TPUBUAJBHOMY DPEIeHuIO.

Jloka3aTebCTBO TEOPEMbI SABJISIETCS 00 e IMHEHUEM JIOKA3aTE/bCTB TEO-
peM 3.1 u npejpliyieit TeopeMbl U 1O3TOMY OIyCKAETCs.

3akaHuMBas 9TOT Pa3jiesl, OCTAHOBUMCA Ha 000O0IEeHHO# npobieme Bpo-
KerTa [117].

O60061enHas mpobdJyiema bpokerTa. /lano cemeiicTBO TOCTOSTHHBIX MaT-
puii (A, By, By, ..., By, C1,Cy, ..., Cy,). Tpebyercs onpejiesurhb npu Kakux
YCJIOBUSX CYITIECTBYET MOCJIEI0OBATETbHOCTD 3aBUCAIIUX OT BPEMEHU MATPHIL

Ki(t), ..., K,(t), takux, uro cucreMa 0ObIKHOBEHHBIX JiuddepeHIanibHbIX
YpaBHEHU
dX(t m
dt() = AX(t) + > B K;(t)C;(t) X (¢t) (3.21)
i=1

ACUMIITOTUICCKH YCTONINBA.
Paccmorpum cucremy ypaBHEHUi

C”;'t(t) — At X(t) + f) Bi(t) Ki(t)Ci(t) X (1), (3.22)

rne X (t) = (x1(t),...,x1(t)), A(t), Bi(t), Ci(t)— I x [ Mmarpuiis! ¢ ssieMenTa-
MU, 3aBUCAIIAMU OT t.

Tpebyercs naittu nocsegosaresbuocts [ X[ marpur K;(t),i = 1,2,...,m,
OCYIIECTBJISAIONINX ACUMIITOTHYECKYTO CTabUIIMBAIMIO periernst cucremb (3.21)
npu Ji0boM HadasgbHOM 3HadeHun X (tg) = Xo.

Teopema 3.6. I[lycrb marpuil B;(t) u Ci(t), i = 1,2, ..., m, obparuMpl
upu Jgwbom t, tg < t < oo. Tornma cymecrByer ODECKOHETHOE YUC/IO MaTPUIL
Ki(t), 1 =1,2,...,m, OCylIECTBJASIIOIMUX ACUMITOTHIECKYIO CTaDUIU3AIMIO
peIeHnst CUCTeMbl ypaBHenuii (3.22).
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Samevanue. Ilycrs N\; > 0,1 = 1,2,...,m, ‘Tanl A = 1, 1 x [, marpuna
D ¢ nocrosinubiMu KO3 puimeHTamu nMeer CO6CZTB6HHI)IG 3HAQUYEHUs], PACIIO-
JIO?KEHHBIE B JIEBOU IOJIYIIJIOCKOCTH IIJIOCKOCTA KOMIIJIEKCHON IepeMeHHOI.
Torma marpurpt K; = By Y(\(D — A)CY, i = 1,2,...,m, ocymecTsis-
FOT ACUMIITOTHYECKYIO CTaOMIN3AIMIO K HYJIIO PEIIeHNsT CUCTEMbI yPaBHEHWH
(3.22) 1pu J1I0OOM HAYAJIBHOM 3HAYCHUMU.

JlokazareabcTBO. PaccmorpuM ypaBHeHnE

m
A(t) + X Bi(t) K;()Ci(t) = D, (3.23)
i=1
rie D— | X [— marpuna ¢ moCTOIHHBIMEA KO(D(DUTTHEHTAMET 1 CO CIIEKTPOM,
COCPEJIOTOYCHHBIM B JIEBOI IOJIYILIOCKOCTH ILJIOCKOCTH KOMILIEKCHO Iepe-
MEHHO.
Ypasrenue (3.23) MOXKHO HIPEJICTABUTH B BUJIE

S AMX (1) + B K (DC(HX () = D) = 0. (3.24)

Tornma permenne cucreMbl ypaBHEHU
NAR)X () + Bi(t) Ki(t)Cit) X (1) = MiD, (3.25)

i =1,2,...,m, gBageTcs OJHUM U3 perieHuil cucrembl (3.24) u, cienoBa-
TesbHo, (3.23).

Marpunpt K;(t) = (B;(¢)) YD — NA)(Ci(t) 7Y i = 1,2,...,m, asnsa-
FOTCST PENeHusIMI CHCTEMBI (3.25).

Otciofia celyeT CupaBe//IMBOCTh TEOPEMbl U 3aMeUYaHusl K Heil.

Paccmorpum reneps ciyuait, korga marputst B;(t) u C;(t),i = 1,2, ..., m,
HEOOpaTHUMBI.

O6oznaunm uepes (Bjo(t)) ™t n (Cio(t)) ! nonyobparhble MaTpUIb Jiis
marputl B;(t) u Ci(t), a uepes Bfll(t) =1 —B;(t)(Bio(t)) ", é’ﬁl(t) =1—
—Ci(t)(Cio(t)) ™1, By, (1) = T=(Bio(t)) ' Bi(t), C7,! (1) = I=(Cip(1)) "' Cilt)—
JIEBBIE U IIPABbIE aHHYJIMPYIOLe MaTpulbl Jisi marpur, B;(t), C;(t), i =
=1,2,....,m.

Teopema 3.7. [Tycts (Bio(t)) ™ u (Cio(t)) "' — nomyobparubie MaTpuIibl
st Bi(t) w Ci(t), i = 1,2,...,m, tg <t < 0o. st Toro 4robbl CyIiecrso-
BaJia, crabuiusalins Kjacca S1 U So, HEODXOJUMO U JJOCTATOYHO, YTOOLL Cy-
IIeCTBOBAJIA TaKagd IOCJIe0BATEJIbHOCTh MATPHUI], D(t), to <t < 00, u yucel
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)\Z(t), 1= 1,2, NN IS )\Z(t) > O,
PaBEHCTBA

B;(t)(Bio(t)) ™ Di(t) = Di(t), Di(t)(Cio(t)) ™' Ci(t) = Di(t),
i=1,2,...,m, tme D;(t) = N(t)(D(t) — A1), i =1,2,...,m. Torga mar-
putiel K;(t) = (Bio(t)) ' Di(t)(Cio(t))™t, i = 1,2,...,m, ocymecTBiasior
ACHMITTOTHIECKYIO CTabUIIN3AIINI0 CHCTEMBI ypaBHeHuit (3.22) K HYJTIO.

Ai(t) = 1, upu KOTOPBIX ClIPABEJJIUBbI

103

7

Jloka3aTeJabCTBO TEOPEMBI sIBJISIETCsI O0beINHEHUEM JI0KA3ATEIbCTBA,
HpeJIbLIyIIeil TeOpeMbl U TEOPEMbI 3.1 ¥ IIO9TOMY OIIyCKAETCsI.

O6006mienHas nmpobsema BpokerTa st cucTeMbl HeJTUHEHHBIX OOBIK-
HOBEHHBIX JuddepeHnnaabHbIX ypaBHEHN MOXKeT ObITh c(OpMYJIHpPOBaHA
CJIEJIYIOIIM 00pPa30M.

Hama nocnegoBarenbnocts | X | marpuiy Bi(t), i = 1,2,....m, tg <t <
< 00, U TOCIEI0BATEHLHOCTh BEKTOP-(DYHKIIHI

At X(1) = (au(t, X (2)), -, au(t, X (1)),

Ci(t7 X(t)) - (Cil(ta X(t>)7 SRR Cil(ta X(t)))a
i=1,2,...,m, X(t) = (21(¢),...,2;(t)). Tpebyercs nocrpouts nocjae0Ba-
TesibHoCTh Marpur, K;(t), ¢ = 1,2,...,m, OCyIECTBISIONNX AaCHMITOTHIE-
CKYIO CTAOMJIN3AIMIO K HYJIIO PEIIeHUs CUCTEeMbl YpaBHEHUI

dX(t)
dt
Buech A(t,0) =0; Ci(t,0) =0;i=1,2,...,m; tyg <t < 0.

Beenem koadpbunumentsr {oji(t)} u {vr(t)}, 7,k = 1,2,..., [, nomoxus
ajr(t) = v(t) = 1/n(t), tae n(t)— 9ncia0 OTIMIHBIX OT HyJIs SJTE€MEHTOB
Bekropa x(t) = (z1(t),...,z;(t)).(Ormernm, 9ro, Kax ciejyer U3 mpejibiry-
I€r0, BO3MOXKHBI 1 JIpyrue crocodbl onpeesenus koahduipuenton {ajx(t)},
vjx(t)}, HO 151 TPOCTOTHI OOO3HAYMEHNUH OCTAHABINBACMCS Ha BBEJECHHOM BbI-

— AL X(1) + i Bi(1) K (1)Ci(t, X (1)). (3.26)

me).
Torga cucremy ypashenuii (3.26) MOXKHO 1IPEJCTABUTE B BUJIE

B _ At o, r()r(t)+3 BOKC L [ a0)alr). (3:27)

[IpaByto uacrb cucrembl ypasaenuii (3.27) MOXKHO HPEJICTABUTH B BUJIE

ix\i(fl(ta {aj}h, 2 ())(t)) + iBi(t)Ki(t)Ci(ta {}t, () (t). (3.28)
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Teopema 3.8. Ilycrs (Bio(t))™ u (Cio(t, {vx(t)}, z(t))) " = nomyob-
parubie Mmarpuist autst Marpur, B;(t) u Ci(t, {v;1(t)},, z(t)). dns roro urobm
CyIIeCTBOBaJIa crabusiusanus Kiacca S1, Sy HEOOXOJUMO U JIOCTATOUHO , 4TO-
Obl cyiecTBoBasia Marpuiia D(t), npunajexanias cCOOTBETCTBEHHO KJIACCY
S1, S9, 11 KOTOPO#i BBIMOJIHSIINCH PABEHCTBA

Bi(t)(Bio(t)) ' Di(t) = Di(t);

Di(t)(Cio(t, {yw() Y, (W) T Cio(t, {vin (D)}, 2(8) = Dit), i = 1,2, 1,
rae Dl(t) = )\ZD(t) - )\ZA(Zf, {Oéjk}ll, iE(t))

Torsia marpunst Ki(t) = (Byo(t)) ™ Di(t) (Cio(t, {7 (t)}1, (1))

i =1,2,...,1, ocymecTBasior crabunmsanuto ypaBaenuii (3.26), mpuBojis-

717
MYI0 K TPUBUAJBLHOMY DEIICHHUIO.

Hoka3zarenbcTBo. [Ipupasnsem Boipaxenue (3.28) BekTop-dyHKIMHK
D(t)x(t). HacTHbIM perieHreM 3TOr0 yPABHEHUS SIBJISIETCST PEIIEHIe CUCTEMbI
ypasnerit AA(E {o b o(8))2(8) + B Ki()C(t, e (0)F 2(0)(t) =
=NDt)x(t)i=1,2,...,L

[Tpumensisi K KaxKJIOMY U3 YPABHEHUIT, BXOJSIIUX B OCJEJHIO CUCTEMY,
paccyKJIeHusl, TPUBEJICHHbIE TIPU JIOKA3ATEILCTBE TeopeMbl 3.1, 3aBepinaem
JIOKA3aTEIbCTBO TEOPEMBI.

4. IIpobaema BpokerTa mna cucrem gaudepeHnmatbHbIX
ypaBHEHUiT B YaCTHBIX MPOU3BOIHBIX

B mpegpiiyiem pasjene ObLIO JJAHO pelieHue mpobjeMbl BpokerTa jijis
cucreM OOBIKHOBEHHBIX JndpepeHnnalibHbIX YPaBHEHUIA.

B srom pazjiesie npobsiema BpokerTa paciupocrpaHsieTcst Ha CUCTEMbI ypaB-
HEHW# B YaCTHBIX MPOM3BOJIHBIX U JAETCS ee PellleHue.

[Tycrs A(t), B(t), C(t), L(t), M(t) nanubie n X n-marpulpl, rjae A(t) =
={ai;(0)}, B(t) = {bi ()}, C(t) = {ei;(8)}, L(E) = {li;(1)},

M(t) ={m;(t)},i,7 =1,2,...,n. Paccmorpum cucremy ypasHemnuii

8u(t, Xy, ZUQ)
ot

82u(t, Xy, IQ)
Ox?

— A()

O*ult, x1,22) O*u(t, x1, T3)
01101 03

YLK M )ult, 21, 22) (4.1)

L B(t) +O(t)
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C HAYAJBHBIME YCJIOBUAMU
u(to, x1, T9) = ug(x1, x2), (4.2)
e
u(t,x1,9) = u(t,z) = (ur(t, x),...,un(t,x)), x = (x1,29).

IIpobaema Bpokerrta dpopmysupyercs ciejyiomum oopaszom. Ilycrs jga-
ibl Marpunibl (A, B, C, L, M). Tpebyercs naiitu marpuiy K (t) acuMnrorn-
qecKr CTabMIM3UPYIONTYI0 TPUBUAIBHOE perienne cucreMbl (4.1).

Bynem uccieioath 11podjiemy Bpokerra B MujibOEpTOBOM MPOCTPAHCTBE

X dynkunit g = (g1(2), - .., gn(x)) ¢ nopmoit

oo o0
loll = masx [ [ [ lgi(a) Pdarndars]' /2
—00 —&0

st Kaxk 1010 (pUKCHpPOBAHHOIO 3HaUeHust £ HOpMa BeKTOP-pyHKuuu u(t, )
ompejessgercs (popMyJIoit

oo o0

_ 12,

|u(t, )| = ax / / ui(t, z)|*dzdxs)
-0 —0

B paszjiesie 2 riiaBbl 3 OblLI IPEJIJIOKEH CJIEJIYIONUNA METO)I UCCJIe/IOBAHUS
YCTOMYUBOCTHU PEIICHUI CUCTEM ypaBHEHUN B YaCTHLIX MPOU3BOIHBIX.
PaccmoTrpum cucremy

ou(t,r) O*u(t, ) O*u(t, x)
+C'(t )8 (9(1‘2 ?) + L(t)u(t, x) (4.3)
npu ycjoBusix Korrn
u(to, x) = up(x). (4.4)

[Ipumennm npeodbpazoBanure Oyphe MO MEPEMEHHBIM £1 U Lo K YPABHEHUIO
(4.3). Hamomuum, aro mpsMoe u obparnoe mpeobpazoBanus Pypbe omnpe/ie-
JIST0TCsA (POPMYyJIaMu

U(t,wr,ws) = Fu(t, xy,x9) =
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[© ONe o]

= / /u(t,xl,xg)exp{—i(wlxl+wa2)}da:1dx2;

—0o0 —O&0

u(t, xy,x9) = F_lU(t,wl,wg) =

1 [c.olNe ¢} '
~ on / / U(t, wr,ws) expli(wizs + waxs) fdwidws.

—o0 —&0

B pesysibraTe MpuxouM K cUcTeMe OOBIKHOBEHHBIX Jud hepeHInabHbIX

YPaBHEHUI C ImapaMeTrpamMu wi,ws :
M = S(t,w)U(t,w), (4.5)
ot
e w = (w1, wa), S(t,w) ={s;;(t,w)}, 1,7 =1,2,...,n, s;;(t,w) =
= —(aij(t)w%—i- +bij(t)w1w2 + cij(t)w%) + lij(t), i,j = 1, 2, o, n.

Cucremy (4.5) OyjeM paccMaTpuBaTh KakK CHCTEMY OOBIKHOBEHHBIX JIHD-
dbepeHnnaibHbIX ypaBHeHuii ¢ napamerpamMu (W, ws). ACUMITOTHYECKYTO
YCTOHUMBOCTD PeleHus CUCTeMbl ypaBHenuit (4.5) Byjem uccsieoBarhb B 1po-
crpaHcTee R, ¢ HOpMoOit

n
[U(t, w1, wa)l[o0 = max fus(t, wi,wo)|, [|U(Ewr,wa)llr = 3 fuilt, wi, wo)l.
<i< i=1
Huke, jjist onpeieleHHOCTH, UCIOJB3YeTCsl TOJIBKO TepBast HopMa. Jljist
npocrorbl Oyjiem nucarh ||U(t)||oo Bmecto ||U(t, wi,ws)||oo-
B pazjesnie 2 rasbl 3 nokazano, uro st t > T (T'— upousBosibHbI
MOMEHT BPEMEHH )

t
U(t,w) = STIU(T,w) + [ ST (e U (r))dr, (4.6)
T

rie F(r,U(1)) = (S(1,w) — S(T,w))U(t,w).

[Ipenonoxkum st onpejesiennocru, uro A(S(T,w)) < —a, a = const
autst g100bix T >ty u —00 < wi,wy < 00. U3 ypashenust (4.6) ciaeyer, 410
JUIs Joctarouno Majioro (e > 0) cymecrsyer unrepsan T <t < T+ AT, B
KOTOPOM

Ut w)lloe < e @ DNU(T,w)l|oe < U(T,w)l|oc- (4.7)

Ormerum, 410 HepaBeHcTBO (4.7) cupaBeyIuBo 1P BCeX w1, we (—00 <
< Wi, wy < 00).
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B pazjiesie 2 1yiaBbl 3 ObLJIO 110KA3aHO, YTO B 3TOM CJlydae TPUBUAJIBHOE
peIeHre CUCTeMbI ypaBHeHui (4.3) aCUMITOTUIECKH YCTONINBO B IPOCTPAH-
crBe X.

Takum obpaszom, Jijisd perienus 11pobsieMbl BpokeTTa Jjijist cucremM ypaBHe-
HUI B 9aCTHBIX MPOM3BOJIHBIX JOCTATOUHO HajiTn MaTpuity K (1), Takyto, 4To
JorapudpMuvIecKas HOpMa MaTPHUITDI

—A(t)w? — B(t)wiwy — C(t)w3 + L(t) K ()M ()
HEOTpHUIlaTECJIbHA WU Y/JIOBJIETBOPsACT HEPABEHCTBY
A(—A(t)w? — B(t)wiwy — C(t)ws + L) K ()M (1)) < —a, «a >0,

HE3ABUCHMO OT MapaMeTpoB wi, ws (—00 < wq,wqy < 00).

B rnase 1 6610 ormedeno, uro A(A + B) < A(A) + A(B).

Crnenosarennho, A(—A(t)w? — B(t)wiws — C(t)w3 + L) K (t)M(t)) <
< A(—A(t)w? — B(t)wiws — C(t)w3) + A(L(t) K (t)M(t)).

[penmonosknm, ato A(—A(t)w? — B(t)wiws — C(t)w3) < B < 0o HezaBu-
CUMO OT —00 < W1, wy < OQ.

[Iycts —a+ 3 <0, a > 0.

Bgejiem npocrpancrso S; marpun D(t), rakux, uro A(D(t)) < —a.

st perienusi 1mpobsiembl bpokerTa HEOOXOAUMO PEIIUThH OlepaTOPHOE
ypaBHeHue

LK ()M(t) = D(b), (4.8)

rae D(t) € Sy.
Eciu marpurer L(t) u M (t) obparumsl, ypasaerue (4.8) uMeer pereHue

K(t) = L™ (6)St)M (1),

u 1pobsiema BpokerTa nmeer 6€CKOHEUHOE MHOXKECTBO PEIICHUI.

Paccmorpum ciyqait, korya marpunst L(t) u M (t) He uMeoT 0OpaTHBIX.
B sroM ciydae cnpaBe/iiuBhL CJAEYIONHE YTBEPK ICHUSL.

Mycrs Lo ' (t)— nonyobparnas marpuua st marpuist L(t). Tycrs Myt (t)—
noJiyobparHast Mmarpuna jiist Marpuibl M (t).

NsBecrho, uro juist kax ol marpuisl C(t) cyimecrByer mosyobpaTHast
marpuna Cgt(t). s xaxoit marpumsr C(t) MOXKHO TIOCTPOUTD NPABYIO H
seByio annyanpyomue Marpuisl Cp L) u C(t).

Teopema, 4.1. [Tycrs sorapudmuieckas nopma A(—A(t)w? — B(t)wiws —

— O(t)w?) < B < 0o a1d MOOLIX W1, Wy, —00 < wi,ws < 00. [lyers Ly ' (t) n
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My ' (t)— nonyobparubie matpunst a1 Matpur, L(t) u M(t). dg acumnTo-
TUYECKO cTabusinsanuu perienust ypasuerus (4.1) K TpuBHaJIbHOMY HEOO-
XOJIMMO ¥ JIOCTATOYHO cyiecrBoBatue Marpurbl D(t) € S, A(D(t) < —a,
« > (3, Jyisi KOTOPO# BBINOJIHSAIOTCS DABEHCTBA,

LOLF ODE) = D): DM ()M () = D(1).

Torya marpuna K (t) = Ly (t) D(t) My ' (t) peanusyer acumnroruueckyio
cTaOMIM3aNMIo perenns ypaBaenus (4.1) K TpUBUATIBHOMY.

B pasjesne 2 6110 MOKA3aHO, ITO AHHYJINPYIONIHE JIEBbIe W TIPaBble MaT-
putibl K Marpuie C uMeroT Bu/

Cil=1-ccy', Ccl'=1-Cy'C,

rae [— eguHUYHAST MATPHIIA.

Jljisi m X M-MaTPUIL JIEBBIC U HpaBble aHHyaupyonme Marpuis C) ' u
C71 umeror Bust C’l_l =1, -CCitu Cl=1,— Cy'C. Bnecy I,— n x n-
eJIMHUYIHAS MATPHIIA.

HokaxxkeMm HeoOXOoMMOCTh yCJoBUil TeopeMbl 4.1.

Vuuoxas ypasuenue L(t)K (t)M(t) = D(t) na L; ', umeewm:

L(t)Ly'(t)D(t) = D(t). (4.9)
Vuuoxas ypasuenne L(t)K(t)M(t) = D(t) na M-, umeem:
D(t) = D(t)My H(t)M(t). (4.10)

HeobxoimmocTh yciioBuit Teopembt 4.1 jlokazaHa.

[IpoBepuM mocTaToOvYHOCTD yCA0BUIA TeopeMbl 4.1.

[Ipeamonoxkum, 1o BhimosHens! yeaosus (4.9) u (4.10). U3 stux yeaosuii
caepyer, uro marpuna K (t) = Ly ' D(t) My sasiercs pemennem ypasHenus
L(t)K(t)M(t) = D(t). Teopema jokazaHa.

AnajornanbiM 00pa30M JI0KA3bIBAECTCS CJISIYIONIEe YTBEPK IeHHeE,

Teopema 4.2. Ilycts oneparop Re(—A(t)w? — B(t)wiws — C(t)ws) <
< B < 00 i1st moBbIX wi, Wy (—00 < wy,wy < 00). Iyers Lyt () u My (t)—
11oJ1yobpaTHbie MaTpullbl jjisi marpui, L u M. Jlnst acumirorudeckoit cradbu-
JM3anuy perienuns ypapuenus (4.1) K TPUBHAJIBHOMY DEIIEHUI0 HEOOXOJIUMO
1 JIOCTATOYHO cylecTBoBanue Marpuill D € Sy, o(ReD) < —a, a < 3, st
KOTOPO#i BBLINOJHSIOTCS CJICAYIOIINE PABCHCTBA

LOLF ODE) = D): DM ()M () = D(1).
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Torma marpuna K (t) = Ly (t)D(t) My () ocymecTsiser acuMmToTHye-
CKYIO CTaDUJIM3aIlNi0 peleHnsi CucTeMbl ypaBHenuii (4.1) K TpuBHATBHOMY
PEIeHrIO.

5. IIpobiaema BpokerTa /s TUHENHBIX AUCKPETHBIX CUCTEM

P. Bpokerrowm [117] 6b11a chopmysmnpoBana mpobaeMa cTabuIu3any Hermpe-
PBIBHBIX CHUCTEM C IIOMOIIbIO HECTAIIMOHAPHBIX JIMHEHHBIX 00PATHBIX CBs3€l.

Juckpernbiit anasor 3moit mpobiemMbl copmysiuposan B [72] cieyrommm
obpa3zoM.

Hamna tpoiika marpui; A, B, C. Ilpu Kakux yCJIOBHSIX CYIIECTBYEeT MaTPUILA
K (n), Takas, 4ro cucrema

z(n+1) = Az(n) + BK(n)Cz(n), (5.1)

re R,n=0,1,..., gapiasgercs aCUMITOTUIECKN yCTONIUBOIA.
B pabore |72] B npeamonokenun, 4To CyuiecrByioT Marpuipt Kj, j = 1,2,
TaK#e, YTO CUCTEeMbI

t(n+1) = (A+ BK,C)z(n), j=1.2,

MMEIOT yCTOMYMBBIE JIMHEiHble MHOrooOpas3ua L; u nHBapuaHTHbBIC JIMHEI-
Hble MHOrooOpasus M, yn0Bi1eTBOpIONe PsAJLY JIONOJIHUTE/IBHBIX YCI0BU,
JIOKA3aHO CYIIECTBOBAHUE MEePHOINIecKoii mMaTpuilbl K (n), ocymecTBisio-
el aCHMITOTHIECKYIO CTAOMIM3AIIIO K HYJTIO PEIleHns CUCTeMbl Y paBHEHWH
(5.1).

Huxxe npejiaraercs HECKOJILKO ajilOPUTMOB HOCTpoeHusi marpull, K (n)
JUTST CTAOMJIM3AIINH K HYJTIO PEIIeHNs] CUCTEMbI YpaBHEHUt

z(n+1) = An)z(n) + B(n)K(n)C(n)x(n). (5.2)

Oboznaunm vepes S7 MHOXKECTBO [ X [-MATPHUIL ¢ MOCTOSHHBIMEU JIEMEH-
TaMK, COOCTBEHHBIE 3HAUCHIS KOTOPLIX JIEXKAT BHYTPH OKPYXKHOCTH PaIHyca,
d, d < 1. Oboszraamm 1epes Sy MHOXKECTBO [ X [-MaTPHI], S-IUCJIa KOTOPHIX
10 MO/LYJIIO MEHbIIe euHuIbl. depes S3 0003HaUnM MHOXKECTBO [ X [-MaTpuil
{Bs}, Takux, uro norapudmudeckre sHopMbl Matpui] {In Bz} A(ln Bg) < 0.

Teopema 5.1. Ilycrs marpunpt B(n) u C'(n) obpaTuMbl IIpu KazKjioM 1,
n=20,1,..., marpuna D npuHajaeXuT MHOXKeCTBY S7. Torma cymecrsyer
110C/IE10BATEIbHOCTL MaTpul, K (1), 0CyecTBisiionas crabujin3aluio peme-
HUS CECTeMbI (5.2) K HYITIO.
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Hoxka3zareabcTBO. PaccMorpum ypashuenue
A(n) + B(n)K(n)C(n) = D. (5.3)

13 ycaoBuii TeopeMbl CJIeLyeT, YTO CyHIeCTBYET I0CAEJI0BATEIbHOCT MaT-
purt K (n), ynosiaerBopsitonmux ypasaenuto (5.3):

K(n) = B-{(n)(D — A(n))C(n).

Tak kak marpurpl A(n) + B(n)K(n)C(n) = D, a D— marpuna ¢ 1o-
CTOSTHHBIMU 3JIEMEHTAMHU U CIIEKTPOM, COCPEIOTOYCHHBIM BHYTPHU €JIUHUIHOM
OKPY2KHOCTH C IIEHTPOM B Hadajie KOOpPJMHAT, TO cucreMa ypasenuii (5.2)
ACUMIITOTUYCCKY YCTONIMBA.

Teopema, jl0Ka3aHa.

AHaIormuHBIM 00pa30M JOKA3BIBAIOTCS CJEIYIONIAE YTBEPXK JCHUS.

Teopema 5.2. Ilycrs marpunpt B(n) u C'(n) obpaTuMbl IIpu KazKjioM 1,
n=20,1,...,; marpura D npuHaIe:KUT MHOXKECTBY S. Torma cynecTByorT
marpunnl K (n), n = 0,1,..., OCyIECTBIIONHNE CTAOUIUZAINIO PEIIEHUS
cucteMbl (5.2) K HYJTIO.

Teopema 5.3. Tlycrs marpuipsl B(n) u C(n) obpaTiMbl Mpu KaxKJioM 1,
n=20,1,...,; marpuna D npunajyiexxut MHO)KecTBY S3. Toraa cymecrByior
marpunnl K (n), n = 0,1,..., oCylECTBISIONNE CTAOUIUZAINIO PEIIEHUS
cucteMbl (5.2) K HYJTIO.

Bameuanue. B ycnosusix reopem 5.1 — 5.3 cucrema ypasuennii (5.2) nmeer
OECKOHEYHOE YKCJI0 CTabUIIMBUPYOLIUX HoceoBaresibHocreit K (n),

n = 0,1,.... BuIOop KOHKpETHON CTAOWMIM3UPYIOIEH OCIEeI0BATEILHOCTH
ONPEJIENIACTCS JOTOTHATEIHLHBIMU OTPAHUYCHUSIMH.

UccneayeM acuMITOTHIECKYIO YCTORIMBOCTH cucTeMbl ypasHenuii (5.1)
B Ipejmnooxkennu, aro Marpuibl B(n) u C(n) neobparumbl. Kpome Toro,
npejnosioxkum, uro marpuna C(n) umeer pasmep lp X [, marpuna K(n)—
lo X Iy, a marpuna B(n)— [ X ly. Ormerurs, uro [y u ly MoryT 3aBucers ot n,
HO TaK KaK 9TO HE BJMSAET Ha JaJbHEIIne pacCyKaeHus, TO Oyj1eM CUNTATD
410 {1 1 l9 TOCTOAHHDI.

O6oznaunm uepes (By(n)) ™! nosyobparmyio marpuity s Mmarpuns B(n).
Kaxioit marpune B(n) pasmepa [ X | MOXKHO 110CTABUTH B COOTBETCTBHUE €€
JIEBLIC U NIPABLIC AHHYJIUPYIONIAE MATPHUIILI

Bt =1 —B(n)(Bo(n))™", B! =1, —(Bo(n)) ' B(n).
3aech I} u I;, — ejmuuanble Mmarpuliibl paszmepa [ X [, [; X I} coorBercrBenHo.
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Cutejiyroliiee yrBepKJIeHIE OLUCHIBAET HEOOXO/[MMbIE 1 JIOCTATOUHbIE YCJI0-
BHsI CYIIECTBOBAHUS CEMENHCTB CTaOUIN3UPYIONTIX MATPHIL.

Teopema 5.4. [Tycri (By(n))™ n (Co(n))~'— nonyobparubie marpuiip
st B(n) u C'(n). dus Toro 4robbl cyiiecTBoBajia crabuinsanus Kiacca Sa,
S5, HEOOXOMMO U JOCTATOUHO, UTOOBI CYIECTBOBAJA MOCIEIOBATEILHOCTE
marpur D(n), npuHajiekanmx cCOOTBETCTBEHHO Kiaccy Sa, S3, JIJIsi KOTOPOi
CIIPABEJJINBbI PABEHCTBA,

B(n)(Bo(n)) ™' Di(n) = Di(n);

D1(n)(Co(n))~'C(n) = Di(n),

rie Di(n) = D(n) — A(n).
Torpa marpunst K(n) = (Bo(n))tDi(n)(Co(n))~! ocymecrsastor cra-
Oustuanuio cucrembl (5.1), MPUBOJSIILYIO K TPUBUAJILHOMY DEIICHUIO.
Joka3aTeabCcTBO. /Ij1s1 oKa3aTeHLCTBA OCYIIECTBUMOCTH aCUMIITOTHYE-
CKOil cTabMIM3AINK K HYJIIO CHCTeMbl ypaBHeHwi (5.1) Hy»KHO MOKas3aTh, 9To
cymecrByior Takue marpuiibl K (n) u D(n) (D(n) € Ss, S3), uro

A(n) + B(n)K(n)C(n) = D(n).
Ormerum, 4T0 yeTOiIMBOCTD B 1EJOM CUCTEMbI
X(n+1)=DX(n)

npu D € Sy sIBJIsIeTCsT KIACCUIECKUM Pe3yIbTaToM (IPUBEICHHBIM B pasiese
3 riasbl 2), a ipu D(n) € Sy, .S3 COOTBETCTBYIOIINE YTBEPK ICHUSI CJICYIOT
u3 jiemM 3.1, 3.2 tyiaBbl 2 1 cJieJICTBUA K nocjeiHedt jemme. Jokaxxkem Heobxo-
JIUMOCTD yeJioBuii Teopembl. [lycrs cymecrsytor marpuiibl K (n) u D(n), ocy-
ECTBJISIIOIINE ACHMITTOTHIECKYIO CTAOMIN3AIMIO CUCTEMbI YpaBHeHuit (5.2).
Toryna, yMHOXKKUB ypaBHEHUE

B(n)K(n)C(n) = Di(n), (5-4)

e K(n) = (Bo(n)) "' Di(n)(Co(n))~" wa meryio armympyiomyio MaTpuiLy
Bt umeem:

B(n)(By(n)) "' Di(n) = Di(n).

Yuu0oKuB cucremy (5.4 ) Ha MpaByto aHHYJUPYIOILYO0 MaTPHILY ér_l, nme-
eMm:

Dl(CO (n))_lC(n) = D1 (n)
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HeobxoumocTs jjoKka3aHa.
JlokazxkeM JIOCTaTOYHOCTD. IIycTh BBIIOJIHEHBI YCJIOBUSI:

Di(n) = B(n)(Boy(n))~' Di(n); Di(n) = Di(n)(Co(n))"'C(n),  (5.5)
rie Di(n) = D(n) — A(n).

Hy»xHo nokasarb, uro cymecrsyer marpurna K (n), takast, 4To
B(t)K(n)C(n) = Di(n). (5.6)

[Tonarast,

K(n) = (By(n))~" Di(n)(Co(n)) ™"

1 UCTIONIB3Ys paBeHcTBa (5.5), mpeBparmaeM (5.6) B TOXKIECTBO.

Teopema, j0Ka3aHa.

O6ob6niennas mpobjgema BbpokeTTa B cilyyae cucTeM pa3sHOCTHBIX ypPaB-
HEHUil MOXKeT OBITH cPOPMYINPOBAHA CIEIYIONIUM 00pa30M.

Hana cucrema JUHERHBIX pa3HOCTHBIX YpaBHEHUM

m

z(n+1) = A(n)z(n) + >_ Bi(n)K;(n)Ci(n)z(n), (5.7)
i=1
n=0,1,..., tue A(n), B;(n), Ci(n)— nanubie | X l-marpunpl, x(n) =
= (z1(n),...,z;(n)).
Tpebyercst naiiru nabop marpun, K;(n), ¢ = 1,2,...,m, oCcyecTBisio-

X CTaOMIM3AIMIO K HYJIIO DellieHus: cucreMbl ypasaenuit (5.7).

Teopema 5.5. Ilycrs marpunst B;(n), C;(n) obparumsl npu Jio60M i,
1 = 1,2,...,m. Torna cyiecrByer OECKOHEYHOE UHCJIO HAOOPOB MATPHII
Ki(n),i =1,2,...,m, 0CylIECTBJSIONNX aCUMITOTHUECKYIO CTaOUIIN3AIIIIO
cucrembl (5.1).

Paccmorpum renepn ciydaii, xkorga marpuiisl Bi(n) u Cij(n) He mMeror
0OpaTHBIX.

Teopema 5.6. IIycrs (B o(n)) ™! u (Cro(n))~'— nomyobparnbie marpu-
bl 1711 Bp(n) u Ciy(n), k =1,2,...,m,n=0,1,.... JIgsg Toro arobnI cyIe-
CTBOBaJIa CTabMIM3AIINS KJacca So Wian S3, HEOOXOINMO U JIOCTATOTHO, YTOOBI
CyIIecTBOBaJA Takasi nocaegoBaresbHocTh Marputl D(n) (D(n) € Sy nam Ss)
n ancen Aj(n), j=1,2,...,m,n=0,1,..., \j(n) >0, _%1 Aj(n) =1, mpu

=

KOTOprX CHpaBeILJH/IBbI paBeHCTBa
Bj(n)(Bjo(n)) " D;(n) = Dj(n);
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Dj(n)(Cjo(n))"'Cj(n) = Dj(n),

(

jg=12,...,m, e Dj(n) = X\;j(n)(D(n) — A(n )),j=1,2, ..,m. Torma
ManHublK( ) = (Bjo(n))"'D;(n)(Cjo(n))~t, 5 =1,2,...,m, ocymecrs-
JISTIOT CTaOUTU3AIUIO CHCTEMbl ypaBHeHuil (5. 7), IIPUBOJISIIYIO K TPUBHAJIb-
HOMY PENIeHNIO.

Jloka3zaTeabcTBO TeopeMbl 5.5. Obosnauum uepes D marpuily, coO-
CTBEHHBIE 3HAUECHHSI KOTOPOM JIeyKaT BHYTPU €IMHUTHON OKPYXKHOCTH C IeH-
TPOM B HadaJie KOOP/IMHAT.

Brejem Habop KOHCTAHT A;, TaKux, 910 A; > 0, Z A; = 1. Torna cucremy
=
(5.7) MOXKHO TPEJICTABUTD B BH/IE

w(n+1) = %Aj(n)x(n) £ BEmCmn).  (58)
riie Aj(n) = A\jA(n).

PaceMOTpUM ypaBHeHis
Ai(n) + Bj(n)K;(n)C;(n) =\;D, j=1,2,....m
Ouesuno,
Kj(n) = (B;(n))"'(\D — A;(n))(Ci(n)) ™ j=1,2,....m

[opcrapmsis snavenust Kj(n), j = 1,2,...,m, B cucremy (5.8), mpuxognm
K cucreme ypashenuit: x(n + 1) = Dx(n), acumnrorudeckas ycToiduBoCTb
KOTOPOIl CJIejlyeT U3 yCAOBUi, HAJIOXKEHHBIX Ha CIEKTP MaTpuinl D.

Teopema nokazana.

Jloka3aTejabCTBO T€OPEMBI 5.6 siBjisieTcsi 00be[MHEHIEM JJ0KA3aTe/ILCTB
TeopeM 5.4 1 5.5 U MOITOMY OIyCKAETCH.

6. IIpob6sema BpokerTa /j1s1 HeJIMHEIHBIX JUCKPETHBIX CUCTEM

[Tpobisiemy BpokerTa Jijisi HEJIMHEHHBIX JUCKPETHBIX CUCTEM MOXKHO c(hop-
MYJIMPOBATH CJIEAYIONIM 00pa30M.

Hamnr [ x [-marpurst A(n) u B(n) u Bekrop-cronben C(n, z1(n), ..., x;(n)).
Tpebyerca naiitu [ X I-marpuiyy K (n), crabujusupyoliyio K HyJi0 pelieHue
CUCTEMbl YPaBHEHUI

X(n+1)=An)X(n)+ B(n)K(n)C(n, X (n)). (6.1)
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Buech X(n) = (x1(n), ..., x(n)).
[Ipencrasum anementsl ¢;(n, X(n)), i = 1,2, ..., 1, BeKTOpa-croabIa
C(n,X(n)) = (c1(n, X(n)),...,q(n, X (n)) B Buge cymmol

e, X)) = 3 a0 )

zj(n)

rje Z;f O3HAYAET CYyMMUPOBAHHE [0 TAKUM 3HAUEHHUSIM j, TPU KOTOPBIX T;(N) #

l
[Tomp3ysich npencrapiennem (6.2) cucreme ypasuenuii (6.1) MoxHO TI0-

CTABUTH B COOTBETCTBUE MHOXKECTBO CUCTEM JIMHEHHBIX ypABHEHMU
X(n+1)=An)X(n)+ B(n)K(n)C*({/\:j ll, n)X(n), (6.3)
rie C*({\};}], n)— marpuua, upuuajuiexkainas MHOKECTBY MATDUIL

C*({\i;}}, n), 271eMeHTBI KOTOPBIX HMEIOT BUJL

. Ay X)) o) £ 0
H(Pithmy = { A o 6
, zj(n) =0.

Teopema 6.1. [lycTh BBIIOSHEHDI CIEAYIONTHE YCIOBUS:
1) marpuipst B(n) obpatuMbl Ipu KaxKJ0M 1;
2) NPH KasKJIOM 11 CyIecTByeT TaKoi Habop koHcrant Aj;(n), 4,5 = 1,2,...,1,

l
Afi(n) >0, jgl *Aij(n) = 1, uro marpunpt C*({j;(n) L, n) obparumbr;

3) marpuiia D, NIPUHAJIEKUT OJHOMY U3 MHOXKeCTB S1, So, S3.

Torya cymecrsyer marpuna K (n), ocymecrsistiomas crabuin3anmio pe-
mennst ypasuenus (6.1) x myio.

JokazareabcTBo. Ilycts marpuria D mpuHajie;kut MHOXKecTBY S1. Pac-
cmorpum ypasnenne (A(n)+B(n) K (n)C*({\j;(n)},n)) X (n) = D. Us ycio-
Buil Teopemsl cieyer, uro K (n) = B(n)~'(D — A(n))(C*({\j;(n)},n))~".

AcumnTornieckast yCTORIMBOCTDL TPUBUAILHOIO PEIIEHUs] CUCTEMBI YPaB-
nennit X (n+ 1) = DX (n) B ciayuae, koryia D NPUHAIJIEKAT MHOKECTBY S
JIOKa3aHa B pazjiesie 3 rjaBbl 2.

Cunyaan, Korja MaTpUIbI C’*({)\g‘j L. n) nmpunasexkaT MuoxkectBaM So, S3,
HCCJIEYIOTCST aHAJIOTHIHO.

Teopema j0Ka3aHa.

Ucciejryem cradbusimsalinio peiieHnii HeJIMHeRHbIX JIMCKPETHBIX yPaBHEH U
B OoJiee 00IIIell CUTyaIUn.
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Paccmorpum cucremy ypasuenuii (6.1), KOTOpyIo 1pejicTaBuM B BUJIE CH-
CTeMbl ypaBHEeHUI

X(n+1) = A(n)X(n) + B(n) K (n)C"(n, {\;}1) X (n),

e {A};}— omun u3 BosmoxkubIx HAGOPOB {Ajj}].

Hpe;LJImKHM, aro marpunsl B(n) u C*(n,{\j;}}) neobparumbr. B sroii
CUTYallU CIIPABEJIMBO CJIEYTOIIee YTBEPXK ICHHUE.

Teopema 6.2. Ilycrs marpunst B(n) u C*(n, {)\;“j}ll) HEOOPATUMBI; MaT-
putia D(n) npu KazkjoM n IPUHAJJIEKUT OJJHOMY U3 MHOXKeCTB Sa, S3. To-
& JIJIst TOro 9To0bl CyIIecTBOBAIA CTAOMIIMBAIMST K HYJIIO PEIeHNsT CUCTeMbI
ypastenuit (6.1), HEOOXOJAMMO U JIOCTATOYHO, YTOOBI CyIECTBOBAJIM OCIEI0-
BaTEJILHOCTH MaTpull D(n), IpuHAJJIeXKAIINX COOTBETCTBEHHO Kiaccy Sa, Ss,
u Habopwr {\;; }, /7151 KOTOPHIX CHpaBeIMERI paBeHCTRA

B(n)(By(n))"'Di(n) = Di(n);

Di(n)(C(n, AN3)) 7' C*(n, AN 1) = Da(n),

rae Di(n) = D(n) — A(n).
Torma marpuiibi

K(n) = (Bo(n)) ™ Di(n)(Cy(n, {\;;}1)) "

OCYIIECTBIISIOT CTAOMIIM3AINIO K HYJIO perenns cucreMbl (6.1).
Jloka3aTebCTBO TeOPEMbI SBJISIETCs 00'bEIMHEHUEM JIOKA3ATE/bCTB Te0-
peM 6.1 1 5.2 U MO3TOMY OIyCKaeTCs.
O6001menHas npobjgema bpokerTa /1151 cucrem HeJIMHEHHBIX Pa3HOCT-
HbIX ypaBHEHUI MOXKeT ObITh CPOPMYJTUPOBAHA, CJIEIYIONIUM 00PA30OM.
Jlana cucrteMa HEIMHEHHBIX PA3HOCTHBIX YpaBHEHUM

v(n +1) = A(n, 2(n)) + %Bi(n)Ki(n)Ci(n, (n)), (6.4)

n=0,1,...,i=1,2,...,m, rue B;(n)— 3ajanubie [ X [-marpurpi, A(n, x(n))
Ci(n,xz(n)),i=1,2,...,m, — l-mephbie Bekrop-croJibipl, z(n) = (x1(n),. .
zi(n)),n=0,1,....

[TIycts A(n,0) = 0, Ci(n,0) = 0,7 = 1,2,...,m. Tpebyercs naiiru 1o-
caejoBaresibHocTh Marpull K;(n), i = 1,2,...,m, 0CyIIeCTBIISIONUX aCUMII-
TOTHYECKYIO CTaDUIIM3AIMIO DEIIeHUs CUCTeMbl ypaBHenuit (6.4) K TpuBraJib-
HOMY PEIICHHUIO.
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[Ipescrasum snemenrtst a;(n, x(n)), i = 1,2, ..., 1, Bekropa
A(n,z(n)) = (ar(n,z(n)),...,a;(n,z(n)) B Buge cymmbl

i) = 3 “ay ) 2D 0 )

zj(n)

rjie ¥ 03HaYAeT CyMMHUPOBAHKE 110 BCEM 3HAYCHUSIM J, [IPU KOTOPBIX 2;(n) #
j

I
# 0, a;j(n) >0, j;l*ozij(n) = 1 npu Becex i =1,2,...,1.

Anasiorndano mpejcraBiseM sjeMents! ¢;(n, x(n)), i =1,2,...,m, i,j =
=1,2,...,l, Bekropa-cronbua C;(n,z(n)) = (ca(n,xz(n)),...,ca(n,z(n))),
1,7 =1,2,...,1, B BUjIe CyMMBI

L, cii(n,xz1(n),...,x(n
eyl a(m) = 3 () PO 0 g
k=1 zr(n)

l
e Yijr(n) >0, kZ *Yijk(n) =1lmpuBeex 4,5 =1,2,...,[,n=0,1,....
=1

[Tonp3ysich npeacrapienusmu (6.5) u (6.6), cucreme ypasuemnuit (6.4) Mox-
HO MOCTABUTH B COOTBETCTBUE MHOXKECTBO CHCTEM JIMHEHHBIX ypaBHEHUIT

r(n+1) =
= A*({aj;(n)}}, n)a(n) + iBi(n)Ki(n)Cf({ﬁjk(n) Ln)z(n),  (6.7)

e A*({aj;(n)},n) n C’*({%]k( n)},,n)— mMarpuipl, mpuHAIIEKAIIE MHO-
wecrsam mMatput, A*({ag;(n)},n) u C*({yie(n) Y, n), i =1,2,...,m, sre-
MEHTBI KOTOPBIX UMEIOT BU]L

afj({ozij(n) l17 n) = { ) 4xj’(n

cij(n,x(n ))’ xk(n) £ 0,

i ’)/zjk( ) n
Cijk({%j( )}17 ) { 0, x(k()n) = 0.

Teopema 6.3. Iycrs marpuust Bi(n) n Cf(n, {Af;.(n)}]) neobparumbr.
Torma st Toro, 9TOOBI CYIECTBOBAJA CTAOMIU3AINS K HYJTIO DEICHUS Ch-
creMbl ypasuenuii (6.4), HEOOXOAUMO ¥ JOCTATOTHO, ITOOBI CYIIECTBOBAJIM
nocJie/IoBaTebHOCTh MaTputl D (1), IprHAJJIEKAIIUX COOTBETCTBEHHO KJIAC-
cy Sa, 53, u nabopwl {a;;(n )} ou {Aijk(n n)}, st KOTOprX CLIPABE/JIMBbI Pa-

sencrsa Di(n )(CoZ{%Jk( n)}),n) G ({(n) 1, n) = Di(n),
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Bi(n)(Boi(n))'Di(n) = Di(n),i =1,2...,m, rae
Dy(n) = \eD(n) — MeA*({aj;(n) Y, n), Ak > 0,57, A = 1.

Tora marpuet K;(n) = (B (n)) ™Dy (n) (Ci ({5(n) b, m)) 7,
J = 1,...,m, OCyIIECTBJAIOT CTAOUJIU3AIMIO K HYJIO PEIIeHUsT CUCTEMbI
(6.4).

Jloka3zaTeJabCcTBO TeopeMbl 6.3 sABjsgeTcs 00beIMHEHNEeM JI0KA3aTe/IbCTB
TeopeMbl 6.2 U TeopeMbl 5.0 U TTOITOMY OIYyCKaeTCsl.
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I’'maBab

VCTOMYMBOCTDb HEMPOHHBIX CETE

1. Heitpounnie cetu Xomnduiia

[Tpejioxkenbl KpuTepun yCTOWUMBOCTU HEHPOHHBLIX cereit Xomdusja ¢
HeITPEePbIBHBIMU ¥ PA3PbIBHBIMU HEJIMHEHHOCTSIMU, (DYHKITHOHUPOBAHKIE KOTO-
PBIX OMMCHIBAETCS HEJIMHERHBIMU Jud hepeHnuaabHbIMI ypaBHeHusIMEu. Kpu-
TepUKM OCHOBAaHbI HA MCCJIEJIOBAHUN 3HAKA JIOrapu(PMUUECKON HOPMbI CIeIu-
aJIbHbIM 00Pa30M 1IOCTPOEHHONW MaTPUILbI.

1.1. BBeneuune

B Teuenne HECKOJBKUX TOCJEJIHUX JIECATUICTHI Bce OOJIbiliee BHUMaHUE
VEJISIETCsL UCCJICJIOBAHNIO HEPOHHDBIX CeTe W UX HPUMEHEHUIO K PEIICHUIO
3a/1a1 BBITHCJIUTETbHOM MaTeMaTnky u MojeaunpoBanns [38], [43]. B casn ¢
9TUM IIPEJICTABIIACTCA aKTyaJbHBIM UCCAEI0BAHNE YCTONINBOCTU HEUPOHHDBIX
cereit. [Ipu nccieloBanum ycToitunBOCTU HEMPOHHBIX CETEN MOXKHO BbIJICJIUTH
JiBa OTJICJIbHBIX KJlacca ceTeil: ceTy ¢ HellPePbIBHLIMU HEeJIMHEHHbIMU 3JIeMEeH-
TaMU U CeTH C Pa3PLIBHBIMU HEJIUHEHHLIMU 3JIEMEHTAMU.

[Ipu paccMoTpeHUM HEWPOHHBIX ceTeil ¢ HelPepPbIBHBIMU HEJIMHEHHBIMU
dJIeMEHTaMU MOXKHO BOCIIOJIB30BaThCs KJIACCUYCCKUMHU OlIPEeJICHUSIMA YCTOM-
YUBOCTH, TpUBeJIeHHbIME B TyiaBe 1. [Ipw paccmoTpennn neiipoHHDLIX ceTedl ¢
Pa3pbIBHBIMU HEJIMHEHHBIMU 3JIeMEHTaMU HY2?KHO BOCIIOJIb30BaThCs Olpejiese-
HUSIMU YCTOWYMBOCTH, BBEJICHHBIMU 1IPU UCCJeA0BaHnN JuddepeHnmnaibHbIX
ypaBHeHuUil ¢ paspbIBHOI 1paBoil yacrbio [103].

Hamomunwm, cieays [103], onpesenenust perennii auddbepeHnunaibHbIX
yPaBHEHUWI ¢ pPa3pbIBHBIMA TIPABbIMU YaCTAMU U YCTOWYUBOCTHU UX PEIICHU.

Paccmorpum ypaBHeHUe WjiM CUCTEMY YpaBHEHUI B BEKTOPHON 3aliucu

dx
rie f(t,z)— Kycouno-uenpepbiBHast GyHKIUsA (1 BEKTOP-DYHKIHUS) B 06
nactu 2, © € R,; M— MHOXeCTBO Mepbl HYJh TOYEK pa3pbiBa (DyHKIUHU

f(t,z).
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Kazxioit rouke (t, ) nocrasum B coorsercrsue muoxecrso F(t,x) B
N-MEPHOM MPOCTPAHCTBE. DTO MHOXKECTBO CTPOHUTCS CICAYIONINAM OOPa30M.
Eciu B rouke (t, x) dyukuus f(t, x) venpepbiBha, To Muoxecrso F(t,x) co-
CTOUT U3 OJIHOI TOUKM, KOTOpast coBuajaer ¢ f(t, x). Ecau xe (t, x)— Touka
paspbiBa dyuxiun f, To Muoxkectso F(t,x) 3amaercst cnocoboM, aJeKBaT-
HBIM paccMaTpuBaeMoil (pusnydeckoii 3amade. s HepOHHBIX ceTeil OJuH U3
TaKNUX CIIOCODOB onucaH B pasjene 1.5.

Onpenenenne 1.1 [103]. Pemennem ypasnenusi (1.1) HasbiBaercs perie-
Hue audepeHIuaabHOr0 BKIIOUEHUs

CZ € F(t,x), (1.2)
T. €. abCOMIOTHO HenpepbiBHasi BeKTop-byHkius T(t), onpejesentas Ha nH-
TepBaJie Ui orpeske I, Jijist KOTOPOi MouTH BCrOTy Ha [ BBITIOJIHSIETCS BKIIIO-
yenne & € F(t, ).

Omnpenenenne 1.2 [103]. Perenne x = ¢(t), ty) < t < oo, quddepeniiy-
AJILHOTO BKJTIOUeHNs (1.2) HA3BIBACTCS YCTONIUBBIM, eCon st JI06oro € > 0
cymecTByer takoe 0 > 0, 4To JJisi KasKJI0ro Takoro T, 9to |To — ¢(tg)| < 9,
Kaxjjoe perierne Z(t) ¢ HadaibubiM yeiaosueM Z(tyg) = To npu tg < t < 00
CYHIECTBYET U yJIOBJIETBOPSIET HEPABEHCTBY

|Z(t) — o(t)| <, to <t < o0.

Omnpenenenne 1.3 [103]. Pemenne x = ¢(t), ty < t < oo, quddepeniiy-
AJIbHOTO BKJtOUYeHUsT (1.2) HA3BIBAETCST ACHMIITOTHYECKU YCTOWIUBBIM, €CIIH
OHO yCTOHYMBO U, Kpome Toro, lim |Z(t) — @(t)] = 0.

Onpepesierne 1.4. Pemenne x = ¢(t), tg < t < 00, guddepennmalib-
HOrO BKJIFOUeHHs (1.2) HA3BIBAETCS YCTONUUBBIM B IEJIOM, €CJH OHO aCHMII-
TOTUYECKHU YCTOWIMBO MpHU JIOOOM HaYaJbHOM 3HAUCHUH To € R,.

B nacrosiiiee Bpemsi HaubOJIbIIee pACIpPOCTPAHEHUE TTOJIYIUIN HelpPOH-
Hbie ceru Xordujijia, PyHKIMOHUPOBAHUE KOTOPbIX OIUCHIBAETCS CUCTEMAMU
nuddepeHInaIbHbIX YpaBHEHH

d.%'i n
= > ajv; — bizi +ci; v = gi(x),
dt 1
J
1 =1,2,...,n, rjie r;— Tekyllee cOCTOAHUE -I'0 HepOHa; V;— TeKyllee Co-

CTOAHME J-T'0 BXOJa Ha i-M Helipone; a;j— KoapduiuenT csa3u j-ro nefipona
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¢ i-M; b;— koadpduiment odbparHoit ¢Bsaszu, b; > 0; ¢;— BHelIHEE BO3IEHCTBIE
Ha 2-1 HelpoH; gi(xi)— HeJuHeiiHass (PYHKIN, XapaKTepu3yolas PeaKIinio
1-r0 HelipoHa, Ha, U3MEHEHWe ero COCTOSTHUS.
XonduiiIoM paccMaTpUBaIUCh CHMMETPUYHBIE HeJiuHeiHbie hyHKiuu g(x)
(9(—z) = —g(x)), KoTOpPBIE MOTJTH OBITH U pa3pPBIBHBIME: () = SgNX.
Xornduiom uccieoBaHa yCTORINBOCTD 9TUX ceTeit. st 3roro um 6n11a
BBeJIeHA, (DYHKIIMST BHIYUCINTEIBHON SHEPTUN

E = ZZCLUUZUJ—FZb/g da—ZcmZ

Z—lj 1

B cayuae, ecim marpuna A = {a;;} cummerpuanas, a GyHKimn v;, @ =
= 1,2,..., N, nenpepbiBubl, Xonduuaom nokazano [122] (moapobroe joKa-
3aresiberBo npuBesieHo B [119]), uro cucrema (1.1) cxopurcs K ojgHOMY U3
YCTONYMBBIX COCTOAHMIT PABHOBECUSI, IPUUYEM KazKJI0€ TaKOe COCTOSHUE PaB-
HOBECHUS ABJISCTCA TOYKOM JIOKAJBLHOIO MUHAMYMa (DYHKIIMU BLIYACIATE b
HOIl 9HEPIuu.

YCTONINBOCTD HEHPOHHBIX CETell, OMUCHIBAEMBIX YPABHEHUEMHU BUIA,

dﬂ?i n
T —cizi + Y aijpi(;), (1.3)
{ j=1
1 =1,2,...,n, u ypaBHeHusAME OoJiee OOIIEro BUJIA
dx;
f = - — Z @ij Z ajkgr(Tk), (1.4)
dt izl -
i=1,2,...,n, BropsiM MeTojioM JIsmyHoBa Oblia ncciegoBana B [51] B mpe-
nojioxkenun, 4ro pyuxiwu gx(z), k = 1,2,..., N, HenpepblBHbI.
B uacrrocru, B [51] jokazano, 4ro Hysesoe perienue cucremb (1.3) acumir-
TOTHYECKH YCTONUIUBO B IeJI0M, ecau KoaddunmenTsl ¢; > 0,7 =1,2,...,n,
MaTPHIA OTPHIATEBHO TOJTyonpeiesena, a ynkmmu ¢;i(z;), j = 1,2,...,n,

VZIOBJIETBOPSAIOT YCIOBUSIM:

1) kaxpas bynkius @;(x;) BCogy onpejeneHa npu —oo < x; < 00,
HEIPEPLIBHA U OJHO3HAYHA.

2) kaxgas byHKiusa ¢;(2;) pacrosokeHa CTPOTO B MEPBOM U TPETHEM
OKTAHTAX, IPUIEM BCIOJLY IpH = 7 0 BBITOIHSIOTCS HEpaBeHCTBA T, (x;) >
~0,5=1,2,

3) limy, oo Jo j(p)dp = +o0, j = 1,2,
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YCroiunBOCTh HEUPOHHbBIX CeTell ¢ pa3pbIBHLIMU (DYHKIIUAMU gi(x), 1=
=1,2,..., N, nccrenosanacs B [32], [87].
B [32] npeamnonaraercs, qro

1, x>0,
gl( ) g( ) O, xr < O,
1=1,2,..., N, n juis obecriedenns: ycTORIMBOCTH HEHPOHHOI ceTu mpe/iia-

raeTcsda MEeTO/T, 3aKJII0YAIOIINICA B MaXKOPUPOBAHUN HEJIUHEHHON YaCTh ypaB-
nerus (1.3) KoHCTaHTO! U HasbHeiinM pererneM TuddepeHInagIbHOTO Hepa-
BEHCTBA.

B [87] Bropbim merojom JlsiiiyHOBa UCC/IeyeTCst yCTORUMBOCTD PEIIeHUi
ypasrenuil Buja (1.3) ¢ paspbIBHBIME HEJMHEHHBIMU (DYHKIUSIMU, & TaK¥Ke
YCTOMYUBOCTD CKOJIB3SIIUX PEXKUMOB.

[ToypobubIit aHaIM3 yCTONIMBOCTH HEHPOHHBIX CETEl, B TOM 4uUC/Ie Heli-
pouHbIX cereii Xomdumia, npusejner B kuure [119], rae pacemorpena yeroii-
YUBOCTH HEHPOHHBIX CeTell IPU Pa3JUIHbIX (PYHKIUIX aKTUBAIUK, IIPUIEM
MCCTIE/IOBaHa, KaK YCTOMYIUBOCTDH B IEJIOM, TaK W YCTOMYIUBOCTH OTJIETHHBIX
To4eK 110KOsi. OCHOBHBIM AlllapaToOM, UCHOJIb30BaHHbIM B [119] siBisitorcst
dbynkiun JlanyHoBa u HbYHKIUE SHEPTHH.

B [119] npusenena obmupnas 6ubsuorpadus Mo yeToRdIuBOCTH HEHPOH-
HBIX ceTeil, onuchiBaeMbIX JinddepeHnmnajbHbIMUA U PA3HOCTHBIMY YPaBHEHU-
SIMT.

1.2. IlocTranoBKa 3a1a4nu

B sTom pasjiesie ucciieryercst yeToiauBOCTb 10 JISIyHOBY HEHPOHHBIX Ce-
Teit, PyHKIIMOHUPOBaHUE KOTOPbIX OIUChIBaeTCs JiuddhepeHinaibHbIMU YPaB-
HEHUSIMU

dZIS'Z' L .
= —cr; + Zgij(xj>7 1 = 1,2,...,n, (15)
dt =

C HaYaJIbHbIMMA YCJIOBHUAMU

zi(t)) =20, i=1,2,...,n. (1.6)

OT/ie/IbHO paccMaTpUBAIOTCS HEHPOHHBIE CETU C HEIPEPbIBHBIMU U pa3-
PBHIBHBIMU TTapaMeTpaMu.
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[Tostyuenbl Kpurepun aCUMITOTUYECKONR YCTORINBOCTH U yCTORINBOCTD B
TeJTOM HeJTMHEHHBIX HeipOoHHbIX ceTeil Bua (1.5). B ciayvae Hesmueiinbix neii-
POHHBIX CeTeil ¢ HeNPEPLIBHBIMU HEJINHEHHOCTAMU, aCUMIITOTUYECKasT YCTOI-
YUBOCTb U YCTONYUBOCTD B [EJIOM OIIPEJIEJISACTC KaK aCUMIITOTUYECKAs YCTOM-
YUBOCTb U YCTOWUMBOCTH B IEJIOM CUCTEM JndDepeHInalbHbIX ypaBHEHM,
OTIMCHIBAIOIINX HEWPOHHYIO ceTh. B ciydae HeTMHERHDIX HEMPOHHBIX CeTel ¢
Pas3pbIBHBIMU HEJIMHEHHOCTAMU aCUMIITOTHYCCKasl YCTONYUBOCTH U YCTONYH-
BOCTD B IIEJIOM OIIPEJIeJIAIOTCA KaK aCUMIITOTUYECKAas YCTORYNBOCTD U yCTOM-
YUBOCTD B TEJIOM JIndDepeHITnaIbHbIX BKJIIOYEHUI.

1.3. CBoiicTBa perieHnit Moaean cetu Xorduaga

Hapsny ¢ HeiipoHHBIME ceTsiMi XOTI(pUIIIA, OMUCHIBAEMBIMHI CUCTEMO -
dbepennnanbupix ypasuenuit (1.5), 6yaem paceMmarpuBarh Oosiee o0mHe CH-
creMbl JindpepeHnmnalbHbIX ypaBHEHU

CZ? = —cix; + gi(T1,...,xy), 1=1,2,...,n, (1.7)
C HAYAJbLHBIMU YCJIOBUSIMA
zi(t)) =20, i=1,2,...,n. (1.8)
3uech gi(T1,...,2T,), @=1,2,...,n,— HeupepbiBHble (DYHKIWH;

gi(0,...,0)=0, i=12...,n.

Cucrema ypasuennit (1.5) mpejgcrasuma B Buge (1.7), ecam momoKuTH
n
gi(.ilj'l, ceey ZL'n) = ]z::l gw(l'j)

O6o3na4dum yepe3 G(t) marpuily, sjeMeHTaMu KOTOPOH siBJISIFOTC (DyHK-

e (@1(t),-..Tn (1))
gi\T1 seeeylpy
g9;(t) = lim gi(xl(t),...,;r;xi((tt))7u,xj;1(t),ijx(f(1)?é Z’. (1) = 0 (1.9)
u—0 u s ’
rjie m— 9ucio snemenToB x(t) # 0 B Bekrope (z1(t), ..., z,(t)).

[Ipegnonaraercs, o B rocjeaneit (hopMyie mpejes cyuecTByer.
BosmoxkHbI 1 jipyrue crocodbl onpejiesiernst Marpuiibl G(t). Onuiiem HeCKoJb-
KO TaKHX CIIOCODOB.
Hampuwmep, dopmyra (1.9) saBiasgercs qacTHbIM cydaeM (GhOpMyJIbI
i1 (1), (E
i (£)2 (x1(1?j(t)x ( ))’ z;(t) # 0,
(@1 ()1 () s (1) (1
gi (@1 ()51 (1) 0,511 (1), ())’ xj(t) =0,

5
u

g;(j (t) -

lim
u—~0
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rae X5 Ay = 1,0 = 1,2,...,n, npuiem A;; > 0 u cymmmupoBatue 1po-
BOJMTCS T[IO TEM 3HAUCHWsM j, i Kotopeix ;(t) # 0. B dbopmyse (1.9)
npejnonaraercs, 9to \jj = 1/m,i,j =1,2,... n.

B cityuae, ecau npejien He cyiiecrsyer, 1o marpuiy G(t) MOXKHO onpejie-
auth uHave. Hampumep, ssmementsr gj;, Marpuisl G(t) MOKHO 3a7aTh (HOp-

MYJIO
gl(07"'7Oa‘rk(t)a"'axn(t))fgl(oa"woaxk-‘rl(t)V"vxn(t)) (t) # 0
‘) (1) » Tk ’ 1.10
i) = { - (110)
Lk=1,....n
Huxke Gyjem cumrarh, uro sgementbl Marpunbl G(t) ganbr gopmysioit
(1.9).

Brejiem reneps marpuity D(t) ¢ anemenramu dy(t), onpejensieMbiMu pa-
seHcrBamu di, = —cg + gi(t), dp = gy (t) npu k # L.

Teopema 1.1 [26]. [LycTb BBITOJHEHBI CIEYIONINE YCIOBHS:

1) dynkruu d;j(t), i,j = 1,2,...,n, zenpepsiBasl npu 0 < ¢ < 00;

2) cymecryer Takoe r (r > 0), uro jist kaxjgoro Bekropa x(t) € R(0,r)
cupaseino Hepasencrso A(D(t)) < 0 ( A(D(t)) < —a,a > 0).

Torma cucrema ypasuenwuit (1.7) yeroitunBa (MM acUMITOTHICCKH YCTO-
qUBA).

Bgesiem obosnavenue Ay ReD(7) = sup o(ReD(7)).

Teopema 1.2 [26]. [LycTb BBITOJHEHBI CIEAYIONINE YCIOBHSI:

1) dynkruu d;i(t), i,j = 1,2,...,n, nenpepsiBubl npu 0 < t < 00;

2) cymecrByer Takoe 1 (r > 0), uro mis goboro Bekropa x(t) € R(0,r)
cupaseyino Hepasenctso Ay (ReD(t)) < 0 ( Ay (ReD(t)) < —a, a0 > 0).

Tora cucrema ypasuenuii (1.7) yeroitunsa (aCHMITOTHYIECKH YCTORTHABA).

JokazareabcTBo TeopeMbl 1.1. O6o3naunm depes p(t) HenpepbIBHYIO
TOJIOKMTENIBHYTO (PYHKIIMIO, TAKYIO, YTO JJIsA JIOOBIX KaK YIOAHO MaJbIX €) 1

€1 BBITIOJIHAIOTCS HepaBeHcTBa sup |p(t)] < e, Ofogo(t)dt < €.
0<t<oo 0

Uccnenyem mosejienne tpaekropun 3agaqu Komm (1.7), (1.8) B npowme-
xkyrke spemenu t € [T)T + ATy], rue T'— upousBoJibHbIE MOMEHT BpeMeHu
(0 <T < o0), a Benmmunna ATy Gyner yrouHena HUKe.

[lepenumem cucremy ypasuenuii (1.7) ciemyioniuM oOpasoM:

dxcégt) = —qx; + égfk(T) R(t) — Ei:glk( V(zn(t) — 2n(T))+
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+agi(z1(t), ..., xn(t) — gz (T), ..., 2, (T)), (1.11)
[=1,2,...,n.

Cucrema (1.11) B oneparopHoii ¢hopme nmeer B
dX (t
dt() =D(T)X(t)+ F(X(t)), (1.12)

rie X (t) = (z1(t), ..., zn(t)), F(X(t)) = (f1(X(¢)),..., fn(X(t)))— BexTOp
¢ kommionenramu fi(X (1)) = g(X(t))—g(X(T))— 1gfkk(T)($k(t)_$k<T))7
[=1,2,...,n.

Pemenne 3amatun Komu (1.12), (1.8) npu ¢t > T umeer Bu

M=

k

t
X(t) = e"MENX(T) 4 [ PN (X (s))ds.
T

[lepexons Kk HOpMaM, UMeeM:

IX@®)) < MPEEDX(T)|+

t
+ [ AP F(X (5))]|ds. (1.13)
T

Tak kax 10 npejnosnoxkenuio byukmwn g (x1(t), ..., x,(t)), 1 =1,2,...,n,
HEeNpepbIBHBI, TO Haiiercs Takoe AT(, uto B ipomexyTke Bpemenu 1" < ¢ <

< T+ ATy
[EX ()] < ;w(t)l\X(t)H- (1.14)

Buech npejnoaraercs, aro || X (T)| # 0, rak kak eciu X(T) = 0, To
MMEET MECTO yCTORIMBOCTD PEIICHHUSI.
Beejem ¢yHKIHIIO

() = e MPINIX (B)]].

Torna u3 nepasencrs (1.13) u (1.14) crenyer, aro na cermenre [T, T +
+ AT{] cripaBeinBO HEPaBEHCTBO

9(0) < Y(T) + 5 [ (s)pls)ds
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Bocnosib3oBaBiiuch HepapeHcTBoMm ['ponyosiia — Bejuimana, npusejieH-
HBIM B IV1aBe 1, nmeeMm

! jw<s>ds

b(t) < ¢(T)e

Bosspaiiiasicb K HOpMaM, TPUXOJUM K HEPABEHCTRY:

X)) < exp{A(D(T) +;!w $)ds}| X (T)]| =
= exp{ [ A(D(T)) / m)drH| X(T)]). (1.15)

sBecrno, uro Jist Ji0ObIX JIMHEHHbIX orneparopoB A u B B GanaxoBoMm
npocrpancrse ciupaseyinBo nepasencrso |[A(A) — A(B)| < ||A — BJ].

U3 nenpepoisaoctu dyuxmit gy, (t), k, 0 = 1,2,... n, crenyer, 9ro sje-
merThl MaTpuilbl D(t) Henpepbirbl. ClieloBATEILHO, CYIECTBYET TAKOH cer-

venr [T, T + ATy*], aro npu t € [T, T + AT

[IM(D(7)) = A(D(T))|dr <

[ #0
T

[Tycrs ATy = min(ATy, ATg*). Torpa na cermenre t € [T,T + ATy
HepaBeHcTBO (1.15) MOKeT ObITh 3aMEHEHO HEPABEHCTBOM

[\ORI

|X (@) < exp{ [ (AD(r)) + @(r)dr H| X (T)]. (1.16)

[Tocieanee nepapencTso cupasenauso Ha cermente [T, T1], toe Ty = T +
+ATy. IToBTOpss NPUBEICHHBIE BBIIIE PACCY K ICHUA, YOEXK 1aeMCsI, 9TO Hepa-
sercTBo Tuna (1.16) cnpasepgmpo juist cermentos [Ty, Tpiq], & = 1,2,. ...

o0 o0
3sech umerorcst e Bosmoxkroctu: 1) 3 (T — 1)) = 003 2) 3 (Thq1 —
k=1 k=1
— Tk) < Q.
B nepsom ciyuae nepasenctso (1.16) cripaseainBo mpu BCeX t>T.
PaccmorpuMm BTopyio BoamoxkHOCTh. Obo3naunm: T = T+ Z (Tk+1_Tk)
/3 npuBeIeHHBIX BLIIIE BRIKJIAI0K CJIEIYeT, IUTO HepaBEeHCTBO (1 16) clpaBe/i-
aupo npu t € [T, T%). Tak kax dbyuxiuun AD(t) u @(t) HenpepbIBHbL, TO 116~

pexojist B (1.16) k npegeny npu t — T, ybexjaeMcst, 94T0 OHO CIIPABE/JIUBO
unput="1T".
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Paccmorpum jiBe BosmoxHble renepb curyaruu: a) X (1T%) = 0;
6) X(T*) # 0. Ecoin X (T™*) = 0, 10 nepasencrso (1.16) crpaseiuBo npu
t € [T, T*] u, cneposarensuo, npu t > T*. Eciu X(T*) # 0, To naiijercs
Takoe 3nHadenue 1 > T* waro, naunnas ¢ t > T, nepasencrso (1.16)
HapyIaercs. [loBropsist paccyskjuenus, mpusejmne Kk HepasenctBy (1.16),
yoexxaemcst, 4ro cymiecrsyer cerment [T, T + AT**], Takoii, uro 1pu
t € [T, T + AT*] cipaBeJinBO HEPABEHCTBO

X0 < exp{ [ (A(D(7)) + ¢(7))dr}| X(T)]| <

< exp{ [(A(D(7)) + o(r)dr}| X (T)],

T. €. IPEJIIOJIOKEHIe O HapyTieHun HepasercTsa (1.16) mpu t = T HeBepHo.
Takum oOpa3oM, Jijisd 00enx BO3MOXKHOCTe# JloKazaHa npu t > 1" cripaBe;i-
smBocTh HepaeHcTBa (1.16).
[Tomaras B (1.16) T = 0, umeem:

t
XD < exp (/(A(D(T)) + @(T))dT) [ Xoll (1.17)
0
rie Xo = X(0).
I3 npoussosibHocTH (1) cieiyer, 4To
t
IX (0] < exp( [ AD(T))dr)[| X (1.18)
0
Tak kax Gynkuusa A(D(t)) meorpunarensua, To || X (T)|| < [|X(0)]].
YeroiiausocTs pentenust cuctembl (1.7) gokasana.
JlokazkeM acuMITOTHIECKYHO YCTORUMBOCTD perienust cucrembl (1.7).
13 mepasencrsa (1.18) cmemyer, aro mpu ¢ > 0

| X (@0)]] < exp{ [ AD())dr}| Xol| < exp{—at}|| Xoll.

Acumnrornueckast yeToiuMBOCTh PellieHrst cucTeMbl ypasaenuii (1.7) no-
KazaHa.
Teopema nokazana.
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Caedemeue. Ilycrs B cdepe S(0,0), rae d— 10CTATOUHO MAJIOE HOJIOK K-
TeJIbHOE THCII0, JTst 1060t uddepentmpyemoit bynkimn X (t), || X (¢)]| < 6,

¢
Boinostasiercss HepasenctBo [ A(D(7))dr < k mpm Beex t(0 < t < 00)
0

t
(}LI&%({A(D(T))dT =—a, a>0).
Torma penenne cucrembl ypapaenuii (1.7) yeToifauBo (aCHMITOTHIECKH YCTOM-
qUBO).

Jloka3zaTeabCTBO TeopeMbl 1.2 POBOJIUTCS aHAJIOIMYHO.

[To amajoruu ¢ 1oKa3aTeJbLCTBOM TeopeMbl 1.1 JoKa3bIBAETCs CJIeIyIOIIAs]
TeopeMa.

Teopema 1.3 [26]. [Lycrb BBIIOJHEHBI CJIELYIOIINE YCJIOBUSI:

1) dyukuun d;i(t), i,7 =1,2,...,n, nenpepsiBubl npu 0 < t < 00;

2) miis moboro Bekropa X (t) (0 < || X (¢)|| < oo) cnpaseyuso Hepasen-
crBo A(D(t)) < —a,a > 0.

Torga perenve cucrembl ypasaenuii (1.7) acuMiTornyecku ycroiiuauBo B
TIETTOM.

Bameuanue. Ciaydan, Koria seMeHThl MaTpulibl G(t) onpeaensores oT-
smanbiMu o7 opmydibl (1.9) criocobamu, MCCIeyI0TCsT AHAJTOTHIHO.

1.4. YcTodnBOCTh HEMPOHHBIX ceTeil Xonduiaa
C HEeIPEePBbIBHBIMY HEJNMHENHOCTIAMN

NcenemyeM acMMITOTHYECKYIO YCTONUMBOCTL B IIEJIOM CHCTEMBI ypaBHe-
auit (1.5) B npeanosoxkennu, aro bynkimuu g;;(z),4,j = 1,2,...,n, Hemnpe-
peisabl 1 g;;(0) = 0,4,5 = 1,2,...,n. IIlpn nccienoBanuu ycroitanocrn
cucrembl (1.5) GyjyT MCHOIB30BaHbl KpuTepuu ycroituusocru, chopmysiu-
pPOBAHHBIC B MPEJBLIIYIEM pasjene. 3adpuKcupyeM IIPOU3BOALHOE 3HAYCHUE
T,0<T < oo.llput>T cucremy ypasuenuit (1.5) MOXKHO IpeiCTaBUTD B

BUJIE
dl’i L % L .
i = —CiT; + Z:ng](T)SUj(t)—f— Z:lfij(t,iﬁj(t)% 1= 1,2,...,71, (119)
J= J=

o | 9i(xi(T))/z;(T),  x;(T) #0,
i) = lim gig(u) /. 4(T) = 0

fij(t,25(t) = gij(x;(t) — gij(x;(T)) — g5;(T)(w;(t) — 2;(T)),  (1.21)

1=1,2,...,n.

(1.20)
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OrmeTnm, 4T0 BO3MOXKHbI 1 JIpyTHe criocobbl onpeesenus bynximit g7 (T).
Hanpumep, MOXKHO MOJIOXKUTD

i (25(T)—gij
N
gzg 0 .
y l’](T) = 0,

fij(t,2i(t) = gi(x;(t) — gij (x5 (1)) — g55(T) (s (t) —25(T)), i = 1,2,...,n
Hnst onpenenennoctn Gyjem paccMarpuaTh ciyyail, Korja Gynknmn g;;(t)
u fij(t,z;(t)) onpenensiorcs dbopmynamn (1.20) n (1.21).

O6osnaunm uepes G(T') marpuny G(T) = {g;;(T )} i,j=1,2...,n,a
aepe3 F'(t, X (t))— sekrop F(t, X (t)) = (F1(t, X(t)),..., Fu.(t, X ( ))), e
Filt, X(1) = X fis(t 2;(0).

Torma cucremy (1.19) MOXKHO MpeJICTABUTH B OIEpaTOpHOil hopme

dX (1)

e —CX({t)+G(T)X(t)+ F(t, X(t)), (1.22)
rie C ={¢;}, 4,7 =1,2,...,n— JIArOHAIb A ManHHa C BJIeMeHTaMy Ha,
TJIaBHOW JWAroHaJM, PaBHBIMU C; = C;, 1 = 1,2, .

[Ipumensist Kk cucreme ypashenuii (1.22) paccnyzgeHMﬂ, IIpUBEJICHHbIC B
IpEJIbIYINEM pasjiesie, YOesK1aeMcsi B CIPABEJIMBOCTH CJIEJYIONINX YTBEp-
KJICHUA.

Teopema 1.4 [26]. [Lycrb BbIIOJHEHBI CJIELYIOIIUE YCJIOBUSI:

1) dbymxmun gj;(t), fij(t, x;(t)) i,5 =1,2,...,n, nenpepwiBinr mpu 0 <
<t <o

2) marpuna B(t) = C + G(t);

3) cymecrByer takoe r(r > 0), uro jyist kaxgoro sekropa X (t) € R(0,7)
crpase B0 HepasencTso A(B(t)) < 0 ( A(B(t)) < —a, a0 > 0).

Tora cucrema ypasuenuii (1.5) yeroitunBa (aCHMITOTHYIECKH YCTORTHNBA).

Teopema 1.5 [26]. [Lycrb BBIIOJHEHBI CJIEYIOIIUE YCJIOBUS:

1) bynxnun gj;(t) n fi;(t, x(t)), 1,5 = 1,2,...,n, nenpepbisibl npn 0 <
<t <o

2) marpunia B(t) = C + G(t);

3) cymecrByer takoe r(r > 0), uro jist kaxgoro sekropa X (t) € R(0,7)
cupaseanso HepasenctBo Ay (ReB(t)) < 0 (( Ay (ReB(t)) < —a, a0 > 0).

Torga pemenne cucrempl ypasuenunii (1.5) ycTofiumBo (acHMITOTHIECKN
yCTOHYNBO).
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Teopema 1.6 [26]. [Lycrb BbIIOJIHEHbBI CJIE/LYTOLIUE YCJAOBUSL:

1) bynxmmn gj;(t), fij(t,z;(t)), i,5 = 1,2,...,n, nenpeppsunt npu 0 <
<t<oo;

2) marpuna B(t) = C + G(t);

3) ms goboro BekTopa X (1), 0 < || X (t)|| < oo cnpaBemnBo HepaBeH-
crBo A(B(t)) < —a,a > 0.

Torga permenne cucrembl ypashenuii (1.5) ycToiiauBo B 11eJ10M.

1.5. YcToiianBOCTh HEMPOHHBIX CETEM C PA3pPbIBHBIMU
HEeJINHEMHOCTAMU

B srom pasjiene uccieyercsi yeroiduBoCTh HEHPOHHBIX ceTeil, (hyHKIINO-
HUPOBAHUE KOTOPBIX OIMKUCLIBACTCA JUuDDepeHInalbHbIMU Y PABHEHUSIMU BU-
na (1.5) B npeamosoxennu, aro bynukimu ¢;;(x;), 4,7 = 1,2,...,n, nemnpe-
PBIBHDI BCIOJLY 3a UCKJIIOUEHUEM TOUYEK, IJIe OHU UMEIOT Pa3pbIB IEPBOrO POJIA.

Oboznaunm yepes tfj MHOXKECTBO TOUEK, B KOTOPBIX byHKIME g;;(2;) nme-
10T Pa3pbIBbI LIEPBOIO Poja, 2,7 = 1,2,...,n, k = 1,2,...,m, rjge m— Ko-
HEYHOe 4KCJI0. B GOJIbIIMHCTBE paccMaTpUBaeMbIX B JIMTEPATYPE CIydacs
m = 1 u B kauecrse Qynkiwu g(r) Gepercs

(z) = sgnz = 1, x>0,
J\E) = SN = —1, xr < 0.

B stom cayuae [103] pemennem cucremsr (1.5) nasbiBaeTcs abCOTIOTHO
nerpepbiBHast BekTop-byHkius X (t) = (z1(t),...,x,(t)), ysoBiaerBopsito-
1masi BKITIOUEHUIO

dx;
d‘i € —emi+ Gi(X(1), i=1,...,n, (1.23)

npu Beex 3HadeHustx t € [ty, 00).

Buech G(X (1)) = (Gi(x1(t), ..., xu(t)), ..., Gp(x1(t), ..., 2,(1))),
Gi(z1(t),...,z,(1)) = jf)l Gij(x;(t)); bynkmus Gi;(x(t)) coBnagaer ¢ GyHK-
nueit gij(2(t)) B Toukax nenpepeisnoctn 2(t), a B TOUKaX paspeiBa t}; aBisi-
€TCS OTPE3KOM BEPTUKAJLHOW MPAMOIA, COCTUHAIONICH MpefeJbHbIe 3HAUCHUI
tligf_ﬂm@(ﬂ) i 1}5210 9ij (x(t)).

Uccnepyem yeroitanpocts BrIoYeHns (1.23).
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Baduxcupyem npoussosbioe snadenue 1 (0 < T < 00) u BBEIEM Ciiejly-
fo1e 0003HaAYCHU:

Gij(x;(T)) .
a;;(T) = { (1) 7 z,(T) 70, (1.24)

O6o3naunm yepe3 B(T) marTpuily, COCTOSIIYIO U3 3JIEMEHTOB

) —ata(T) =4,
%(T)_{ ay(T)  j#i

O6o3zuadum yepes A(B(T)) norapudmvudeckyio Hopmy Marpuiisl B(T).

(1.25)

Bameuanue. oy norapudmuyeckoit nopmoit A(B(T')) nonumaercst He oji-
HO YUCJI0, a (DYHKIIUS, 3aBUCAIIAL OT IIAPAMETPOB, KAKIME ABJISIOTC 3HATC-
HUsI, IPUHUMAEMbIE TOUKAMU OTPE3Ka, PACIOJIOKEHHOrO Ha MpAMOil ¢ = ti-“j,
coequnsomeit snavenns gi;(x;(th +0)) n gij(x; (15 = 0)), 4,5 =1,2,....n,
B TOUYKaX Pas3pbiBOB (pyHKIMIi gij(xj(tfj)), i,j=1,2,...,n.

Teopema 1.7 |26]. [Iycrs npu kaxjom dukcuposanaom 1 (tg < T <
< 00) sorapudmuueckas nopma A(B(T)) marpunpt B(T) orpunarejnbha
(mim orpunaresbia u A(B(T)) < —a, a > 0) npu Beex tg < T < oo. Torja,
BrJtoYeHue (1.23) yeroiunBo (Wi acUMITOTUYECKH YCTONIMBO B 11€JIOM ).

Jloka3aTreabCcTBO. BHavase JoKaxkeM YCTOMIMBOCTDH PEIIeHus] CUCTEMBbI
ypasuenuit (1.5). ITycrs X (¢)— TpaekTopust perienusi cucTeMbl ypaBHEHMUIT
(1.5) npu nauasbroMm ycioBun X (ty). DTo perieHue yJoBJIeTBOPIET BKIIIO-
aernio (1.23). Tokaxkem, 9TO TPU BBITOJHEHUH YCJIOBHHA TEOPEMbI JII00ast
byukuus X (), yaosaerBopsitoiiast BKouenuo (1.23) u HadaJbHbIM YCJIOBU-
sam X (tg) € R(0,rp), ocraercs B cepe S(0,79), 1. e. || X (2)|| < ro = || X (t0)]]
upu t > tg.

I[Ipencrasum ypasuenue (1.5) u Briodenne (1.23) cOOTBETCTBEHHO B BUJIE

dx; n
T+ S an(Ta(t) + Fi(t), (1.26)
dt k=1
1=1,2,...,n,m
dz; n
It € —cx; + Z aik(T)a:k(t) + Fi(t), (1.27)
k=1



B ypasuennu (1.26) nop a;x(T) u Gi(xr(t)) nonnmaiorcs 3nadenust, co-
OTBETCTBYIONIHE JIaHHoil, uccieayemoit dyukiun X (t). Tak Kak B TOYKax
Pa3phIBOB 9T 3HAYEHUS HE ONPEAETCHBI OJHO3HATHO, TO BMECTO CHCTEMbI
ypasrenuii (1.26) npuxojurcs paccMarpuBaTh cucreMy BrJtodeHuit (1.27).
[Tostomy nox snavennamu a;, (1) n Gy, (zx(t)) B TOUKAX PA3PBIBOB NOHMMA-
FOTCsI 3HAYEHUsI, KOTOPbIE MPUHAJIEKAT OTPE3KaM IIPSIMbIX, COEIUHSIIOIINX
npesieIbHbIe 3HadYenust 3Tnx (QyHKIMi B Toukax paspbiBoB. CBsA3b MeX Ly
STUMM 3HAYEHUAMU OLIMCAHA HUKE.

J1s1 mpocTOThl 0603HAUEHHUTT TIPEITONOKUM, 9T0 (DYHKINK ik (x(t)) nme-
IOT TOJIBKO OJIHY TOYKY pas3phiBa. [lycTs 910 Oymer Touka t*. Sadukcupyem B
Touke t* nmpousBoJibHOE 3HAUeHUE Gk (X (1)) M3 MHOXKeCTBA 3HAYEHWUIT, TPK-

Haiexanpx cerventy | lim gir(zr (1)), t_1)itr*1f41r 0 git(zx(t))|. Bregem dbyHk-

11O
Gir(xx(1)) = { ;Z“g:&i%%: ttitt*’. (1.28)
YpaBHeHne ;
d? = —cix; + > Gin(zr(t)) (1.29)
k=1

BXOJUT BO BKJtOYeHue (1.27), 1 0HO MOXKeT ObITh MPEJICTABICHO IpH T >
> Tty <T < 00) B BUJIE

CZZ = —Ci%; + i Gz (1)) xk(t) + Fi(t), (1.30)
k=1

rie byaknun g (xp(T)), i,k =1,2,...,n, u F;(t), i = 1,2,...,n, onpese-
JISI0TCA (POPMYyJIaMu

ik (xx(T)) T
ilan(1)) = { CoNA
Fi(t) = é(@m(:ﬁk(t)) = Gie(2x(T)) — g (2r(T)) (21 (t) — 21(T))),
1=1,2,...,n.

Marpuia G*(t) = {gh(zi(t))}, i,k = 1,2,...,n, cocront n3 dywnkimii
G (zk(t)), i,k = 1,2,...,n. Marpuna D*(t) = {diy(1)}, i,k = 1,2,...,n,
cocTaBJieHa U3 3JIeMeHTOB d;(t), onpeesisieMbIx papencTBamu dgk(t) = —cp+

+§,*;k(xk(t)), k = 1,2,....n, dkl(t) = QZI(IZ(T)), k,l =1,2,...,n, k 7§ l.
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Tax xax yukiuu Fj(t), 1,2,...,n, MoryT uperepiesarb paspbls 1ep-
BOI'O POJIa, TO MCCJIEIOBAHUE YCTONUIMBOCTH HEHPOHHBIX cereir Xomduiia ¢
Pa3pPLIBHBIMY HEJIMHEHHOCTSAMY TPOBOJANTCS CJIOKHEE, 9eM COOTBETCTBYIOIINX
ceTeil ¢ HeIIPEePbIBHLIMU HEJIMHEHHOCTSIMUA.

[Ipeamonoxkum cradaa, aro Gyaxmyun g (x;), k0 = 1,2,...,n, umeior
PaspbIBbl TOJLKO MPH HEHYJIEeBbIX 3HAYEHUIX apryMmeHToB. Torma cyniecrBy-
er uHrepBaJ Bpemenu [to,ty + Aty), B reuenue koroporo dyukuuu Fi(t),
1,2,...,n, HepepbIBHBI.

[Iycrs T} OGyzeT nepBLIM 3HAYEHHEM EePeMEHHOM ¢, IPKU KOTOPOM XOTs Obl
onna u3 gynknmit F5(t), 1,2, ..., n, nperepnesaet pazpuis. Toraa B unTepBa-
e [tg, T1) pemenue cucrembr ypashenuit (1.30) (a caeposaresnsro, n (1.29))
B OIIEPATOPHO (popMe MOXKHO TIPEJICTABUTL B BUJIE

t - —
X(t) = P )lt=t0) x (1) + /eD*(tO)(t—S)F(s)ds. (1.31)
to
[Tepexojs B (1.31) kK HOpMaM, B poMexyTKe [tg, 11) umeem:
— t — _
|X(@)] < AP X (1)|| + [ MO F(s)lds. (1.32)
to

Tak kax B npomexkyrke [to, T1) Bekrop-byukiuus F(s) nenpepbisua, 10
B 9TOM IIPOMEXKYTKE MOXKHO IIOBTOPUTL PACCYXKICHUA, IPOBEJICHHLIC B Pa3-
nenax 1.3, 1.4. Cuenosarenbho, npu t € (to,11) [| X (¢)]| < || X (to)]|, npu-
aem || X (t)|| monoronno ybnisaer. Hecmorpsi Ha 1o a0 B Touke 11 dyHkius
F(X(s)) umeer paspbis nepsoro poja, us nepasencrsa (1.32) ciemyer, 4ro
nepasercTso || X ()] < [| X (¢o)|| coxpansiercs u npu t = Ty. CegoBaTenbHo,
B cermente [to, Th] || X ()| < || X (t0)]|-

Paccmorpum cerment 11, T3], To = Ty + AT, vie Besmuuna AT Gyjer
ompejiesiena Huke. B 9170M cermente pemtenre ypapaenus (1.30) moxer 6bIThH
3aIlMCaHO B BUJEC

t B —
X(t) = I X (1) + [P I F(s)ds. (1.33)
T

[Tycrs 0 = || X (to)]| — || X (T1)]]. OueBujno, 6 > 0. Herpyuno Bujers, 4ro
cymecryer takoe AT, 4To mHTErpaJs B MpaBoil dactu HepaseHcTBa (1.33)
oyser menbine d npu t € [11, Ty + AT].
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Pasbepem sror ciyudait mojapodHee. st onpejeseHHocT OyjieM CUUTATD,
qro paspbi uMeer dbyHkusa ¢i1(r1) B opnoit Trouke z*. Ilycrh B MOMEHT
spemenn 11 dyukuust giq(21(t)) umeer paspbis. 3/1eCh UMEIOTCST JIBE BO3MOXK-
nocru: 1) B Tedenue Becero npomexyrka spemenu 17, Th] x1(t) = x1(11) n,
ciaeposarenvio, ipu t € [11, 1o g11(x1(t)) = g11(z1(T1)); 2) umerorcst 3uave-
uue 15 € [11,T5) u, cneposaresnbho, cerment (17, 17| € [T, T3], B Koropom
x1(t) # 21(T}). Toraa B aTom cermente dbynkuus F(s) nenpephisHa.

Takum oOpa3om, B ciydae BTOPOI BO3MOXKHOCTH B KadecTBe TOYKU 1o
BMecto Touku 1b = 17 + AT moxno B3satb Touky 1. Torna wa cermente
[T}, T;*] bynkumst F(t) nenpephiBHa, 1 MbI BO3BPAIIACMC K Pa30OPAHHOMY
BBIIIE CJIyYalo.

Ocrajioch paccMoTperh ciydail, Korya Ha cermente |17, Th| nepemernnast
x1(t) npunumaer nocrostnoe suauvenue r*(z* = x1(T1)), coorBeTcTBYIO-
nmee Touke paspbiBa QyHkiuu gi1. Torga wa cermenre [17,T5] mnosaraem
g1 (z1(t)) = gui(z*). Cnenosarensno, na cermente [11,Ty] dbynkuus F(t)
HEIpPEepbIBHA, ¥ MBI CHOBA BO3BpAIAEMCd K Pa3oOpaHHOMY BBIIIE CJIydalo.

Takum 006pa3oM, IpU CAETAHHOM BbIIIE MPEIHOJOXKEHUH OTHOCHTEIbLHO
Toro, uro dyuxiuu gy (), k,l = 1,2,...,n, He UMEIOT Pa3pbIBOB B HYJIE,
TpaekTopusi BekTop-byuknuu X () ne soixomut u3 chepnr S(0, [| X (to)]|).

Paccmorpum Tenepn ciyuait, korjga dynkuuu gi (), k,0 = 1,2,...,n,
MOTYT UMeTh pas3pbiBel ipn 7 = 0,1 =1,2,... n.

[Ipejoniokum, aro Kakoe-ro duciao dyukiuuii (ckaxem | yHkuumit) us
MHOXKecTBa (QyHKIMI g;5, ¢, = 1,2,...,n, UMEIOT pa3pblB 1IEPBOrO POJia B
mysie. g onpeneseHHoCT OyjieM CYATaTh, 9T0 (DYHKIMA (i1, . . ., §1] AME-
IOT pa3pblB MEPBOTO POja B HyJe. Torja CyllecTByeT Takoe d, 4TO B mape
R(0,9) Bce dyuxnnu gi;, 1,7 = 1,2,...,n, 3a uckmodenneM GyHKIHR g1y,
v=1,2,...,1, He UMeIOT TOYEK pa3pbiBa. BosbMeM HauajbHOE NPUOIKEHIe
Xo = X(to) maxum, aro || X (to)]] < 0/2. Tlokaxem, 4o Jir0bast TpaeKTOpHst
cucrembl yparenuit (1.29), nauasimiasics B mape R(0,0/2), ne nokuuer cde-
poi S(0,9). Eciu nepsbie | KoMIOHEHT BeKTOpa X OTJIMYHLI OT HYJsl, TO
MMeeM PaCCMOTPEHHLIH paHee Caydail, Korja CyIecTByeT MHTEepBaj BpeMe-
mu [to, T1], B Tewenne xoroporo dbynkius F(t) nenpepoisna. [Toaromy Gymem
cunrarh, uro Hauasbhoe snadenue Xo = (0,...,0,20,, ..., 20). Ipeuuoso-
JKUM, 9TO TPAEKTOpUst cucreMbl yparuenuii (1.29), Hauapimasicss B Touke X,
nokuyiaer cdepy S(0,0). Tak kak Bekrop-pynknus X (1) perienust cucre-
Mbl ypastennii (1.29) HenpepbiBHA, TO 9TO POMCXOJUT B HEKOTOPBIH MOMEHT
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Ty, Ty > to. Uccnepyem nosepenne rpaexkropun X (t) npu tg < t < Tp. Pac-
cvorpuM byukmmn z;(t), 1 < j <[, mput > ty. OueBnjiHO, 9TO I KazK 10§
bynkipn x(t), 1 < 7 <[, nmeorcs J[Be BOSMOXKHOCTH: Ha cermente [to, To]
Hafijlercst XoTst Obl OjiHa TOUYKa, B KoTOpoil x;(t) # 0; x;(t) = 0 Bo Bcem
cermente [to, To]. Ecim maiigerca rouka T € [tg, Ty|, B koropoit x1(T1) # 0,
T0o cymecrByer cerment Ay € [tg, To], B koropom dyukius x1(t) 3HaKono-
crosiina. Eciu 1 = 0 B [tg, Tp], To nonaraem Ay = [tg, To).

B cermenrte Ay dynkumst xo(t) mim TOXKJAECTBEHHO PaBHA HYJIIO, WJIH CY-
mecTByer cermMeHT Ao, B KOTOPOM OHa 3HAKONOCTosiHHa. Ecmm xo = 0, To
nonaraem Ag = Ajq.

[IpojoiKas 3TOT NPoONece, HAXOAUM CerMeHT A\;, TaKoii, YTO B HEM KarK-
nast u3 dbynkiwmit (t), j =1,2,..., 1, Win TOX/eCTBEHHO paBHA HYJIIO, U
snakomnocrostnia. Ilyers A; = [t1, T1], Ty = (t1 + T1) /2. Torpa || X (T7)]] <
< 0. [Tpm uccnenopanun nosejenusi Tpaekropun X (t) ypasuenns (1.29) npu
t > 17 rouky T} MOXKHO B34Tb 33 HadaJbHOE HPHUOJIMKEHUE. 3J1eCh HYKHO
PacCMOTpeTD JiBa caiydast: a) Bee dbynkimn x;(t), 7 = 1,2,...,1, B cermenre
A; 3HAKONOCTOsIHHBL; 6) cymecTBytor dyHkiuu (ckaxem, dbyukinusa 1(t)),
TOXKJICCTBEHHO PaBHbBIC HYJIO B CerMenTe ;.

B nepsoM ciyuae na cermente [T}, Ty] dbynxmus F(t) menpepsIBHa, UTO
OBLIO KCCJIEI0OBAHO paHee.

Bo Bropom ciiyuae Ha cermente A; dyuknus x1(t) = 0 u ee npoussoiHas
% = 0. (CuepoBaresbro, npu t € [17,T1] nepsoe u3 ypaBHeHUH MOXKHO
BOOOIIE HEe paccMaTpuBaTh.) Tak kak wa cermente |17, T1] dyuknus xq(t) =
= 0, To dpynxusa F(t) na 9T0M cerMente HenpepbIBHa.

Takum o6pasom, Ha cermente 17, T1] cucremy (1.29) MOXKHO Hccsie0BaTH
KaK HEeIPEepLIBHYIO, NCIOAL3YS PACCYZKJICHNUS, IPUBEICHHbIE B pasaenax 1.3,
1.4. Urak, mokazano, uro || X(T1)| < [|X(T7)| < 6, u mokazano, uro B
ciaydae, ecan byukiun ¢;;(x;), 4,7 = 1,2,...,n, UMeOT pa3phiB B HyJIe,
rpaekropust X (t) cucrembl ypasuenuit (1.29) ne Boixogut uz cdepnr S(0,9),
rae d— KaK yroJHo MaJioe IOJOKUTEILHOE YUCIIO.

Tax xax D*(T)— npousBoibno (pUKCHpOBaHHAsS MATPUIA U3 MHOMKECTBA
marpui, D(T), To TeM caMbIM OKA3aHO, UTO JII06ast TPACKTOPHUS, YIOBIETBO-
psifolas HadaibHoMy yeaouio X (ty) u Brirodenuio (1.27),; yeroituusa.,

YeToianBOCTD J0Ka3aHa. ACUMITOTHYIECKAsT YCTOHINBOCTD U YCTORIHBOCTD
B [IEJIOM JIOKa3bIBAIOTCA aHAJOrMIHO. TeopeMa JoKa3ana.
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1.6. IIpumep

[Tpousuiocrpupyem Ha npumepe chopmyimpoBaHtbie B pasjieiax 1.3 —
— 1.5 yrBepxknenus. PaccmoTpum cucremy ypaBHeHwmit

d
d

re g;(z) = arctg(2,22), i = 1,2; §;— napamerpsl, —00 < f; < 00, i = 1, 2.
Tpebyercst onpeseuTh obgacTh 3Hadennii mapamerpos (S, F2), B KOTO-
poit Teopembl 1.4 n 1.5 rapaHTUPYIOT YCTONINBOCTH TPUBUAJBLHOT'O PEIIEHUS
cucrembl ypasaennii (1.34).
Quementst {d;;}, 4,7 = 1,2, marpunst D, coorsercrByionieil cucreme
(1.35), paBHbr:
dis :{ —1+ﬁ1@, x # 0,
—1+2,26;, x=0;

92(y)
d12 — 52 y Yy 7é 07
2,20y, y=0;
doy = _51¥7 X # 07
T 228, w=0;

—1 + 62927@)’ ) 7& 07
doy = Yy
_1+272527 y:O
Tak Kak Jiorapudgmuyeckasi HopMa MaTpulibl D B ipoctrpancTBax Ry u Ry
paBHa

A(D) = sup{Red, + >_ |dul},
k Ik

TO JIJIT YCTOWIUBOCTH CHCTEMbI ypasHenuii (1.35) 10CTaTOTHO BBIMOTHEHUS

YCJIOBUM
di1 + ‘d12| < 0, dos + |d21‘ < 0.

s acHiMITOTUYIECKON YCTONINBOCTU TPUBHAJHLHOIO PEIIEHHUS JTOCTATOY-
HO BBIIIOJITHEHUS YCJIOBUI

dip + ‘d12| < —a, doo + |d21‘ < —aq, (135)
rie o = const, a > 0, B Hekoropoit okpectHoctu Touku (0,0).

193



Boinosinenue yeouii (1.35) B HEKOTOPOIT OKPECTHOCTH HYJIs IKBUBAJICHT-
HO BBITIOJTHEHUIO HEPABEHCTB

142,260 +2,2|8] < /2, —1+ 2,26 +2,2|01] < —/2.  (1.36)

MuoxkecTBO 3HAUeHUi MapamerpoB (1, F2), COCTABJISIONNX PEIIeHue CH-
creMbl HepaseHeTB (1.36), npunajexut obactu € : Q = {0, B2 : fo—F1 <
< g9 P — B> =g + U O+ o < g5 — )

Haiiem Tenepb 06J1aCTh YCTOWIMBOCTH, BOCIIOIL30BABIIICH YTBEPIK ICHU-
ssMu TeopeMbl 1.5. JIjis1 9Toro Haiijiem cobOcTBeHHbIE 3HAaUeHUA MaTpulibl ReD
B okpecrroctr Touku (0,0). Tak kax crnekrp marpuipl ReD HenpepbiBHO
3aBUCHUT OT KOOPJMHAT T W Y B OKPECTHOCTH HAdYaJa KOODJMHAT, TO JIJIsi
ACHMIITOTHICCKON YCTORIMBOCTH perniennst cucteMbl (1.34) gocTaTodno mo-
TpeboBaTh, YTOOLI COOCTBEHHBIE 3HAUEHUST A1 U Ao Marpuilbl ReD) B Touke
(0,0) 6bLIM OTPUIIATEIBHBIMEI U MEHBITAME —(.

Ouesnnno, B Touke (0,0)

- _1+272617 171(_51+ﬁ2)
RGD_( 1(—B1 + B2) —1+27252)

n XapaKTepI/ICTI/IT{eCKOG ypaBHeHI/Ie nMeeT BUJ
ReD — AE| = (142,28, = A\)(=1+2,26, — A) = 1,21(B — 31)* =0

Orciona A2—=X(—2+2, 26142, 232)—1,21(B2—31)? = 0. Bseyiem obosnadenus
M= —=2+2,201 +2,20, 2 = 1,21(5> — (1)*.
OueBuiHO,
+ 1 + 4
2
U, TaKk Kaxk 72 > 0, Ipu J100bIX 3HAUCHUAX Y] U Y2 OJUH U3 KOPHEH Aj 9
Heorpunarebubiit. Teopema 4.2 B jlanHOM ciydae Hed]pHEKTUBHA.

1
Mg = 2

Taxum 00pa3oM, IpUMeHss KPUTEPHH, TOJydIeHHbIe B JaHHOM pa3jielle,
MOXKHO yTBEPXK/IaTh, 9T0 cucremMa (1.34) acuMITOTHIECKN yCTOHYINBA B Ha-
daJie KOOPJMHAT MpK 3Hadenusx napamerpos (0, F2) € €.
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I’''maBabé6

YCTOMYNBOCTH SKOJOTMYECKNX
N S9KOHOMMNYECKUNUX CUCTEM

1. BBenenue

[Ipumenenne MaTeMaTHIeCKIX METOIOB B OMOJIOTUN M SKOJOTHU BOCXOJIAT
K panuemy Bospoxenuio. Jleonapo [usanckuit (OPubonauan) B 1202 r. gasn
aHaJIM3 TIOMYJISIIINA KPOJIMKOB, B PE3YJIbTaTe KOTOPOTO B MATEMAaTHKY ObLIN
BBejenbl unciia Pudbonauuun. Bosee obime mMaremMarndeckue MOJEU ObLIn
noctpoennl /. bopennn B 1680 T.

B 1917 r. JI” Apcu Towmmcon omybumkoBas ¢GpyHIaMEHTAJbHYI0 MOHOIPA-
dbuto (D’Arcy Wentworth Thompson "On growth and form ". — Cambridge:
Cambridge University Press. 1917), koropast cauraercs |77, crp. 5| Hagagiom
CO3JIaHUs COBPEMEHHOI TeopeTuIecKoil O1OJIOTIH.

Tem He MeHee CTAHOBJIEHWE MaTEMaTHYECKON IKOJOTHH, KAK OTAETHHOTO
byHITaMEHTAIbHOIO HAIIPABJICHHUST B €CTECTBO3HAHUEM, OOBITHO CBSI3BIBAIOT C
nybsukarmeii B. Bosbreppa ero suamenuroit paborst [127] o nepuouaeckux
KOJIeDaHUAX YUCJCHHOCTHU IIOMYJISIUU B cTamuoHapHoil cpene. [Ipemioxken-
rasi B. Bosibreppa maremarnueckasi MojieJb, ONMCHIBAIOIIAS JIUHAMUKY JIBYX
MOMYJIATHI (XUTTHUK-3KEPTBA), B KOTOPOit 0COOU OTHO# MOy AN (2KepTBbI )
SIBJISLTICH HAINER i 0cobeit BTOpOil MOy Isilnn (XHmHHKOB), JtaJia, 00bsIC-
HeHWe MHOTWM, JIO TO TTOPHI HEMOHATHBIM, SIBJICHUSIM MEPUOJINIECKUX N3Me-
HEHWH IUCJCHHOCTH 00X MOMYJISIUi. DT U3MEHEHUsT HeJIb3st ObLIO 00bsiC-
HUTH HUKAKUMU BHeITHUMHK paxkTopamu. Hanpumep, nepuonnieckoe m3meHe-
HUE OTHOIIEHMS YKMCJIa HEXUIHBIX PbIO K UMCJY XHUIHBIX, KOTOpble OTMeva-
eTCsT BO BCEX MOPSIX W KOTOPOE HeJib3st OObSICHUTH BHENTHUMHU (DAKTOPaMH,
ObLIO 00'bsICHEHO C 1HOMOIIBLIO MOJiesin Bosibreppa.

[Tycrs x(t) u y(t) — YUCIEHHOCTH KEPTB U XHUIHUKOB, COOTBETCTBEHHO.

[Tycth @ u m — k03 PUIMEHTH €CTECTBEHHOIO MPUPOCTa, KEPTB U €CTe-
CTBEHHO# CMEPTHOCTH XHUIITHUKOB COOTBETCTBEHHO.

[Iycts v = v(z) — KonmvecTBO (WK OHOMACCA) YKEPTB, TOTPEOJICHHBIX
OJIHMM XMINMHUKOM 3a €JIMHUIYY BPEMEHH, IpUUeM KaxKJasd YacTb, [OJIYUECH-
Hasi C ATON MaCCOW SHEPTUHU, PACXOJYETCsT XUIITHUKOM Ha, BOCITPOU3BOCTBO, &
OCTaJIbHOE TPATUTCs Ha MOJIEPXKAHUE YKUBHECATETbHOCTH.
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TOF[L& YpaBHCHHUE CUCTEMbI XUIIIHUK-2KEPTBa MO2KHO 3allMCaTb B BUJIC

CZ =ax — V(x)y;
W Yk () —m) (11)

[Ipu MasibIx 3HAYEHUSIX T MOXKHO cuutarh V (r) = [x. B pesyabrare mo-
JydaeM KJacCudecKyto Mojienb Bombreppa

d
I
d
dzt/ = kfBxzy — my. (1.2)
B. Bosbreppa mokazad [35], ato cucrema (1.2) nmeer perenne Buia
AN AN
. | = 1.
(%) (5) =¢=o (1.3)

rie X = x/x*) Y = y/y*; o = m/kB, y* = a/F — craumonapubie ToUKH
cucrembl (1.2). Mogesmu Bosnbreppa umeror GoJIbInoil HEJOCTATOK — HErpy-
6ocTh (T. €. IPU CKOJIb YIOJIHO MaJIbiX BO3MYIIEHUsIX (DA3OBBIX KOO MHAT
PeIleHre MEPEXOJIUT OT OJJHOIO MUKJIA K JPYIOMY ). DTOro HEJ0CTATKA JIUIIe-
Ha KOJIMOTOPOBCKast MOJIeJTb [61] crcTeMbl XUNTHUK-KepTBa

dx
dt = a(z)z — V(2)y;
dy
gl K(x)y. (1.4)

B ornuume ot monenn BonbTeppa, B Mogean KojaMoropona He jemaeTcs
HUKAKUX OrpaHrdeHuii orHocuTesibHo Buja dyuknuit a(z), V(x), K(z).

B ob1ieM cirydae 9K0JI0rnuecKre MO COOOIIECTB N BUJIOB OIIMCHIBAIOT-
csl cucTeMaMy OOBIKHOBEHHBIX JudpepeHnnalbHbIX YpaBHEeHM

dN;
"= Fj(Ny,..., Ny, t), (1.5)
dt
1 =1,2,...,n, npuueMm uMeIue OMOJOINIECKUI CMbICJI PEIeHus] TPUHAJ-

JIE2KAT MOJIOKUTEIHLHOMY OPTAHTY 7-MEPHOIO €BKJIMJIOBA, POCTPAHCTBA
T . .
p"={N:N;>0, i=1,2,...,n}.
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Yacrubim ciydaem cucreM (1.5) sBJISIOTCH BOJBTEPPOBCKUE MOJIEIIHI

dN;
dt

7=1

B. Bosbreppa mokasas, ato pererue cucrembl (1.6) nmeer Bu/g

N\ @1 /Ny G2 N, \ @n
e e e
— — | | = =C>0 1.7
N N2 N ’ (17)
rie ¢ = (q1,...,Qn) — CTAIMOHAPHOE HETPUBUAJBHOE DEIIEHUE CUCTEMbI

(1.6.). Ucxoust uz pewenust (1.7), Bosibreppa Obuin 110J1ydeHbl KpUTEPUU
ycroitanBocTr cuctembl (1.6).

JunaMuKa NOMyJIAnuii, HOKOJIEHUST KOTOPBIX MOYKHO CYMTAThH HEMEPeCeKa-
FOLMMUCH, OIIMCHIBACTCA CUCTEMAMM HEJIMHEHHBIX PA3HOCTHBIX YPaBHEHMIA

N, =F(N,,...,NY, i=1,2,...,n

m

Bosbimoe wncno nybaukaruit [35], [61], [77], [95], [96] mocesameno ycroii-
auBocTH Mojesieit Komvoroposa (1.4) u obmieit mogesun (1.5). Bo Beex stux
MCCIIEI0BAHMSIX MTPEoiaraeTcs, 9o byHKIUN, BXOJSIIME B IIPaBble JacTh
ypasrenuit (1.4), (1.5), 3ajanbl B aHaguTU4IeCKO# GopMe U MMEIOT Herpe-
PBIBHBIE TTPOU3BOJIHBIE, TTO KpaiiHeil Mepe, MepBOro MopsiIKa.

Hapsny ¢ nccepoBanmeM yeTOMHBOCTH CTAIMOHAPHBIX U IEPHO/TATECKIX
perieHnii 6oJibIoe 3HaYeHUE JiJIs OObSICHEHUST IKOJOTHIECKUX, SIKOHOMUTE-
CKUX ¥ JIeMOTpabUIeCKUX TPOTIECCOB MMEET HCCICIOBAHNE YCTONTIHBOCTH
PACIPOCTPAHEHNsT BOJH MO PA3MUIHLIM apeasaM. [loj ycroianBocThIO pac-
MPOCTpaHeHKsi BOJH MO apeajaM MOHUMAETCsl YCTONIMBOCTH (hOPMbI BOJIHBI
1 ee CKOPOCTH PACIPOCTPAHEHUsI TIPU PA3JIMYHbIX BO3SMYIIECHUSX.

PacrpocTpanenne TomyIsiiHORHBIX BOJH MO OJJHOMEPHOMY apeaJTy OTMUCHI-
BACTCS YPABHEHUSIMHU B YACTHDBIX [POU3BOJIHBIX

2
ON _pIN L Fw) (1.8)
ot 02
(Mmozesis Kosmoroposa — Ilerposckoro — Iluckynosa [62]).

Bouiee ob1iue jiuccniaTuBHbIE CTPYKTYPbI OMUCHIBAIOTCST CHCTEMAMU HEJIH-

HEWHBIX YPaBHEHUA

ON;
ot

— ZO&UANJ'—FG@'(NM...,N”), z':1,2,...,n. (19)
j=1
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Ypasuenusivu (1.8) u (1.9) onuchBaIOTCH HE TOJBKO HKOJIOIMIECKHE, HO
9KOHOMMYECKHE U JleMorpaduieckue Mojiesid. B yacTHOCTH, ypaBHEHUE, OIH-
chiBatolee mojesib Xorenara — Ckestama [91], sBisiercss 9acTHbIM CJIy-
qaeM cucreMbl ypasHenuit (1.8). AnasiornaabiM 00pa3oM CUCTEMY ypaBHEHUIT
(1.9) MOXXHO MHTEPIPETUPOBATH KAK MOJIEJIb PA3BUTUS MOMYJISIUN, COCTOSI-
el U3 1 CONMUANBHBIX T'PYIIIL.

UccnenoBanuio ycTORYMBOCTHA ONMMCAHHBIX BBINE MATEMaTHIECKUX MO/IE-
JIelt 110CBsiIeHo 0oJibioe Yuc/o nybJsukaluit. Kak rnpabuso, B 9Tux padorax
paccMaTpuBaeTcsa YCTONIUBOCTD 10 JIamyHnoBy. OCHOBHBIE PE3yJIBTATHI, TIOJTY-
YeHHbBIE TTPW UCCIEJOBAHUYT JINHAMUIECKUX MOJIEJIeH SKOHOMWKY, SKOJOTHN 1
JieMorpadun BTopbiM MeTojioM JIsyHoBa, u nojpobuasi bubjimorpadust npu-
BeieHbl B MoHOrpadusx [91],[95], [96].

Cnemyer OTMETUTh, UTO B OOJIBIIUHCTBE IIYOJUKAIMI 110 HUCCIIEIOBAHIIO
YCTORYIMBOCTH MaTEMATHICCKUX MOJeJel MTPOBOINTCS JTUHEAPU3AINSA U TPe-
Oyercst, 4TOObI IIPaBble YacTU COOTBETCTBYIONIUX YpaBHEHUI Oblin 3a/laHbl B
aHAJIUTHIECKOI (popMe.

2. YCTOMYMBOCTh 3KOJOTMYECKUX CUCTEM

[Tycts umeercs: [ momysasiiuii, JUHAMKKS, KOTOPBIX OIMKCHIBACTCS CUCTEMOI
nuddepeHInaIbHbIX YpaBHEHH

dN; :
7 = Fi(t, N1(t),..., Ni(t)), i =1,2,...,1, (2.1)
rie N, — 9UCJIeHHOCTh 0cobeit B ¢-it momymsiuu, ¢ = 1,2, ..., 1.

3 npuBeieHHbIX HUXKE PACCY2KIeHuii OyIeT OUeBIIHO, YTO aHAJIOTHIHBIM
00pa3soM MOXKHO MCCJIEJIOBATH YCTONIUBOCTH TOIYJISIUNA, B KOTOPBIX CTapble
IIOKOJIEHUs OKA3bIBAIOT BJMAHKME Ha MOJojbIe. [loBeenne Taknx 1oy
onuchiBaeTcs audepennaibHbIME YPABHEHUSIMU C 331183/ bIBAIOIIIM apry-
MEHTOM.

Yacrabivu carydasimu cucrembl (2.1) Oyayr nonyssinuu tuna O, Joru-
CTHYECKHE TIOIYJISIIIU U JIp.

UccnepoBanue ycroitauBocTu OyjieM POBOAUTH B IpocTpaHcTBax R, F,,
riae F,— eBKInI0BO TPOCTPAHCTRO.

[Tycrs B MmomenT Bpemenu T cucrema (2.1) umeer pemenue N(Tp) =
= (N (Tp), ..., Ni(Tp)). Mycrs (t)— Bexrop-byukimsa p(t) = (¢1(t),. ..,
@i(t)), ompesiesientas B HEKOTOPOil okpectrocTu Touku Ty (bynkius (1)
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MoxeT ObiTh olpejiesieHa u Ha Beeit sBpemennoit ocu (0 < ¢t < 00)). Ilycrs
©(Ty) = N(Tp). Uccnenyem ycroitunBocTh cucteMbl ypasaeruit (2.1) oTHO-
curesbHo dyHkimu ©(t).

Criestaem 3aMeny

N(t) = N(t) - o(t)-

Torma cucremy (2.1) MOXKHO MPEJICTABATD B BUJIE

dN(t) . .

rae F(t, Ni(t), ..., Ni(t)) = F(t, Ni(t) + @1(1), ..., Ni(t) + @i(t)),
. dp(t)
t) =
Plt) =~
BadukcupyeMm NpPOU3BOJIbHBINA 3jeMenT 2z = (z1,...,2;) € Ry u nocra-
BuM emy B coorsercrsue Marpuiy A(l, 2) = {ai(t, 2)} (4,6 =1,2,...,1),
9JIEMEHTBI KOTOPO# paBubl a;x(t, z) = Fi(t, z1, .. ., zl)(mzk)_l ecin 2z # 0,
a;r(t, z) = dir(t, ), ecou 2, = 0, ve dig(t, 2) = limOE-(t, 21, 2) 2 L, ecam
2

npejies cymecrsyer, u d;i(t, z) = 0, eciiu npejien ne cymecrsyer. depes m
0003HAYEHO UMCJIO HEHYJIEBBIX 9JIEMEHTOB BeKTOpa 2. Ilycrh z— mponsBoJib-
upblit anement Ry, npuuem m (1 < m < [) ero 3/1€MEHTOB HE PABHO HYJIIO.
Kazk10My BEKTODY 2 OCTABUM B COOTBETCTBHE | BEKTOPOB Aj = (i1, - . -, Ait),
i =1,2,...,[, cocroammx u3 HeOTpUIATENbHBIX yrcesl. [Iprarom \;; = 0, ec-

I
m z; =0, a kzl Ait = 1 s Beex © = 1,2, ..., [. Beegem marpuny C(t, z) =

= {ca(t,2)} (i,k =1,2,...,1) ¢ snemenrtamu ci(t, 2) = A\p@i(t)z; ' npnm
2k £ 0u cip(t,z) =0 npu 2z = 0.
Cucremy ypaBHeHuii (2.2) MOXKHO 3aIlUCATDH B CJIEIYIONIEM BHUJIE:

INUE) — AT, S0 (T)) ¥ (0) = O ST)) S 0) + Gt N (1),
riae
Gt N (1) = Pt N(0) ~ #(1) — ATy No(T) N () + C(Ty, So(T) N (1),
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Teopema 2.1. Ilycrb BbllIOJIHEHDI CJIe/YTIOIIUE YCJIOBUS:

1) dyakuuun Fi(t, Ny, ..., N)) u @;(t), 1 =1,2,...,], HeIPEPbIBHBL;

2) cymecTByIOT Takue BeKTOphbl A;, (i = 1,2,... 1), uro jorapudmude-
ckue Hopmbl Marpuiibl A(A(t, 2) —C(t, 2)) < —a, o = const > 0 nipu t > T
U TIpU NPOU3BOJBLHOM 2 € Rj.

Torna cucrema ypapuenuit (2.1) acHMITOTHIECKH YCTORIHBA OTHOCUTEI b
HO KpUBOii ().

JokasarenbcrBo. 1o nocrpoennio N(Ty) = 0. Ecan upu yeuaosusix reo-
pembl N(t) = 0 pu ¢t > Tj, T0 TeOpeMa CIPABELIHBA.

Tycrs N(t) # 0. Badukcupyem nponsBoJIbHOE J0CTATOUHO MaJIoe €(€ >
> 0) u npegnonoxum, uro |[N(#)|| < e npu t € [Ty, T1) u |[N(TY)|| = e
ITokaxeM, aro mpu yeiaosusx teopembl |[N(T)|| < e npu t € [T},00) u
Jim |IN(t)|| = 0, T. e. aro cucrema (2.1) ACUMITOTHYECKH YCTOHIHBA.

Brauaisie jiokaxkem ycroitunBoctsb cucrembl (2.1). B oneparoproit dopme
ypaBHeHue (2.2) uMeer BUJ
dN (1)

S = BT N(T)N () + Gt N (),

rae B(Tl, N(Tl)) = A(Tl, N(Tl)) — C(Tl, N(Tl))

[ToBTOpsis paccyXjaeHus, MpUBeJeHHbIe B IVIaBe 2, MOYXKHO MOKa3aTh, 9TO
nmput > Ty [N < e

Acumvnrorrueckast cxopumocts pemienust N (t) cucrembr (2.1) K BeKTOp-
byuxmn (1) JOKa3bIBAETCA 110 AHAJOIMU ¢ JIOKA3ATeJLCTBAMU, IPUBE/EH-
HBIMU B TJIaBe 2.

Teopema jl0Ka3aHa.

Bameuanue. B apronomunix cucremax ¢’ (t) = 0.

B kadyecTBe mpuMepa MpuMeHenusi cchopMyTUPOBAHHDLIX B TJIaBe 2 KpPUTe-
PUEB PACcCMOTPUM ODIILYIO MOJIE/Ih XUIHUK-KepTBa (Mogiesib KosmMoroposa),
O KOTOPO# y2Ke IIlJIa PeYb BbIIIIE.

Mojiens Kosimoroposa siBiisiercst 06001ennem mojien Bosbreppa u nmeer

BUJL
dx dy
== ~V(z)y; 2 =K(x)y. 2.3
sV Y= Ky (2.3
3sech z(t) u y(t)— IUCIEHHOCTH KEPTB U XUIIHUKOB COOTBETCTBEHHO; TPO-
dbuveckast Gynkiyst V(x)— Koamvecto (uiam bGuomacca) xKeprs, 1moTpediisi-
eMasi OJIHMM XUIIHUKOM 3a ejunuily Bpemenn; dpynknuu a(z) n K(x) oupe-

JEJIAI0T eCTeCTBEHHBI i IIPUPOCT 2KEPTB U XUIITHNUKOB.
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Bropoe u3 ypashenuii cucrembl (2.3) numeer perienue

t

y(t) = Cexp( [ K(w(r))dr). (2.4)

0

CraloHapHoOii HeTPUBUAJLHON TOUKO! cucTeMbl (2.3) siBjisiercst Touka (T*, y*),

rie ¥ — pemenue ypasuenusi K (z*) = 0, y* = a(z*)2*/V (x*), V(2*) # 0.
BBejieM HOBbIE 1IepEMEHHbIE: U] = & — T*; U =Y — Y.
Tornma ypasuenue (2.4) MOXKHO 3allUCATH B BHJIE

ug(t) = Cexp(/ K(z* + uy(7))dr) — y".
0

O6osnaunm uepes (uq(0), u2(0)) HavaNbHBIE 3HAYCHUS, IPUHUMAEMbIE (DY HK-
nusmu g (t), ug(t). Torma

t

us(t) = (5" + u2(0)) exp( [ K (o + un(r))dr) — /. (2.5)

[Tocsie nnpoBejiennst 3aMeHbl IEPEMEHHbBIX B IIEPBOM U3 YPpaBHEHUT CUCTEMbI

(2.3) mmeem
d
cZEl = a(r" +ur)ur(t) + a(r”" +ur)r” = V(2" +ur)y" — V(2" +ur)us. (2.6)

[Tojcrasum BMecTo dyHKIME Us(t) B IpeblayILyio (hbOpMyILy ee 3HAUeHUe
(2.5), umeem

dul * * *
— = a(z”™ + uwi)ui (t) + a(z” 4+ uy)z"—
—V(@" +uw)(y" +ua(0)) exp( [ K (2" +uy(r))dr). (2.7)

0
[Tokaxkem, 4T0 ecin B JIOCTATO4HO MaJioit okpecrroctn A = (—h, +h; —h, +h)
(h > 0) nauaja KoopauHar BbinoaHsgercs ycaosue (v # 0)

a(z* +v)x* 1

b(v) =a(z" +v) + — ZV(J?* +v)(y* + u2(0)) X

v
x exp(K(z* +v)t) < —a, a0 > 0,

TO CTalMOHApHOE pererne (x*,y*) cucrembl ypaBHenuit (2.3) ycToiauso.
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[Tycrs max(|uq (0)], |uz(0)]) < & < h. Tokaxem, uro Tpaekropus (uq(t),
uy(t)) pemenns cucreMpl ypasraenuit (2.5), (2.7) He nokugaer obiacru A.
JokazaTesbeTBO MPOBEIEeM OT TPOTUBHOTO. [Ipeinonoknm, 9To B MOMEHT
spemenn 1() Tpaekropusi cucreMbl ypasHenuit (2.5), (2.7) nokujgaer obsacrb
A, mpoxojisi depe3 Touky ¢ Koopauuatamu («, 3),0 # |a] < h, |G| = h.
BanuieM ypashenue (2.7) B CJEYIONEM BUJIE:

du1 . * CL(ZC* + a) *
Vit +a), , .
————— (" + w(0)){exp{K (2" + a)t}ur (t) + [(8), (2.8)

e
f(t) = (a(z®+uy(t))—a(z"+uy (To) )ur (t)+(a(z* +ui (t)) —a(x"+uqy (Tp) )x™ —

a(x* +u(Ty))
R AR (ua(t) — ur(To))—

~(V@" + ) = V(@ +u(To)(y" + us(0)) exp( [ K (" + ui(r))dr) -

—V (@ s (Th)) (" +u2(0)) (exp( | K (2" +ux (7))dr) —exp(K (z"+u (Th))t) -
0
Ui (t) — Uy (To)
ul(T()) .

=V (2" + w1 (To))(y" + u2(0)) exp(K (2" + u1(Tp))t) X

Permrenne ypasuenus (2.8) nmeer Buj

4
uy () = PNy (Ty) + [ f ()T (2.9)

1o

U3 crpykrypsl Gyukiwn f(t) ciaeayer, 4To jijis J000ro Kak yroJHo Ma-
goro € (0 < € < |[b(Tp)|) naitpercs rakoe AT(€), 4T0 B TEUEHHE TPOMEKYTKA
spemenn [Ty, AT (€)] Bommonusiercss nepasenctso |f(t)| < e|lui(t)].

Baeaem dynxrmmo 1(t) = e~ M)ty (t). Torma us ypasnenns (2.9) ciegyer

()] < [W(To)| + € [ [(7)|dr.
Ty
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BocnosibzoBasiiuch HepaBencTBom ['ponyosuia — BejuiMana, numeem:

()] < [(Tp)|e T,

CureoBaresbHO,
ur (8)] < Jun (Tp)[e PP TIET0),

Tak kak b(Ty) + € < 0, B moment Bpemenn Ty Tpaekropus ui(t) He MOKU-
naer |uy(Th)| okpecTHOCTD HyJIst.

Paccmorpum Teneph caydait, korga ui(7p) = 0. Ilokaxkem, 9To B 9TOM
clydae crangoHapHas Touka (z*,y*) Takxke Oyjer ycroiuusa.

JI1s1 9TOr0 JOCTATOYHO MOKa3aTh, UTO KaXKJasd TPACKTOPHUsI, HadaBIIasi-
Csl B €-OKPECTHOCTHU TOYKM X, y* He nokujaer ee 2e-okpecruocru. Ilycrb
lua(Tp)| = €. Iycrs [Ty, T]— npoMeskyTOK BpeMeHH, B TeUeHHe KOTOPOIo
s€ < Jua(t)] < 26,0 < Jui(t)] < 5. Econ T = 00, TO MOXKHO B3sITh POU3-
BosibHoe 3uavenue T, T > 0. Tlokaxem, uro |ui(t)| < € u npu t € [T, 00).
Ilycts 17, Ty < T, — npom3BOJIBLHBIN MOMEHT Bpemenu. Ilycts To— MomenT
BpEMEHH, B KOTOPBIi |u1(t)| qocTuraer cBoero MakCuMaibHOTO 3HAYCHUST TIPH
Ty <t < T7. Eciin Takux MOMEHTOB BPEMEHU HECKOJIbKO, TO T — mepBbIil
u3 Hux. lorua %e < |ua(Th)| < %e, |up(T3)| > 0. CuesroBaresibho, B3siB Th 3a
HAYaJbHBI MOMEHT BPEMEHH M MOBTOPUB CJEJIAHHbIE BBIIIE PACCYKICHHUS],
yOexKIaeMCsl B CIIPABEJJIMBOCTU CJIEJYIOIEr0 YTBEP2K ICHHsI.

Teopema 2.2. [Tycrs dyukunu a(x), V(z), K(x) nenpepbiBHbI 1 clripa-
BeInBO HepasencTBo b(v) < —a, o > 0. Torga HeTpUBHAILHOE CTAIIMOHAD-
HOE pellieHre ypapHenust (2.3) aCUMITOTUIECKH YCTOHIUBO.

Ncenepyem yeToitanBoCTh HYJIEBOrO perienus B MO KoJMoroposa.

[Tycrs a(0) # 0, V(0) # 0, K(0) # 0.

[TycTh 6 — JOCTATOYHO MaJIOe TOJOXKHUTEIHHOE THUCIIO.

I[Tycrs na cermenre [0, 0] dyukiuu a(x), V(x), K(x) HenpepbIBHDL.

[Tycrs B obmactu G = {z : 0 < |z| < d}, a(zx) < 0, |a(z)| > |V(x)|,
K(x) < 0. Torja peienue cucrembl ypapaenuii (2.3) acCHMITOTHYECKH YCTOT-
IUBO.

CrpaBeyInBOCTh 3TOr0 YTBEPXKACHUA CICIAYeT U3 PE3yIbTaTOB IJIaBbl 2.

O6061eHnemM Mojen KosiMoropoBa Ha MOMYJISANUKA, COCTOSIINAE U3 N 1 M
PA3INIHBIX BUJIOB, SIBJISIIOTCA CHCTEMbl yPaBHEHWIA:

dxi
dt

n m
= > Au(zr,...,xn)zr + D Vie(xy, oo 20) Y
k=1 k=1
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duy: m
k=1

1=1,2,....n,7=1,2,...,m.

Ormerum jiBa criocoba MCCIIEIOBAHNS YCTOWIMBOCTH PEITEHNH CUCTEMbI
ypasrenwuit (2.10).

Bo-niepBbix, cucremy ypasrenuii (2.10) MOXKHO paccMaTpuBaTh B IPO-
cTpancrse IR, i,, 1 IPUMEHUTDH K Hell MeTOJIbl, pe/IJIOKEHHbIE B IJIaBe 2.

Bo-Bropbix, cucremy ypasaenuii (2.10) MOXKHO paccMarpuBaTh Kak JiBe
OTJIeJIbHbIE CUCTEMbI

du.: m
i S K, x)u, (2.11)
dat =
7=12....m
i
d:ci n m
= > ap(x)xr + > Vir(x)yg, (2.12)
dt = k=1
i=1.2,....n
[lycts (z*,y*), * = (x7,...,2}), v* = (vi,...,y;,)— cranuonapuoe pe-

menue cucreMbl ypasuenuit (2.10). duist onpesenentnoctu noioxkum a(x*) #
# 0, V(z*) # 0, K(z*) # 0, rue a(z*) = {a;j(z")} #0,4,5 =1,2,....,n,
=1,2,...,m.

Brauase wccreyem ycroiduuBocth cucreMbl ypaphenuii (2.11). Ecan B
HEKOTOPOI OKPECTHOCTH HENOJBIKHON Toukn ¥ (ckaxkeM, B mape R(z*, ),
d > 0) sorapudmMuueckast HOpMa MATPHIIBI, OTNPEJIEIAIONIEH MPaBYIo 4acThb
cucrembl (2.11), orpunaresibia, To Tpaekropus y(t) (y(t) = yi(t), ..., ym(t))
naxoures B cpepe S(y*, 1), rue 01 = ||y(0)]| g, -

Takum obpasom, B npomexyrke spemenu [0, 7] (T > 0), B reueHue Ko-
toporo tpaekropus x(t) = (x1(t),...,x,(t)) nHaxomurcsa B chepe S(z*,0)
npocrpancrsa R, tpaekropus y(t) naxopurcs B cdepe S(y*, 1) nupocrpan-
crBa R,,.

Uccnemyem yeroitunsocts Tpaekropu x(t) ypasaerus (2.12) B mpocTpan-
cree R, B Tedyenue npomexyrka spemenu [0,7]. Ilpu srom smavenus yy,
k=1,2,...,m, npuHUMAIOT NPOU3BOJILHbBIE 3HaUeHus u3 mapa R(y*, d1).

Mero1 ncciiejioBatust Takux cucrem 11ojipobHo onucan B riase 2. [Tosromy
HE OCTAHABJINBACMCH Ha €ro ONNCAHWN U Ha (POPMYIUPOBKE TEOPEM.
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3. YCcTOMYMBOCTh AMHAMUKM TTOILYJIAIIAN

ccenepoBanue ycToRUNBOCTY AMHAMUKY IIOIYJISIIIMI HAYHEM ¢ UCCJIe10Ba-
HUsl YCTOMUMBOCTH TOMYJIANNi B Mojenn XoTestuHra. Mojenb XoTeraunra
OIUCHIBACT JINHAMUKY TOMYJINUil HeJTuHeHHbIM ypaBHenueM |91]
op Pp  0?p
8*214(3_29)]94‘3 At aa]s (3.1)
t Ox7  Ors
rje p(t, £) — WIOTHOCTD HOIyJIsiiuK; § — KOI(DQMUIUEHT [IOTHOCTH HOTIYJIsi-
mn, A 1 B — k03humenTsl, TpecTaBIgiomne TEMIIBI pOCTa U paCIpo-
CTpaHEHUsT TOMYJsIuK, T = (1, To).
st ynobersa uccsesosanusi B [91] BBeJIeHBI €IMHUIBI U3MEPEHHUsI, B KO-
TOpbIX ypasHenue (3.1) umeer By

0

8]759 = (1—p)p+ Ap. (32)

B [91] 6buia uccsieioBata yeroiIMBOCTL CTAIMOHAPHOIO PEIeHUsI yPaB-
HeHus (3.2) MeTOJOM JiMHeapu3allii. BblIo M0Ka3aHo, 4TO CTAIMOHAPHOE Pe-
nenue ypasaenus (3.2) yeToiuMBO NpH BbIMONHeHUH yejosus p*(z) > 1/2,
rie p*(r) — pelnenue ypapHeHHUsI

(I =p)p+Ap=0. (3.3)

Ypasuenue (3.1) sBisiercss 4aCTHBIM CJIydaeM yPaBHEHUsT

5;: _ DAN + F(N), (3.4)

OIMCBIBAIOIIEr0 PACIIPOCTPAHEHKE Oy IAMOHHON BosHbl N (T, ),
x = (21, x2). Vccei0Banuio pacipocTpaHeHust TOIyJIsIIIMOHHBIX BOJIH 110 H6ec-
KOHEYHBLIM apeaJjiaM MOCBAIIEeHb MHOIOYUCIEHHbIe pabOThl, HAUNHAA ¢ KJIAC-
cuaeckux crareii P. @umepa [118], A. H. Komvoroposa, . I'. Tlerposckoro,
H. C. Tluckynona [62]. Tlogpobuas Gubsimorpadusi, OCBSIIEHHAST UCCIIEI0-
Banuto Mogesnn (3.4), npusejena B Monorpaduu [95]. B wacrroctu, B [95]
IIOKA3aHO, YTO IIPU BBLINOJHEHUM PAJa YCJIOBUil, HaJaraeMbIX Ha (DYHKIUIO
F(N), moziesib (3.4) ycroiiunBa K MaJjibIM BO3MYIIEHHIM B KOHEUHBIX 00JIa-
CTAX.

[Ipejcrapisier naTepec nccjaegoBanue yeroitunpocru bojee obumx Moe-
Jieil TIoBeJIeHUsT TOMYJIsITuil, Hexkesn Mojesb (3.1).
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B uacrHOCTH, €CTECTBEHHO LPEIIOJIOKUTL, 4T0 Ko duiuentol A, B, s
mojiesin (3.1) 3aBucaT or BpeMeHu u Koopauaat. TakuM 06pa3oM, pacCMOTPUM
MOJIeJIb JIMHAMUKHK TTONYJISIIINAN, ONUChIBAEMYIO YPDaBHEHUEM:

Op(t, z)
ot

orpejieJIeHHbIM B 00J1aCTH R ¢ HYJIEBBIMU TDAHUIHBIMU YCJIOBUSIMMU.

= A(t,z)(s(t,x) — p(t,x))p(t,z) + B(t, x)Ap(t, x), (3.5)

Byjiem ucciieioBarh yeroiauBoCTh CTalMOHAPHOTO petierust p*(t, ) ypas-
HeHus (3.5) Tpu MaJbIX BOZMYIIEHNSAX B MOMEHT Bpemenn t = £y = 0.

[Tycrs u(t,z) = p(t,z) — p*(t,x). Torna ypasHenue, onuUCHIBAIOIIEE OT-
KJIoHeHue perenns p(t, ) mogenn (3.5) or cocrostuust p*(t, x) umeer BuJ

t
(‘%Lé t ) _ A(t,2)(s(t, ©) — u(t, ) — 2p*(t, z))u(t, z) + B(t, z)Au. (3.6)
BrauaJie ucciejyeM ycTORIMBOCTD JTMHEAPU30BAHHON MOJIE/IN
t
aug : ) _ A(t, z)(s(t, z) — 2p*(t, ) u(t, z) + B(t, z) Au. (3.7)

[Ipu 10M GyjIeM MccseIoBaTh YCTORUUBOCTE PellieHrst ypaBHenust (3.7) u
€r0 PA3HOCTHOW JIMCKPETUIAIUNA.

Jjist ucesieioBaHusi YCTORIMBOCTH pellieHrs ypaBHeHust (3.7) yMHOXKUM,
caeys |91], 910 ypaBhenue ua u(t, ) u IPOUHTErPUPYEM 110 PACCMATPUBAEC-
MOit obJiacTu npocrpancTsBa. B pesyibrare nmeem

28t//u (e = [ [AG2)(s0:7) = 20 (2 )t

—I—/}{B(t,x)u(t,x)Au(t,x)da:.

Bocnonb3yemcs: unrerpabaoii TeopeMoit Ocrporpajckoro — [aycca,

ou
//(gradu,gradv)dx + //vAudx = fv—ds
R R on

rjie n— eAuHUYHasg HopMaJb K rpanure I' = OR 06J1a(:T1/1 R.

[Tosoxum v(t, x) = u(t, x)B(t, x). Ussecrno, uro grad(uB) = Bgradu +
+ ugrad B. Tak kak na rpaunuie obsacru dyukius u(t,x) paBHa HyJIO, 1O-
BEPXHOCTHBIN MHTErpaJ B PaBoil YaCTH IPEJBIIYIIEr0 PABCHCTBA PABEH HYy-
mo. CreoBaTe/bHO,

//uBAudx = —//B(gradu,gradu)dm — //u(gradB,gradu)dx.
R R R
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Torya ecain B(t, x) 3aBucur TOJLKO OT t, TO

//uBAud:z: = —B(t) //(gradu,gradu)d:v,
R R

a ecn B(t,x) = B(t)u™(t, x), To

//uBAud:U =—(m+1)B(t) //um(t,x)(gradu,gradu)dm.
R R
B pesynbraTe mpuxoauM K ypaBHEHHIO

28t//Ut$d$—//Atx tl'—Qp(t;U)) 2(t,£l?)d:1;’—

—B t)//(gradu,gradu)dx (3.8)

nJjin

28t//u () = [ [ Atk a)(s(t ) = 20" (000 ) -

—(m+1)B(t) //um(t,x)(gradu,gradu)da: (3.8)
R

Tak kak ypasuenus (3.8) u (3.8') uccyenyorcs 0JuHAKOBO, TO OCTAHO-
BUMCs Ha TIEPBOM U3 HUX.
Ucciienyem ypapHeHue

1 0u?(t
ST A ) (504, 2) 20" (0, ))uP(0, )~ B(0) (gracdu, gradu), (39
B KOTOPOM X CUATAEM IIAPAMETPOM.

Ouesnino, ecain u*(t, x) sissiercst perenvem ypasuenus (3.9) npu x € R,
TO 972 Ke (DYHKIUS sABJIsieTcst perienueM ypasaenust (3.8).

PaccmoTpum ojiHOpoHOE ypaBHEHNE

1(9u( x)

2 ot A(t,ﬂ})(s(t,gj) — 2p*(t,x))u2(t’x).

OueBuIHO,

Y

u?(t,z) = C(z)e’ Jiy Alr2)(s(r.0)=2p" (r,2))dr

riae C'(x)— npousBoJbHBIH Hapamerp.
[IpuMeHuM MeTOJ, BApHaluy 10 HapaMeTpy.
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ByjieMm uckarh yacTHoe pelienue B Bujle
uz(t, x) = C(t, x)e2 Juo A7) (s(7,2)=2p" (72) ) dr. (3.10)

Torpa, nojpcrasiss (3.10) B ypashenue (3.9), numeem:

10C(¢,x) x)
2 Ot

= A(t,x)(s(t, ) — 2p*"(t, x))(t, x)ew(t’x) — B(t)(gradu, gradu),

o) 4 O, 2)A(t, z)(s(t, x) — 2p*(t, x))e? o) =

e
(t2) =2 [ Alr 2)(s(7. ) 29", )
CaeoBaTe/IbLHO,
805(;; L (t)(gradu, gradu)
i

t
x) = —Q/B( (gradu, gradu)e ™0 dr.
[opcrasisist C'(t, x) B Boipaxkenue (3.10), nosydaem:

t
WAt z) = u?(0, z)e? ) — 2/B(T)(gradu, gradu)e?t0=vT0qr - (3.11)

Ecmua B(t) > 0 mpu t > 0, o u?(t, z) < u?(0,2)e?®),
Nnrerpuposanne pasenctsa (3.11) maer

//utxdx—//¢tx (0, z)dx—

t
—Q/B(T)€¢(t’z)_w(7’x) //(gradu,gradu)dazdr (3.12)
R

Orciona caemyer, aro ecau (pynkuust B(t) > 0, o

//u2(t,x)dx < //e¢(t’x)u2 0,z)dz
R R
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Takum obpaszom, ecjiu
¢
Y(t,x) = 2/A(7’, x)(s(r,x) — 2p" (1, x))dr < K
to

npu Beex tg < t < 00, T0 perienue p*(t, x) ycroitunro.

Kpowme toro, ecin tlgglo 1/2(_#;;) = —a, a > 0 npu Bcex ¢ € R, TO peuienne
p*(t, x) acUMITOTHYECKH YCTOHIUBO.

[Tostyvaennbie yTBEPK ICHUST MOXKHO TOJIBITOXKUTH B BUJIE CJIC/IYOIIEr0 yTBEP-
WKJICHUS.

Teopema 3.1. [lycThb BBITOTHEHDI CHEAYIONTIHE YCIOBUS:

1) dyukuus B(t, z) umeer sug B(t) wiu B(t)u™(t,z), tne B(t) > 0, a

m — YeTHOE INCJIO;

2) Y(t,x) = 2§A(T, 2)(s(r, ) — 2p°(r,2))dr < K, € R, K = const,
(tlinoao Y(t,x)/t = —a, o >0 upu seex x € R.)

Torga pemenue p*(t,x) ypasuenus (3.5) ycToW4MBO (ACUMITOTHYECKHU
yCTOIYMBO) B PABHOMEPHO# MeTprKe W B MeTprke npocrpancTsa La(R).

Caedcmeue. B monorpaduu [91] ormeuanocs, 4ro B pesysibrare KOMIIbIO-
TEPHOTO MOJIEINPOBAaHUS ObLIO YyCTAHOBJICHO, UTO ypaBHeHue (3.1) umeer ycroii-
YUBBIE HETePUOAUIECKNE PEIeHusT, YCTOHIUBOCTh KOTOPHIX HE CJIe/lyeT W3
pazsuroit B [91| reopuu. Teopema 3.1 jaer J0OCTATOUHBIE YCJIOBUS CYIECTBO-
BaHWS YCTONUNBBIX MEPUOIUICCKIX U HEITEPUOINICCKUX PEIeHUH ypaBHEH ST
(3.5).

[Tpn nokazarenncrBe TeopeMbl 3.1 OBIIO CeIaHO TTPEIITOI0KEHNE O TOM,
aro gyukuus B(t, £) win He 3aBUCAT OT HPOCTPAHCTBEHHBIX EPEMEHHbIX,
WK mpejicraBuMa B Bujie B(t, x) = B(t)u™(t, x), rjge m — 4eTHOe YUCIO.

Jist uceseioBatust yCTORIMBOCTH PellieHus ypaBHenus (3.5) B ob1em ciry-
gae BOCIIOJIb3YeMCsT PA3HOCTHOMN anmpoKCuMaIieil mpaBoii 9acTu 3TOro ypan-
HeHUS. DTOT IMOAXOM K UCCACTOBAHUIO YCTORUNBOCTH SKOJOTMIECKAX U KO-
HOMHUYIECKUX MOJIeJIell IPeICTaB/ISIeTCs eCTeCTBEHHBIM, TaK KaK IIPH UX KOM-
MHLIOTEPHON pean3annn, Kak MPaBujIo, MPUXOINTCS UCTTOJIR30BATH PA3HOCT-
Hpie Meroibl. [Tycrsb yeroitunBocts ypashenust (3.7) ucciieyercst B KOHEIHOI
obnactu D, orpanmdeHHo KycouHo-riaaKoi rpanurneit I'. [Iokpoem obsiacThb
D npsimoyroJibHO# ceTKoii ¢ marom h 1mo obeum mepemeHHbIM. JIJist ipocTo-
Thl 0OO3HauUYeHuUit Oyiem cuaurarh objactb [ kBajparom. M3 jpajbHeiimmx
BBIKJIQJIOK OyJIeT OYEBH/IHO, YTO BCE MOJIYUEHHbIE YTBEPXKJICHUs JICTKO Mepe-
HOCSITCsI Ha IIPOU3BOJILHBIE KyCOUHO-TJIagKue obactu. O603HAUUM depes T,
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k,l=0,1,..., N, ysunl cerku. Obo3naunm 3nauenusi pynkuuu u(t, 1, r2) B
yaiax Ty cerku uepes ug(t), k,l = 0,1,..., N. Byjem anupokcuMupoBarh
oneparop Jlamaca npu (1, T2) = Tjy USTUTOUEUHONW PAZHOCTHON CXEMOM

Rug(t) = wp—1,(t) — 2u212(t) + Ups1,(2) N ug—1(t) — 2uzl2(t) + uk,l+1(t).

B pesysbrare ypasaenne (3.5) almpoKCHMUPYETCsi CHCTEMO 0ObIKHOBEH-

HbIX JiupdepenHiinaibHbIX YpaBHEHW

dukg (t)
dt

= A(t, xkg)(s(t, xkl) — ukg(t) — Qp*(t, xkl))ukl(t)—i—

—|—B(t, SUkl)h_?(uk,lfl(t) + uk,lﬂ(t) + uk,l,l(t)—k
Fupr1(t) — dup(t)), (3.13)
k.l=1,2...,N—1.

Jlyist mccieJoBaHust yCTOMIMBOCTH DEIeHnst CHeTeMbl ypaBHeHwit (3.13)
BOCIIOJIB3YyEMCsl METOJIOM, OIMUCAHHBIM BO BTOPOIi ruase. CoryiacHo 3ToMy Me-
TOJLY JIJIST UCCIEJIOBAHUST YCTORUINBOCTH PEIeHnsT CHCTeMbl ypaBHeruii (3.13)
B npomexyrke spemenu [T, T + AT], raue AT jpocrarouso Majioe Jucio,
npejicraBuM cucreMy ypashenuii (3.13) B Buje

du;;(t) = AT, 2p)(s(T, 1) — wig(T) — 2" (T, zay) )ury (t)+
B(jl;,fkl) (g g1 (t) 4 w1 () + up_10(t) + upsrg(t) — dug (8)]+

+g(t, T, u), (3.14)
rjae
g(t, T, u) = [A(t, :Ckl)(s(t, xkl) — ukl(t) — 2p*(t, xkl))—
—A(T, xkl)(S(T, xkl) — ukl(T) — 2p* (T, $k1))]ukl(t)—
—4(B(t, ﬂszl) — B(T, xkl))h_Qukl(t)Jr
—I—(B(t, SCM) — B(T, xkl))h_Q(uk,l_l(t) + Uk 141 (t) + uk_u(t) + uk+1’l(t)).

[Tepenymepyem B KaKOM-HUOYIb TOpsIKe Y36l Ty, k, 0l =1,2,..., N — 1.
B kauecTse oHOrO U3 CHOCOOOB HYMEpaIud MOXKHO HCIOJIL30BATH CJICIyTO-
i, Yaiy ¢ Homepowm (k, 1) coorsercryer Homep m = (k — 1)(N — 1) + [,
k,l=1,2,...,N — 1. O6osnaunum uepes n uuciao n = (N — 1)2
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[Tpu sToit nepenomepoBke y3en Ty, k,l = 1,2,..., N—1 obozna1uum depes
Wy, m = (k—1)(N —=1)+ 1.
Torga cucremy ypashenuit (3.14) MoXKHO 3amicarh B BHJIE
duk (t)
dt

Hdip-N1(T)tp-n11(8) + dipr N1 (Tt n—1(8) + gi(¢, T, u),  (3.15)

kEk=1,2,...,n.
3nech dip(T) = A(T, wi) (s(T, wi) —ug(T) —2p* (T, wy)) —4B(T, wy, ) h 2,
dijsn—1 = dij—n1 = dij—1 = di o1 = B(T,wi)h ™2, k=1,2,...,n.
[Ipu ocraibubix coueranusix (k, 1) dg = 0.

= dii(T)ug(t) + dip -1 (T)ug—1(t) + dpp o1 (1) wpr1 () +

Oyuknun gi(t, T,u), k = 1,2,...,n, B IBHOM BHJI€ He BBIMUCHIBAIOTCS,
TaK KaK OHU OYCBYJIHDL.
B oneparoproii dhopme cucrema (3.15) 3anuchiBaercsi B BUjie ypaBHEHUsI

du(t)
dt

e G(t,T,u) = (g1(¢t, T, u), ..., gn(t, T,u)).
Cucremy ypasrenuii (3.16) OyueMm nccsieioBaTh B npocrpaHcTse R,

= D(T)u(t) + G(t, T, u), (3.16)

O6oznaunm depes A(D(T)) norapudmudeckyto Hopmy orneparopa D(T).
Kak ciientyer u3 pesysbraToB, IPUBEJCHHBIX BO BTOPO#i IVIaBe, yCTOHIHBOCTD
cucrembl (3.16) sapucur or jorapudmuydeckoii Hopmbl A(D(t)). Iycrs so-
rapudmuieckas vopma A(D(T)) < 0. Torma waiijercst Takoe JOCTATOTHO
magioe €, (€ > 0), yro A(D(T')) + € < 0, u Takoii npomexkyTok Bpemenu AT,
aro B unrepsase [T, T + AT] |Ju(t)|| < eAPI+|lu(Ty)).

Takum 06paszom, ecsin npu Beex t (0 <t < o0) A(D(T)) <0 (A(D(T)) <
< —a, «a > 0), o cucrema ypasuenwuii (3.16) ycroifunBa (acCHMITOTHICCKN
yCTONIMBA).

OnpejieiuM Kakue yCJIOBhs CJIEIyeT HAJOXKNATH Ha KOI(DDUIUEHTHI ypaB-
Henust (3.6) jist yeroiftuuBoCTH (ACUMIITOTHYECKO yCTORIMBOCTH) PEIICHUSI.

Kak cieyer u3 pe3yabTaToB TJIaBbl 2 JJis YCTORIUBOCTH (ACHMIITOTHYIE-
CKOM yCTOIYMBOCTH) PEIeHtst CUCTeMbl ypaBHeHuil (3.6) 10cTaTouHo, 9To0b!
sorapudmudeckas Hopma Marpuiibl D(t) Obuia orpuiiareabHoil (MeHbIe o,
a < 0) mpu Beex 3navennsx t, 0 <t < oo.
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Takum 06pazoM, Jijist TOro 4To0bl peleHre cucreMbl ypashenuii (3.6) 6110
ACUMIITOTHIECKN YCTONYIUBO, JIOCTATOYHO, YTOOBI IpU JTI0O60M T’
(0 < T < o0) (nnn HauMHAST ¢ HEKOTOPOrO (BUKCHPOBAHHOIO 3HaueHus 1j :
To <T < o0) unpu Beex wg, k=1,2...n,

AT, wi)(s(T,wy) —ug(T) — 2p" (T, wy)) < —ar, >0,
B(T, wy) > 0. (3.17)

Yenosue (3.17) BBIMONHSAETCS, €CIM HAYAJILHOE MPUOJIMKEHHEE 0 HOPME
menbiie o/ (26(T,wy))  B(T,wy) = max(1, A(T,wy)) u eciu upu Beex 0 <
<T <oonl<k<n cnpaBeyinBbl HEPABEHCTBA,

AT, wi)(s(T,wy) — 2p"(T,wy)) < —3a/2, a > 0.

[ToBTOpPSASA paccyxkaeHns, IpuUBeJeHHbIE B TJIaBe 2, MOXKHO ITOKa3aTh, 9YTO
cucrema (3.6) Gyer acHMITOTHIECKH YCTORUNBA, €CJIN BBITOJHIIOTCS YCJI0-
BUSI

/A(T, wi) (s(T,wy) — 2p* (1, wy,))dT < —3a/2

u B(t,wg) > 0 upu Beex k, 1 <k < n.
OrMeTuM, 9TO ecJin UCCIe [yeTcs InHeapu3oBantas cucrema (3.7), 10 s
YCTOMYUBOCTU €€ PEeLICHUs JOCTATOUHO BLIIOJIHEHUS YCIOBUIA

[ Alr,w) (s(r,wy) = 2p (7, wy))dr < S,
0

B(t,wy) > 0, S = const, npu Beex k, 1 < k < n, 0 <t < oo, a js
ACUMITOTUYECKON YCTOMUYNUBOCTU JTOCTATOYHO BBITTOJHEHUS YCIOBUAN

1t
lim n A(r,wi) (s(T,wy) — 2p* (1, wg))dr < —ar, >0,

t—00

B(t,wg) > 0mpu Beex k, 1 <k <o00,0 <t < 00.
HccenepyeM yeTORYMBOCTL PENIeHNns] CUCTEMbl YPaBHEHWI

ou
8;“ = fulur, .. w, Aug, .. Aw), k=1,2,...,1. (3.18)
Ha dbyuxiuu fi(vq, ..., v9) nanoxkum yciosue fi(0,...,0) =0, k =
= 1,2,...,1. Kpome Toro, misg npocToTsl 0603HAYCHUH HAJOKUM JOIOJIHH-

TEJIbHOEC yCJIOBHE

fk(vl,...,vj_l,O,ij,...,vzl) EO, ]: 1,2,...,2[. (319)
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Ha riepBbiit B31JIs1/1, 9TO JOCTATOUHO XKECTKOE YCJIOBHUE, OJHAKO OHO MOXKET
OBbITH 3HAUMTEIBHO ocaabseno. [Ipeanonoxum, aro dyuxmun fi(vy, .. ., vy)
MOXKHO TIPEJICTABATE B BUJIE

21 21
fr(vr, . v) = -Zlflij(vj) T nglgj(vlavj) e (o) (3.20)
j= j=

TaKIM 00pa30M, 4TOOBI JOMOJTHUTETbHOE YCJIOBUE OBLIO BBITIOJTHUMO JIJTsT KarK-
noit yskmu B mpaBoit vactu paserctra (3.20). Torga, kak Oyjger BUIHO 13
JIaJIbHEHIINX BbIKJIAJIOK, BCE YTBEPXKJIEHUs, [1OJIyYEHHbIE 1IPU BbIIOJHEHUY
yeaosuit (3.19), coxpamsiorcs u npu BoimosHennn yeaosuit (3.20). Tax kak
BBIKJIQJIKN OOJIee MpO3padHbl TPH BbINOJHEHUN yciaouit (3.19), To nmu B
JAJIbHEHUIIIeM OrPaHUINMCS.

ByjieM Tak»Ke cuuTarh, 4To CyHIECTBYIOT 1PEJIE/Ibl

m fi(vr, ... v0)/v5 = fri(ve, 0, 05-1,0,0550, ., V).
v;—0

Anipokcumupyem 1paByro 4acrb cucrembl ypasaenuii (3.18) pasHocTHoit
CXEMOI.

Bgrejiem B obsiactu [, B KOTOpOil paccMaTpUBAeTCsl CUCTEMa yPaBHEHUIt
(3.18), cerky y3m10B x4, 4,5 = 0,1,..., N, koropasi Obli1a onucaHa BBbIIIE.
Bnauenne dbynkuun ug(t, r) B ysie z;; Oynem ob603HaIATH CHMBOJIOM ufj(t),
k=1,2,...,01,1,7=0,1,...,N.

Omneparop Jlamnaca OyeM ammpoKCUMIPOBATE MSITUTOYETHON PA3SHOCTHON
cxemoit. B pesysibrare mnojiydaem Ciejyonyo CuCTeMy YPaBHEHUI:

ouk. (¢
ugtu = f; (U}j(t),--wuéj(t);

uzl—l,j(t) + uzl—i—l,j(t) + uzl,j—l(t) + uzl,j—i—l(t) - 4uzlj(t)_
h? ’
_ ué—l,j (t) + Ué+1,j(t> + ué,j—l(t) + ué,j+1(t) - 4“%;’(75)
. 12
=12 N—1k=12.. 1
[lepenymepyem dyHknun ufj(t), k=1,2...,1,i,7 =1,2,...,N — 1,
CKBO3HOII HOMepaIueil, B3AB B KauecTse HoMepa JJs (DYHKIN ufj(t) IUCIIO
m = (k—1)(N = 1) 4+ (i — 1)(N — 1) + j. Obwee uncno byuxnuit u);
k=1,2,...,0,i,5=1,2,...,N — 1, papno n = [(N — 1)%

, (3.21)
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Vceaeyem nosejietue cucreMbl ypasenuii (3.21) B HeKOTOpOM uHTEpBaJIE
spemenn [T, T + AT]. Insa storo npeobpasyem cucremy ypashenuii (3.21)
CJIEJIYIOIIM 00pa30M:

duy;(t) _
ot g
+af}(T)uﬁj(t) + bfjl(T)Augj(t) + 4 bf}(T)Auij(t)Jr

i, =1,2,...,N — 1,k =1,2,...,1, e A;;(t)— nsaruroueunlii pasnoct-

(T)uij () + +alf (T)ud(t) + -+

HBII OTIEPaTOp, ONPEJIe/ICHHBIN B TOUKE T;j,

af;’(T) —
fr(uly(T), u@(ﬂfivﬁgg( ),-wAUiJ(T)), uly(T) #0,
= 1 iy el (Dot (el (1) By (). B (1)
o ui () = 0
bff T) =
Ji(uly(T).... uiag>£j@)<T> ~~~~~ 2T Rut (T) # 0,
iy b (D) ity () Al (7). B () 0 Bt (1) By (7 )
v Auty(T) =0
gr(t, Tou) = fielug(t), . ui(t), Aug(t), ’Aué{(t))_

ij

— fi(ul;(T), ... ul,(T), Auf,(T), . .., Augj(T))+v§1 af? (T') (ul; () —uy(T))+

l - _
+ 2 bEY(T) (Aug;(t)) — Aufy(T)), m — unciio OTIMHHBIX OT HyJs SICMCHTOR
v=

sekropa (u;(T), ..., u;(T), Auj(T), ..., Aul(T)).
BocroJyib30BaBIIUCh, BBEJIEHHOM BbIIE CKBO3HON HOMepaliuei pyHKIUi

ufj(t), k=1,2...,0147 =12...,N — 1, cucremy ypasnenuii (3.22)
MOYKHO TIPEJICTABUTH B OTIEPATOPHOI (popMe B BUJIE YPABHEHUST:

d

&~ Du+ G(u), (3.23)
dt
e w(t) = (ui(t), ..., un(t)), D ={di;}, 1,7 =1,2,...n,
G(u) = (Gi(u), ..., Gu(w)).
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DuemenTtbl Marpunbl D u Bekropa G (1) j1erko MOryT ObITh BbIIMCAHBI B
obIeM BHUJE, OJIHAKO 9TO HE JeIaeTCsl U3-3a TPOMO3JIKOCTH B 3aIIUCH ITIOJIY-
YAaCMbIX BBIPAYKCHUIA.

Tak kak yHKIMHU, siBJsOIMEC KoMIOHeHTaMu BekTopa G (u), Herpe-
poiBEbL ipu t € [T, T+ AT] u nipu t — T cTpeMsITcs K HyJIIO, TO O MOBEJICHUN
TPAEKTOpUK cucreMbl ypasrenuii (3.23 ) B npomexxyrke spemen [T, T+ AT
MOYKHO CyJIUTh 110 3HaKYy Jiorapudmuieckoii nopMbl Marputibl D(T). [Tosro-
psisl JI0Ka3aTeJIbCTBA, TEOPEM, IIPUBEJEHHDIX B 1JIaBe 2, MOXKHO yOe uThCs B
CIIPABEIJIMBOCTH CJIEIYIOIIErO YTBEP K ICHUS.

Teopema 3.2. Tlycrs dyukiun fi(v;, ..., vy), @ = 1,2,....1, Henpe-
PBIBHBI 1 BbINOJHEHb yesoust (3.19). Torma ecsu jyist 060i HenpepbiB-
noit Bektop-pyukmun U(t) = (uy(t),...,w(t)), pacnosoxentnoii B mape
R(0,6) pocrarouno majioro pajuyca o, jorapudMuuecKas HOpMa MAaTPHILbI
A(D(t)) <0 (A(D(t)) < —a, « > 0), T0 TpUBHAILHOE PEIIEHUEe CUCTEMbI
ypastenuit (3.21) ycroiiunBo (aCMMIITOTHYECKH YCTOWIHUBO).

4. YCTOWYNUBOCTDh JUCCUNATUBHBIX CTPYKTYP

PaccMOoTpUM JIMCCUTIATHBHYIO CTPYKTYPY, TTOBEJEHUE KOTOPO# ONUChIBaeT-
Csl CUCTEMOM HEeJIMHENHBIX ypaBHEHUN

ON;
= ZdijANj—{—Gi(Nl,...,Nl), (41)
j=1

ot

i=1.2... .1,
rie Gi(0,...,0) = 0, G;(N{,...,Nj) =0, N* = (N7, ..., Nj)— oxnopoj-

HOE IO MPOCTPAHCTBY CTAIMOHAPHOE pelenne ypaBaenus (4.1),

A 0%u I O?u
U= —— e -
3 ox?
Brenem dynxmuio u = (uy, ..., u), rae u; = Nj — N7. Torja ypasnenue
(4.1) MOXKHO 3arucaTh B BUJIE
o, ! ~ .
ot = ZdijAuj+Gi(u1,...,ul), 1= 1,2,...,[, (42)
j=1

rae Gi(uy, ..., w) = Gi(uy + Ni, ..., u; + Njf) — Gi(N7, ..., N}),
i=1,2,...,1
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Vccneyem yerounBocTb HYJI€BOIO pellieHust ypaBHenusi (4.2) npu Ha-
JaJIbHBIX BO3MYIIECHIAX

u(zx,0) = up(x), (4.3)
rie x = (x1,...,2).
UccnemoBanue mpoBeieM B DaHaXOBOM IIPOCTPaHCTBe X BEKTOP-PYHKITUT
g=(g1(z)---gi(z)) ¢ HOPMOIL

0 0 1/2
lgl = max_ M - L gi(x dx] .

1= 7

[Tpu Kazk10M GUKCHPOBAHHOM 3HAUEHNH T HOpMa BeKTOp-hyHKInu u(t, x)
orpeiesisieTcst (popmyJIoit

~ 1/2
Ju(t, o)l = max {/ [ it @) da:] .

7?7
—0o0

BravaJie pacCMOTPUM CUCTEMY yPaBHEHWUIA, TTOJIYUEHHYIO JIMHeapu3alueit
cucrembl ypasaenuii (4.2):

8ui l
5 = 2 (di(t)Ay; + ai;(t)yy). (4.4)

J=1

3/1ech MbI He OCTAHABJIMBAEMCsI Ha OIMMCAHUK JIMHEAPU3AIUU CUCTEM HEeJIM-
HEHbIX YpPaBHEHUI, TaK KaK pa3JUYHble BHUJIbI IPOBEJICHUS JUHEAPU3AIAN
OBLIN OIMCAHBI B TyIaBe 2.

Cucremy ypasuenuii (4.4) OyjieM ucc/1e0BaTh 1pU HAYAJbHbIX 3HAYCHUSIX

u(z,0) = ug(x). (4.5)

[Ipumenum K 3agade Komm (4.4) — (4.5) npeobpasosanue @ypbe 110 1po-
CTPAHCTBEHHBIM TMepeMeHHbIM (TpsiMoe u obpaTHoe mpeobpazoBanne Pypne
Oyjiem oboznauarh cuMposamu F u F~! coorercrpenno).

B pesysibrare npuxo/ M K cucreMe ypapHeHui

Wé;”) é (dij(t)w? — ai;(t)) Uj(w, t), (4.6)
1=1,2,...,1,
Ulw,0) =U(w), w=(w,...,w). (4.7)
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Bgejiem marpuity

—dll(t)w% + CL11(7§) s —dll(t)b()? + a”(t)
—dll(t)w% + agl(t) e —d”(t)u)? + au(t),
e —oo < w; <o0o,1=1,2,...,1.

Teopema 4.1. [lycTb BBITIOTHEHDBI YCIOBUS:

1) dyukuun d;j(t), ai;(t),i,7 =1,2,...,1, nenpepsiBubl npu ¢t > 0;

2) upu s100bIX t > 0, w; (—00 < w; < 00), ¢ =1,2,...,1, norapudmuie-
ckast HopMa Marpuibl A(w, t) orpunaresnbia (AA(w,t) < —a, a > 0). Torna
TPUBHAJILHOE DEIeHIe CUCTeMbl ypaBHenuii (4.4) ycroitauso (acummnrornde-
CKU yCTOWIMBO).

Bepremcst K nccieoBaHAIO YCTORIHBOCTY HEJMHEHHBIX ypaBHenuit (4.1).
Bysem caurars, 9T0 CymecTByOT KOG MOUINEHTDI @;;, IPH KOTOPHIX BBIIOJ-
HACTCS HEPABEHCTBO

|G ()] < Bllull (4.8)
rje GN’Z(U) = jél A U; + éj(u), 1= 1,2, ceey .

[Ipumenum K cucreme ypasuennii (4.2) npeobpasosanne Oypbe 110 1Mpo-
CTPAHCTBEHHLIM II€PEMEHHLIM. B pesyibrare moayuaeM cucTeMy oOLIKHOBEH-
HBIX T depeHInajibHbIX YpaBHEHH

8Ui(w, t)
ot

Teopema 4.2. [lycrb BbIIOJHEHBI YCIOBUS:

= Xj: dw(t)W? - aij(t)Uj(w,t) + F(G(u)), 1= 1, 2, ceey .

1) dyuxnun d;;(t), i,7 =1,2,...,1, nenpepsiBust npu t > 0;

2) crpaBe/uBO HepaBeHcTBO (4.8);

3) npu J1100bIX t,w (t > 0, —00 < w; < 00,1 =1,2,...,1) sorapudmuie-
CKast HOPMa MaTPHUIbI

—dll(t)w% + CL11(t> cet —dll(t)w? + au(t)
A(w,t):

—dp(H)w? +an(t) - —dy(t)w? + ay(t)
AA(w,t)) < —a(w), a(w) > 0,

4) cnpaseuBoO HepaBeHCTBO < a(w) mpu Beex w € Ry.

Torna cranunonapHoe pererue cucreMbl ypapuenuit (4.1) ycroiiauso.

HokazaresibcTBa TeopeM 4.1 — 4.3 ABJISIOTCS TOBTOPEHUEM PACCY K JICHU I,
IIPUBEJICHHBIX B TJIABE 3 M II03TOMY OILyCKAIOTCSL.
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I'maBal®

YCTOMYNBOCTH MATEMATNYECKIX MOJIEJIEN
JTEMOTPA®UN

1. Kpurepun yCcTOMYmBOCTA POCTA TIOMYJIAIIA

B 1921 r. Xoremnunr [123| npe oK Mojiesib pocTa, U TPOCTPAHCTBEHHO-
ro pacupejesenus dejiopedeckux nomysdanuii. [Tozanee, B 1951 1., Ckemnam
[125] npumenus 91y MOjie/ b JIUIs UCCJIEI0BAHKSI JIMHAMUKN HEUEJOBEUECKHX
HOILYJIATIUA.

Mojens Xoremmuara — CkejjiaMa OIUCHIBACTCS YpaBHEHHEM

ON O’N N O’N
ot ox? O3 )’

A(S—N)N-I—B( (1.1)
rjge N — 4KUCACHHOCTD HOIyaanuu; A u B — OCTOSHHDBIE, IPEJICTABIISIIOIIIE
COOTBETCTBEHHO TEMIILI POCTAa W PACIPOCTPAHEHUS HOMYJIANMA; S — KO-
dbunmenT mWI0THOCTH NoNyasnuii; ¢ — Bpems; (1, T3) — NPOCTPAHCTBEHHDIE
KOODJIMHATDI.

Buaunresbo panee Ckesuiama ypasaenue (1.1) 66110 HCCIEI0BAHO B KJ1ac-
cuaeckoit padbore A. H. Kosmoropona, U. I'. ITerposckoro, H. C. ITuckynosa
[62], B KOTOpOIT OBLTO MOKA3AHO (TIPH PsAJie YCIOBHUIT) CyIecTBOBAHUE OeryIeit
o apeajty rexnoit Bosabl. OjpHOBpemenHo ¢ [62| 3amada pacmpocTpaHeHus
BOJIHBI 110 apeaJty Oblia ucceosana B [118]. ITosaee Teopusi pactipocrpane-
HMsl BOJH B cucreMax ¢ qudysueit craia OJHUM U3 OCHOBHBIX HALPABJICHUI
B Teopuu ropenus |[54].

[Tocsie nosiByienust ypapHeHuit Xo/pKKHHa, — XaKCjiu OMOJIOI'sl BHOBb Bep-
HyJIaCh K 3TOi Temaruke. VcciemoBanuno pacipocTpaHeHust BOJIH B OMOJIOTU-
9eCKU AKTUBHBIX CpPeJlaX MOCBsIeHa obmupHast gureparypa: [56], [77], [91],
195], 196], [102]. OcroBHBIE pe3yabTATHI U JOCTATOTHO TOAPOOHAsT OubIMOTrpa-
dbus, NOCBAIIEHHAS BOJIHAM B 3KOJIOTHMM, SKOHOMHKE M jeMorpadun, couep-
xkarcs B [91], [95].

Hyst ynobersa 3amucu, caenysi [91], Boibepem B ypashenwn (1.1) takue
eJINHUTIBI U3MepeHuil, 9T00bl Ko duimentsl B (1.1) cTanu e MHIIHBIME:

ON 0’N  O*’N

(1.2)
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Huxxe Oyjiem paccmarpuBarh 0OoJiee 001Me ypaBHEHUs BUJIA

ON PN PN
— = F(N .
o ~ P+ 52+ 9

(1.3)

Yeroitaupoctsb perienust ypasrenus (1.2) Obiia ucciaegosana s [91]. Meros
WCCJIEIOBAHUST 3aKTI0TANCS B TPOBEJICHIN JInHeapu3aln ypasuenus (1.2) B
OKPECTHOCTH craruonapHoro perienus. [Ipu srom B [91] ormeuaercs, uro
METOJL JIMHEAPU3alK HeJIOCTATOYCH IIPU PEHICHUN MHOTUX 3a/1a4.

Huxe mpejiaraercst Kpurepuii YyCTORIMBOCTY peliennst ypapHerust (1.3)
6e3 IpOBEeCHUs] JIUHEAPU3AIUY.

Bamenanue. YpaBHeHHe, SBISAIONIEECs YaCTHBIM cJiydaeM ypasHenus (1.3),
JIPYTUM METOJIOM MCCJICI0BAHO B HPEblLyIIeil riase.

Paccmorpum ypasuenue (1.3) B obnactu {t > 0, (x1,22) € G}, re G—
OoTrpaHMYEHHAast OJIHOCBsI3HAST 00JIaCTh C TVIaJKOI rpanunmei 1.

Byjem rakxke cuurarh, uro noyssiius N (t, ) yjoBJIeTBOpSieT IPaHUY-
HBIM YCJIOBUSIM

N(t,2)|r = No(x). (1.4)

Obocrosanue ycroitunsocru ypasuenus (1.3) 6ygem nposoguTh B 6anaxo-

BOM IpocTpancTse dhyHknuii g(21, r9) ¢ HOpMOil || g|| =

[Tpu kaxjiom dhukcuposanHom 3Havexuun t nopma dyuxiuu N (¢, z1, x2)
1/2
onpejessiercs: popmyaoit | N (¢, x1, z2)|| = [ff |N(t,x1,x2)|2dx1dx2]
G

O6osnaunm 4depes N*(z) cranmonaproe perienne ypauenus (1.3), yjo-
BJIETBOPSIOITIEE TPaHITHOMY ycioBuio (1.4).

Beegem dyukimio n(t, z) = N(t,z) — N*(z). [ogcrasnsasa N(t,z) B (1.3)
u (1.4) IpUXOIUM K yPaBHEHHIO

on(t,x)  0n(t,x) N 0*n(t, )
o 023 013

+ Fi(n(t, z)), (1.5)
KOTOpoe OyJIeM pacCcMaTpuBaTh MPHU TPAHUYHOM YCJIOBUU

n(t,z)|r =0 (1.6)
¥ HaYaJbHOM YCJIOBUM

n(0,z) = no(z), z€G. (1.7)
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Buech Fi(n) = F(n(t,z) + N*(x)) — F(N*(z)).
I[Ipencrasum ypasuenue (1.5) B Buse

087; = An + a(n)n, (1.8)
o (n(t,z)+N*(z))—F(N*(z))
F(n(t,x)+N*(z))—F(N*
a(n(t _Qj)) = n(t,x) ) n(t,x) 7é 0
’ 07 n(t,aﬁ =0,

A — oneparop Jlamaca.
Cuenyst [91], ymuoxkum ypasuenue (1.8) wa n(t, x) u npouHTerprpyem 1o
obsacru G. B pesyibrare nosydaem

28t//n (t,z)dx1dxs = // 2(t (t, z)dx dxs+
—l—//n(t,x)An(t,x)dxldxg. (1.9)
G
13 dpopmynsr [aycca caemyer, aTo
/gnAn(t,x)d:L‘ldxg + /J(anda:ldxg ng';ds =0, (1.10)

rie Vn = (a‘zli + a‘;j) n; v — eJUHMYHAs HOpMaJib K KOHTYpy ['. DTo

cJieJlyeT U3 Toro, 4to Ha rpanute objactu G n(t, x) = 0.
13 (1.9), (1.10) coemyer, 1ro

2825 //n (t,z)dr1dxs = // t (t, z)dr dxe—

—//(Vn)2dx1da:2. (1.11)
a

[Tycrs 6 > 0 — npousBoJIbHOE KAK YIOJHO MaJIoe YUCI0. [Ipeiionoxmum, 4ro
BBINIOJITHEHBI YCJIOBUS:

1) lno(@)|l < o;
2) st si0boit dynkimn u(x), ||u(x)|| = 6, umeromnieit YacTHbIe TPOU3BOJI-
HBIE JIO BTOPOTO TOPSIJIKA BKIIOTATEIHHO, CIIPABEJINBO HEPABEHCTBO

// da:ldxg < 0,
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rje

{ F(u(2)+N*(z))~F(N*(z)) u(x) # 0,
0, u(x) = 0.
Hokaxem ycroitunBoctb perenust 3agaqu (1.5) — (1.7) nupu BblosHeHun
IePEYHCACHHDBIX BBIIIE YCJIOBHIA.
JlokazareanLeTBO 1IpoBeieM OT HpOTHBHOrO. IlycTh B MOMEHT BpeMeHu
rpaekropusi n(t, x) nokupaer chepy S(0,d) npocrpancrsa Ry, 1. e. ||[n(T, x)|| =

= ¢. [Ipejcrum npu t > T npasyto yacrs ypasuenust (1.11) B Buge f1(¢, 1)+
+ fo(t,T), rue

fi(t, T) // (T, x)dxidry — // (Vn(t az)) dxidxs;

)=/ / 2(t,2) — a(n(T, 2))n*(T, z))dz,das.

U3 yeaorust 2) caenyer, aro fi(t,T) < —5 < 0.

U3 koncrpykuuu dyukiuuu fot, T) caepyer, 4ro jyist j1060r0 Kak yrojHo
masioro € (0 < € < () naiigerca rakoe AT, uro B cermente [1',T + AT]
fl(t, T) + fQ(t, T) < —6/2

Takum obpazom, u3 ypasuenns (1.11) caeyer, 4o
t
[ [n*(t w)dzrday = [ [ n*(T, ) dardws + 2 [(Fi(t, T) + folt, T))dt <
G G T

< /C[nQ(T, x)dridzy — Bt —T) < /C[TLQ(T, x)dxidrs.

13 noJryueHHoro npoTUBOpeYnst CIeAyeT YCTORUNBOCTL PEIICHNs Y PABHEHM
(1.5).

Taxum obpazom, JI0Ka3aHO CJEyIoliee YTBEPK ICHHUE.

Teopema 1.1. Ilycrb Bbinossenst yesaosusi 1) u 2). Torja cranuonaproe
pemtenne 3agaqn (1.3) — (1.4) ycroitauso.

AnajiorngabiM 00pa30M JIOKA3bIBAETCS CJIEIyIONIee YTBEPIK IeHHe,

Teopema 1.2. Ilycrs 6 > 0— npousBoJILHOE KaK YIOJHO MaJoe YKCJIO.
[IycTh BLITIOJIHEHDBI YCIOBUSI:

1) o) < 6

2) st sioboit dyukunn u(x), ||u(x)|| = J, nmerorei YacTHbe TPOU3BOJI-
HBIE BTOPOTO IIOPSIIKA, CHpaBe,ZLJII/IBO HEPABEHCTBO

// x)dridrs < —a < 0.
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Torja cranmonaproe perienne rpanudanoit 3ajaqu (1.3) — (1.4) acumuro-
TUYICCKU YCTOMYIUBO.

B pabore [91] ucciieioBajach yeToiunBoCTh CTAIMOHAPHOIO PEIeHUs] YPaB-
nenus (1.3) smneapusanueil npasoii qactu (1.3) B OKPeCTHOCTH CTalmoHap-
HOT'O pellieHust B mpenoaokennn, ato ¢yukiusa F(N) pasaa FI(N) = N(1—
— N). YeqoBue acuMnToTuIecKoil yeroiiausoctu B [91| umeer Buj
(1 —2N*(x1,22)) < 0 npu (z1,22) € G.

[Ipumenenue reopem 1.1 u 1.2 nokasbiBaer, 4ro cucrema (1.3) coxpanser
YCTORYMBOCTD B CJIyuae, €CJIM BOBMYIIEHHOE PEIleHne TaAKOBO, UTO

//(1 — 2N* (21, 29) — ult, w1, 20))u*(t, 21, x2)dx1d2s < 0. (1.12)
G

U3 yenosust (1.12) caepyer, aro yeaosue 1 — 2N*(x1, 25) < 0 gocrarodno
JIst ACUMITTOTHYECKO# yeToHUnBOCTY perienust ypasaenust (1.5) B npejiiosio-
Kenuu, 9To obsacth G orpanudena, a Gynknus N*(xy, o) — HENpepbIBHA.

PaccmorpuM renephb ciydail, Korjaa I'paHHYHbE 3HAYEHUs BO3MYINEHMUSI
n(t, z) cranuonapuoro pemenusi N*(x) He sBJIAIOTCS HYJIE€BBIME, T. €. BMECTO
rpaHUIHOTO yesioBus (1.6) BBIMOMHSIETCS MPAHUIHOE YCIOBHE

n(t,z)|r = ni1(x)|r, (1.13)

T. €. UMeeTCsd MMOCTOAHHOE BO3MYIICHAE Ha TPAHUIIE.
[Tpu sTOM TIpe/inonaraeTcs, 4To:
1) cyuiecTByeT perieHue ypaBHeHust

O*w(r)  0*w(w)
ox? 013

I[IpY I'PaHUYHbIX YCJIOBUAX

+ Fy(w(z) =0 (1.14)

w(x)|r = ni(x). (1.15)

O6osnauum depes w*(z) pemenne kpaesoii 3ajgaan (1.14), (1.15). Beegem
byukuio m(t, z) = n(t, x) —w*(x). Hogcrasisis 91y GyHKIUIO B ypaBHEHHE
(1.5), umeem:

om(t,x)  9*m(t,x) N 0*m(t, )

oo 0x? 03
T. €. MOJIyUaeM yPaBHEHUE
om(t,x) *m(t,x) °m(t,x)
oo Oz} 013

T Fy(mit,2) + w'(2) — Fy(w"(2)),

+ Fy(m(t, x)), (1.16)
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e Fo(m(t,x)) = F(m(t, z)+N*(z)+w*(z)) —F(N*(z)+w*(x)) ¢ nynesbim
IPAHUYHBLIM YCJIOBUAEM.

[TosTOpsisA paccy KeHns, TPUBEJCHHBIC MPK JIOKa3aTeIbeTBe Teopem 1.1
wiin 1.2, JI0Ka3biBaeM yCTORUUBOCTD HOBOI'O CTalltOHapHOIo pernenus N*(x)+
+w*(x).

Teopembr 1.1 u 1.2 garor crporoe obocHoBanue (6€3 MPUMEHEHUsT JINHEA-
pU3AIMK), OMUCAHHBIX B [91] KpuTepres yeToNuMBOCTH OJ[HOMEPHON MOJIEJIH
Xorresunra — Ckejuiama upu F(N) = N(1 — N).

B [91] ormeueno, 9TO Ipu KOMIBIOTEPHOM MOJIETUPOBAHUY OB OOHADY-
JKEHBI YCTOMUMBLIC CTAIMOHAPHBIC COCTOSHUS, CYIIECTBOBAHME KOTOPBIX HE
ciejiyer uz treopem 1.1 u 1.2

J1ist TOro 9T00bI OOBSICHUTE 9TH COCTOSTHUST, BepHEeMest K ypasHenuto (1.11).

Ouesuno, dbyukuus n(t, x) 6yaer pemennem ypasuenus (1.11), eciu nipu
aobom & = (x1, T2) oHaA OyJeT perieHrueM ypaBHeHust

an;(i’x) = a(t,n(t,2))n?(t,z) — (Vn(t, z))% (1.17)
[pecrasuy ypasuenne (1.17) B puje
8712(;1;,9:) = a(T,n(t,z))n?(t,z) — (Vn(t,z))* + f(t,T, ), (1.18)
rne f(t,T,z) = (a(t,n(t,z)) — a(T,n(T,x)))n*(t, x).
e n*(t, x) < edTnTNET)p2( 2y
+ /t ! Tn(Ta)(E=5)(f(s T, x) — (Vn(s, z))?)ds. (1.19)
T

U3 crpykrypsl dyukiyn f(s,T,x) cuepyer, 4ro s aioboro Kak yroj-
1o maJioro €(e > 0) wnaiijercs Takoit npomexyrok spemenu [T + AT], B
TeUEHNE KOTOPOTO

1f(t,T,z)| < e|n’(t,x)|. (1.20)

U3 ypasuenusi (1.19) coeyer crnpaBeyinBoCTh HEPABEHCTBA

0 < (e, ) < XTHENTIHT, 5)
t
n / U Tn(Ta)(t=5)| £(s T, ) |ds. (1.21)
T
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[Tepexojis B Hepaencrse (1.21) K MOJLyJIsIM M BOCIIOJIB30BABIIKCH HEPa-
BercTBOM (1.20), mMeem:

nQ(t,a:) < ea(T,n(T,x))(t—T)nQ(T’ SC)—I—

t
n / U Tn(Ta)(t=8) (T 1) ds. (1.22)
T

Brejiem yHKIUIO
Zp(t) _ e—a(T,n(T,x))n2(t,x).

Torma nepasencrso (1.22) MOXKHO 3amucaTh B BUJIEC

t

Y(t) S O(T) + [ P(s)eds. (1.23)

T

[Ipumennwm x (1.23) nepasencrso ['ponyosta — Besimana. B pesynbrare
nMeeM

P(t) < eDy(T)

1, CJIeJI0BaTEILHO,
n2(t,x) < e(a(T,n(T,ar:))—&-e)(t—T)nZ(T7 ZU)

[Tpounrerpupyem 1ociiejiiee HEPABEHCTBO 110 lIepeMeHHOoi x. B pesysibra-
Te UMeeM

n 1dxo a(T, n ,r)aridry <
// txda:dx<// T+ )T p2( T 3V d

1
< (&//e(a(T,n(T,x))+e)(tT)nQ(T’ x)d:cldxg) %
G
x//nQ(T, x)dxidz,, (1.24)
G

rae 62 = fé’ n?(T, x)dxids.

I3 anasuza nepasencrsa (1.24) cuepyer, aro ecan dyuxnus a(t, n(t, z))
OTPHUTATENbHA TP BCEX 3HAMCHUSX U X, TO MOJICTh YCTONINBA.
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2. YCcToumBOCTh MAaTEMATUIECKUX MOeJiell gemorpadun

B pa6orax [58], [59] npejioxkena dbernomenosornyeckas Teopust pocra Ha-
ceJieHust 3eMJTH, COTJIACHO KOTOPOIl YMCJIEHHOCTh HACEJICHHsT 3eMJTH, HATrHAsT
C MOMEHTa MOSIBJICHUSI [IEPBOrO 4YEJOBEKA M BILUIOTH JIO JAJIEKOr0 GyJryIiero
ONUCHIBAETCS yPABHEHMEM

~ 4o (2.1)

e k= ()7 =67000; 7=42+41; c=(186+1)-10% n=2 e
N (t) — uncnennocts nacesenns 3emum B Moment ¢ = 2= Ty = 2 007+1.
Pemenne ypasuenus (2.1) uMeer Bu

1 k241
n (t') = karct t t' |
() = v et
rje BpeMst ' OTCUUTBIBAETCA OT MOMEHTa Bpemenu to, tg = —7wk/2, (Th =
=Ty —Skr =T, — 3% CT)H ng = n(tg) = 0. Ouesngno Ty = —4,4 - 10°
ner. Herpynno Bujers, uro dyukmnuio n(t')MoxKHO 3amucarh B BUjIE

1 vkZ+1 T, =T
n*(t) = karctg (\/mtg k;_ (t + 10)) .

B paborax [58], [59] Tak:ke ormedaeTcs, UTo permenue ypasaenus (2.1)

(2.2)

(2.3)

T

HEYCTOHUNBO K (QPIYKTyaluaM B JIIOOOH MOMEHT CyIIECTBOBAHMS eJIOBEYUE-
cTBa JI0 MOMenTa T7. DTo yTBep KJleHue OCHOBAHO Ha NPUMEHEHUU MepPBOro
meroja JIAnyHoBa K ypaBHEHMIO, IOy Y€HHOMY B PE3YJILTATE JIMHEAPU3aIlMK
ypasrenust (2.1).

[IpescTaBasgIOT 3HAYNTEILHBIA HHTEPEC MCCISI0BAHUE YCTONINBOCTH pe-
imenust ypasHenust (2.1) 6e3 npoBejieHust JIMHEAPU3AIMI 1 TOCTPOeHHe 00J1a~
cru norsioienust ypasaenust (2.1). Vccueoanuio mux BOIPOCOB MOCBsIIEH
JAHHDBIA pa3jeJ.

Brejiem nepementyio u (t) , ceazannyio ¢ n (t) dbopmymnoit n (t) = n* (t) +
+u (t), e dyuknus n* (t) onpegesena dopmysoit (2.3). Torja,

@:ksinﬂ] (t)+u(t)+l_dn ) :k(SiH2n () +u) —Sinzn) =

dt k k dt k k

Cu(t) 20t (t) Fu(t)
= ksin , sin P : (2.4)
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Sadukcupyem HMpoOU3BOJIbHBIE MOMEHT BpPeMeHH t* U JIOCTATOYHO MaJioe
qucsio At, BeJIMIUHA KOTOPOTo OyieT onpejiesieHa HukKe.
[Ipencrasum ypasuenue (2.4) B Bujie

CCZ;Z = a(u(t?),n"(t") u(t) + ¢ (t,u(t),n" (1)), (2.5)
rie
au@ )t = | IR u(t) =0
’ u(]Z*) sin “(]i ) i 2t 3€+u(t ) u (t*) #£0,
o (tou () (1)) = ksin A gin ZX O T 0y ) e,

k k
[Tycrs u (t*) # 0. Herpyano Bujierb, 9ro Jiyjist JHOOOrO KaK YrojHO MaJjio-
ro € (e > 0) naitgerca rakoe At, 4T0 B mMpoMexkyTKe Bpemenn [t¥,t* 4+ At]
CIIpaBe/IJINBO HEPABEHCTBO

le(t, u(®), n* )l < ellu®)lle- (2.6)

K ypasrenuto (2.5) (npw ycjoBun BbITOJIHEHHsT HepaseHeTBa (2.6)) npu-
MEHUMbI PE3YJIbTAThI, HOJyUYeHHble B ryiaBe 2. 3 9rux pesysibraroB Ciey-
er, 9To ecqm B MoMeHT Bpemenu t*, a(u(t*),n*(t*)) < 0, To cymecrByer
IPOMEXKYTOK Bpemenu [t*,t* + At], B Teuenune xoroporo |u ()| < |u (t¥)|.
CuiejioBaresibHO, eciu, HaduHas ¢ Hekoroporo momenta t* a(u(t), n*(t)) <
< —a, a > 0, 1o dynknusa u(t) — 0 upu t — 00, u, CaeJOBATENLHO,
Tpaektopust n* (t) npu t > t0 ycToitunBa. HampoTus, eciim B MOMEHT Bpe-
menn t* a(t*, u(t*),n*(t*)) > 0, ro |u(t)] > |u(t")|, a eciu npu t > t*
a(u(t),n*(t)) > o, « >0, 10 pemenue u (t) HEyCTORIUBO.

U3 Beipaxkenus a(u(t), n*(t)) cremyer, aro Tpaekropus n*(t) neycroiau-
Ba npu n*(t), rakux, uro n*(t) < kw/2. D10 yTBEpKIECHUE COBIAIAET C PE-
3yJIbTATOM, 10JIyYeHHbIM B [58] — [59] npu uccsieoBanum JuHeapu30BaHHOIO
ypaBHeHust 1epBbiM MeTojiom JIsinynosa. [Ipumenenue pesysibraroB riasbl 2
MO3BOJISIET CJIEJIATH BBIBOJ[ O IPAHUIAX HEYCTONUMBOCTH PEIIEHUs] yPABHEHUsT
(2.4). B camom jiesie, ecsin B HEKOTOpbIH MoMmeHT Bpemenu t* |u (t*)| = M u
a(u(t*),n*(t*)) < 0, To cymecrByer Takoii unTepBas Bpemenu [t*, t* + At],
B Tevenue Koroporo |u (t)| < M. Tosromy mpu |u (t)| < k7 rpaHuibl moryio-
IAIOIIEr0 MHOXKECTBA, ONPEJIE/ISIOTC YPaBHEHHEM

*
k i (t) “in 2n” (t) +u(t) _ N

u(t) k k
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Orcrojia W =7 uu(t) =kr—2n*(t) upu u(t) > 0. Crenona-

TEJILHO, TUCJICHHOCTh HACEJEHUsT 3eMJIH HE MOYKET MPEBOCXOJUTDH BEJTMIMHBI
n(t) =kr —n*(t).

3 Boipaxenus jis Gynknuu a(u(t), n*(t)) ciaeyer, uro perienue ypas-
nenus (2.1) yeroftunso npu 2 < n* (t) < k.

Takum 06pazoM, OIpeIeIeHbl 'PAHUIIBI MOTJIONIAIOIIET0 MHOKECTBA YPaB-
menns (2.1) mpu n*(t) < km/2 m jgokasana ycroirumpocth pernienust (2.2)
ypasrenusi (2.1) npu %ﬂ <n*(t) < km.

3. Moaenu nonyasdanuii ¢ HemepeKpPbIBAIOIIUMUCI ITOKOJIEHUAMM

JvHaMuka, 1momyJisiuil, HOKOJEeHUsI KOTOPbIX MOXKHO CUUTATh HEllepeceKar-
IOIUMUCH, ONUCBIBACTCA YPABHECHUAMU MIEPBOTO MOPSJIKA

N1 = Noo(f (Ni)), (3.1)

e Ny, — 9UCIEHHOCTD TonyJsAnuu B MoMenT pemenn m; F(N) = N f(N)
— byHKIHA, XapaKTepu3yoImast MOBEICHIE TOMYIISIHN.

B [95], [96] npu uccrenoBanuu ycroiiuuBoctn pentenust ypapaenns (3.1)
peJoiarajoch, uro gpyuknus F(t) ssiasercs quddeperiupyemoil npu Beex
sHadenusx ¢ (0 <t < 00).

B nanHoM pasjenie uccseyerces yCTORINBOCTD CHCTEM HEJTMHEHHBIX pas-
HOCTHDBIX YpPaBHEHUI

1 1 l
Nm+1 - Fl(Nm7 T Nm);
2 1 l
Ny =FE (N, ..., N,,); (3.2)
l 1 l
Nm+1 - E(Nm7 T Nm)
¢ juckperabiMu Gyukiusamu Fy(uy, ... up), [ =1,2,---.
UccnepoBanue OyneM MpOBOJAUTHL B npocTpancrBax R, u E,, rne E, —
eBKJILJO0BO IIPOCTPAHCTBO.
Ucciienyem BHaYa e YCTONINBOCTD TPUBUAJIBLHOTO PEIIEHNST CUCTEMbI yPaB-
Henuii (3.2).

Oboznaunm uepes Ajj, 4,7 = 1,2, ..., [, MHO)KECTBO BeIECTBEHHDBIX THCEII,
VJIOBJIETBOPSIIOIIUX YCJIOBUSIM:

)\Z‘jZO, i,j:1,2,...,l; (33)

Z)\ijzl, i:1,2,...,n. (34)



Ipencrasum dynkmuio F;(NL. ... NL) B Buje
E(NL ... N')= ZA”am( )N/, i=1,2,...,1,

rae a;;(m) = F;(NL, ..., NL)/Ni ecm NJj, # 0,1 a;j(m) = 0, ecim NJ, =
= 0.

31ech Ajj— HabOPBI THCe, yA0BITBOP:AOMNX yeaosusaum (3.3), (3.4), npu-
uem ecsin N7, =0, rou N\ =0,i=1,2,...,1.

BaduKkcupyeM IPOM3BOILHLIA Teouncaennblii sekrop u = (ul, ..., ul).
[TocraBum sTomy BekTOpy B coorBercTBHe Hab0p MaTpury Ay(u) = {a;;(\, u)},
1,7 =1,2,....1, e

() AV J
aijo\’u):{/\ZJFZ(U,...,u)/u, uw #0,

0, uw =0,

Aij— HaDOP 9uCes, yAOBICTBOPONINX yeaoBusam (3.3), (3.4), mpuuaem A;; = 0,
ecan u’ = 0.

Teopema 3.1. Ilycrs F;(0,...,0) = 0,7 = 1,2,...,1. Ilycts ayst Kax-
70r0 Tienouncaennoro sekropa u = (u', ..., u!) € Ry naiinercsa taxoii mabop
BeKTOPOB A\; = (Aj,...,Ay),2 = 1,...,1, 94TO BBIIOJHSAETCH HEPABEHCTBO
|Ax(u)|| < 1. Torpa rpuBnasibHOE PellieHre cucTeMbl ypaBHeHuit (3.2) yeroii-
YHUBO B IIEJIOM.

Jloka3zaTeabcTBO. BHauaje jgoKaXXeM yCTOHUMBOCTH CUCTEMbI ypaBHE-
nuii (3.2). HokasaresbcrBo mposejeM or nporuBHoro. [Ipejnosoxum, 4o
cucrema (3.2) HeycTOUMBa ¥ B MOMEHT BpeMenu m nokujgaet chepy S(0,r)
¢ paguycoM 7, T. €. ||Npy1|| > 7. Homoxum ||Ny| = " u v < r. U3
YCJIOBUI T€OpeMbI CJIEJyeT, 4To Hafijercs Takoit nabop Bekropos A\ = {\;},
i=1,2,...,0, aro ||Ax(Ny)]| < 1. Torua

N1l = [ ANNm) Nin| < [LANN) [ N [| < [ N[ (3:5)

I3 Hepaencrsa (3.5) caejtyer, 4T0 B MOMEHT BDEMEHH 1M TPACKTOPHs! CHi-
creMbl ypasHenwuii (3.2) #He mokumaer cepsbl S(0, ). YeToianBOCTb perenus
cucteMmbl (3.2) joka3aHa.

JokarkeM aCUMIITOTUYECKYIO YCTORUMBOCTE. V3 NPOBEICHHBIX BBIIIE Bbl-
KJIQJIOK CJICJLyeT, 4TO

HNm+nH < HNm+n—1” << HNmH
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Tak kak B kax10i cepe S(0, || Np||) copeprrurest T0s1bKO KOHEUHOE YUC-
JIO TIEJIOUUCIIEHHBIX [-MEPHBIX BEKTOPOB, TO MOCJE KOHETHOTO YUC/IA IAroB

cucrema (3.2) pocruraer ycroitunBoro nosoxenust pasaosecust (0, ..., 0).
Teopema, jl0Ka3aHa.
Bameuanue. Teopema cripaBeyiuBa U B cIydae, Koraa sektopsl (NL ... N!)
n dbynxmun Fj(NL ... N!) e apnsgiorcs 1e7109uCIeHHBIMI.
Teopema 3.2. Ilycrs F;(0,...,0) =0,7=1,2,...,[. [Tycrs jis 1106010
u = (u',...,u!) € Ry naiinercss nabop sekropos N;, i = 1,2,...,1, TaKoii,

qro crupapeinBo Hepasenctso ||Ax(u)|| < 1. Torga TpuBuagbHOE pernenue
cHCTeMbl ypaBHeHuii (3.2) ycToiInBO B HEJIOM.

Jloka3zaTeabCcTBO. B jloKazare/ibeTBe HYXK/1aeTCsi TOJbKO aCUMIITOTUYE-
cKasl yCTOMUNBOCTE. U3 l0Ka3aTe/beTBa MpeIblIyIeil TeOpeMbl CJIEyeT, YTo

HNernH < HNernle <0< HNOHa

T. €. IOCJIeIOBATEIbHOCTD HOPM || Ny, || 06pasyeT yobIBatomnyto orpaHndeHHy o
crusy Tocienosarenbiocts. Crenoparenpno, lim || N[ = 0. Teopema mo-
Ka3aHa.

[Ipe ook uM reneph, 9To, HOMUMO TPUBUAJILHOIO, CUCTEMA, Y PABHEHMIT
(3.2) mumeer eme onmo cocrogmue pasnosecus N* = (N ... NI). Uccremyem
YCTORYIMBOCTD 9TOIO COCTOSIHUS PABHOBECHS.

Bgrejiem HOBBIE TIEpEMEHHBIE Ny, = N,y — N, m = 0,1, -.

Torja cucremy ypashenuii (3.2) MOXKHO 3anucaTh B BUJIE

nto=Fi(n, + N oooonl 4+ N — N*L (3.6)

nl, = EFnl + N1 oo nl 4+ N — N

Ty CUCTEMY MOYKHO 3allMCATh B BHUJE

n{nH:Fj(nl onb), =121, (3.7)

m?

rne Fi(nl,....nl) = Fj(nk + N1 ... onl + N — F;(N*1,... N*) j =
=1,2,...,L

YeroitauBocTh cucreMbl ypaBHenuit (3.2) orHocuTesbHO BekTopa N * 9KBH-
BAJICHTHA YCTOYMBOCTH TPUBUAJILHOTO PEIICHUs CUCTeMbl ypaBHenuit (3.7).
Kpurepnit ycTORYIMBOCTH TPUBUAJIBLHOTO PEIIEHUsT CUCTEMbl YPaBHEHM (3.7)
cchopmynuposan B Teopeme 3.1. Takum obpasom, crpaBe/IMBO CJeIyIOIIee
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yTBepKIeHue 00 yCTonunuBOCTU CTallMOHapHOIo cocrosdtust N ™ cucreMbl ypaB-
nernuii (3.2). B arom kpurepun wepes Ay(u) obo3HAUEHA MATPUIA, TOCTPO-

eHHast 110 aHasorun ¢ Marpuieil Ay(u), Ho oTHOCHTEBHO BYHKIMHN
n 1 l S
Fi(ngy,,....ny,), J=1,2,...,L

mo

Teopema 3.3. [lycrs N* = (N*!, ..., N*) — monoxenne paBHOBecHs
cucreMmbl ypasuenwuit (3.2). [lycrs cymecrsyer cdepa S(0, 1), rakast, 9ro jyist
moboro nesnounciennoro sekropa u = (u', ..., u') € S(0,r) naiigercs taxoii

nabop BekTopoB A; = (N1, ..., Ai), 4 = 1,2,...,1, aro ||Ax(u)| < 1. Torna
noJiokeHwe paBHoBecuss N* cucreMbl ypaBHeHNit (3.2) sBJIsIeTCsT ACUMITTOTH-
YeCKU YCTONYIUBDLIM.

Bamevanue. Ecm [[Ay(u)| < 1 s mo60oro neaodncienHoro BeKTopa
u € R', To monoxenne pasuosecusi N* yCTOHYNBO B T1EJIOM.
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3akJIIoueHue

B monorpadguu m3I0KeH MeTOJT MCCIeOBaHUs YCTOWIMBOCTH PEIIeHU
CUCTEM JIMHEWHBIX U HEJIMHEHHBIX JuddepeHnnaabHbIX yPaBHEHUIA.

PaccmarpuBatorcsi cucreMbl OObIKHOBEHHbBIX JUd DepeHinaibHbIX ypaB-
HEeHU{l W ypaBHEHWH B YAaCTHBIX MPOM3BOAHBIX. [Ipemoxkenmubie Kpurepun
YCTORYNBOCTHU OJJHOBPEMEHHO OXBATLIBAIOT KaK PEryIdApHBIA, TaK U BCEBO3-
MOXKHbI€ KDUTHYECKUE CJIyYau.

HaHo 1puMeHeHure 1PeJJIOKEHHOI'0 METO/a K UCCJIEJOBAHUIO YCTOMIUMBO-
CTU HEUPOHHBIX cereit Xomduiiia, MaTeMaTHIeCKUX MOJIeiell S9KOJIOTHY U Jie-
Morpaduu.

[Tpejioxken mMero)| crabun3aluu JJMHAMAYECKUX CUCTEM, OIKUCHIBA€MbIX
CUCTEeMaM¥ JIMHEHHBIX W HEJUHEHHBIX OOBIKHOBEHHBIX UM QepeHITnaTbHbIX
ypaBHEHU, ypaBHEHNU! B YaCTHBIX MPOU3BOIHBIX U PA3HOCTHLIX ypPaBHEHUA.

MzioxkeHHblii B KHUTE METOJI UCCJIEJIOBaHUs YCTOWIMBOCTHU 110 JIsmyHOBY
pelieHuit cucreM 0ObIKHOBEHHbIX JinpdepeHiinaibHbIX yPaBHEHUE U ypaBHe-
HUil B 9aCTHBIX TPOU3BOJIHBIX MapabOTUIECKOTO THITa MOYKET OBITH PacIpo-
CTpaHeH W Ha JpPyrue TUIbl YpaBHEHWN U Ha Jpyrue onpeeaeHnst yCTonum-
BOCTH.

B gacTHOCTH, HA €ro OCHOBE MOTYT OBITH MOJYYEeHbl KPUTEPHUH YCTONIN-
BOCTH peIeHuil runepboTnIecKnxX ypaBHEHU, TOJJ00HbIe KPUTEPUAM, TPH-
BEJIEHHBIM B TUIaBe 3 JjIst napabosndecknx ypaBHenuit. OH Takyke MPUMEHUM
[IPU UCCJIeJ0BAHUM TEXHUYECKON yCcTORUYMBOCTU U ycToiuuBocTu 110 JlarpaH-
Ky cuCTeM OOBIKHOBEHHBIX JndhepeHInaJbHbIX YPaBHEHN U ypaBHEHUI B
YaCTHBIX [IPOU3BO/HBIX.
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